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Preface to the Instructor 


Goals and Prerequisites 


This book seeks to prepare students to succeed in calculus. Thus it focuses on topics 
that students need for calculus, especially first-semester calculus. Important parts of 
mathematics that should be known by all educated citizens but that are irrelevant 
to calculus have been excluded. 

Precalculus is a one-semester course at most colleges and universities. Neverthe- 
less, typical precalculus textbooks contain about a thousand pages (not counting a 
student solutions manual), far more than can be covered in one semester. 

By emphasizing topics crucial to success in calculus, this book has a more 
manageable size even though it includes a student solutions manual. A thinner 
textbook should indicate to students that they are truly expected to master most of 
the content of the book. 

The prerequisite for this course is the usual course in intermediate algebra. Many 
students in precalculus classes have had a trigonometry course previously, but this 
book does not assume students remember any trigonometry. The book is fairly 
self-contained, starting with a review of the real numbers in Chapter 0, whose 
numbering is intended to indicate that many instructors will prefer to cover this 
beginning material quickly or skip it. 

Different instructors will want to cover different sections of this book. My 
personal preference is to finish up through Section 6.2 (Series). By including the 
sections on sequences and series, you will give students some experience with 
using subscript notation and summation notation that will be useful when they 
get to Riemann integration. The last chapter (Polar Coordinates, Vectors, and Complex 
Numbers) deals with topics that are typically more useful for second-semester 
calculus. I do not cover this chapter when teaching precalculus because I prefer 
to focus on getting students ready to succeed in first-semester calculus. Other 
instructors have different preferences, which is why I have included the last chapter 
in this book. 


A Book Designed to be Read 


Mathematics faculty frequently complain, with justification, that most students in 
lower-division mathematics courses do not read the textbook. 

When doing homework, a typical precalculus student looks only at the relevant 
section of the textbook or the student solutions manual for an example similar to the 
homework exercise at hand. The student reads enough of that example to imitate 
the procedure, does the homework exercise, and then follows the same process with 
the next homework exercise. Little understanding may take place. 

In contrast, this book is designed to be read by students. The writing style 
and layout are meant to induce students to read and understand the material. 
Explanations are more plentiful than typically found in precalculus books, with 
examples of the concepts making the ideas concrete whenever possible. 

As a visual aid to students, boxes in this book are color-coded to show their 
function. Specifically, boxes with yellow shading give definitions, and boxes with 
blue shading give results (which in many books are called theorems or corollaries). 


XV 


Chapter 0 could have been titled A 
Prelude to A Prelude to 
Calculus. 


The text often points out to 
students that understanding the 
material will be more useful than 
memorizing it. 


xvi Preface to the Instructor 


Each exercise in this book has a 
unique correct answer, usually a 
number or a function. Each 
problem in this book has multiple 
correct answers, usually consisting 
of explanations or examples. 


This book contains what is usually 
a separate book called the student 
solutions manual. Thus it is even 
thinner in comparison to 
competing bloated books than is 
indicated by just a page count. 


To aid instructors in presenting the 
kind of course they want, the 
symbol & appears with exercises 
and problems that require students 
to use a calculator. 


Exercises and Problems 


Students learn mathematics by actively working on a wide range of exercises and 
problems. Ideally, a student who reads and understands the material in a section of 
this book should be able to do the exercises and problems in that section without 
further help. However, some of the exercises require application of the ideas in a 
context that students may not have seen before, and many students will need help 
with these exercises. This help is available from the complete worked-out solutions 
to all the odd-numbered exercises that appear at the end of each section. 

Because the worked-out solutions were written solely by the author of the text- 
book, students can expect an unusually consistent approach to the material. Students 
will be happy to save money by not having to purchase a separate student solutions 
manual. 

The exercises (but not the problems) occur in pairs, so that an odd-numbered 
exercise is followed by an even-numbered exercise whose solution uses the same 
ideas and techniques. A student stumped by an even-numbered exercise should 
be able to tackle it after reading the worked-out solution to the corresponding 
odd-numbered exercise. This arrangement allows the text to focus more centrally 
on explanations of the material and examples of the concepts. 

Many students read the student solutions manual when they are assigned home- 
work, even though they may be reluctant to read the main text. The integration of 
the student solutions manual within this book may encourage students who would 
otherwise read only the student solutions manual to drift over and also read the 
main text. To reinforce this tendency, the worked-out solutions to the odd-numbered 
exercises at the end of each section are typeset in a slightly less appealing style 
(smaller type and two-column format) than the main text. The reader-friendly 
appearance of the main text may nudge students to spend some time there. 

Exercises and problems in this book vary greatly in difficulty and purpose. Some 
exercises and problems are designed to hone algebraic manipulation skills; other 
exercises and problems are designed to push students to genuine understanding 
beyond rote algorithmic calculation. 

Some exercises and problems intentionally reinforce material from earlier in the 
book. For example, Exercise 27 in Section 4.3 asks students to find the smallest 
number x such that sin(e*) = 0; students will need to understand that they want to 
choose x so that e* = 7 and thus x = In. Although such exercises require more 
thought than most exercises in the book, they allow students to see crucial concepts 
more than once, sometimes in unexpected contexts. 

For instructors who want to offer online grading to their students, exercises from 
this book are available via either WileyPLUS or WebAssign. These online learning 
systems give students instant feedback and keep records for instructors. Most of the 
exercises in this book have been translated into algorithmically generated exercises 
in these two online learning systems, creating an essentially unlimited number of 
variations. These systems give instructors the flexibility of allowing students who 
answer an exercise incorrectly to attempt similar exercises requiring the same ideas 
and techniques. 


The Calculator Issue 


The issue of whether and how calculators should be used by students has generated 
immense controversy. 

Some sections of this book have many exercises and problems designed for 
calculators—examples include Section 3.4 on exponential growth and Section 5.4 on 
the law of sines and the law of cosines. However, some sections deal with material 
not as amenable to calculator use. Throughout the text, the emphasis is on giving 
students both the understanding and the skills they need to succeed in calculus. 
Thus the book does not aim for an artificially predetermined percentage of exercises 
and problems in each section requiring calculator use. 


Some exercises and problems that require a calculator are intentionally designed 
to make students realize that by understanding the material, they can overcome 
the limitations of calculators. For example, Exercise 15 in Section 3.2 asks students 
to find the number of digits in the decimal expansion of 74°. Brute force with a 
calculator will not work with this problem because the number involved has too 
many digits. However, a few moments’ thought should show students that they can 
solve this problem by using logarithms (and their calculators!). 

The calculator icon can be interpreted for some exercises, depending on the 
instructor’s preference, to mean that the solution should be a decimal approximation 
rather than the exact answer. For example, Exercise 3 in Section 3.7 asks how much 
would need to be deposited in a bank account paying 4% interest compounded 
continuously so that at the end of 10 years the account would contain $10,000. The 
exact answer to this exercise is 10000/e"* dollars, but it may be more satisfying 
to the student (after obtaining the exact answer) to use a calculator to see that 
approximately $6,703 needs to be deposited. For such exercises, instructors can 
decide whether to ask for exact answers or decimal approximations (the worked-out 
solutions for the odd-numbered exercises usually contain both types of solutions). 


Functions 


In preparation for writing this book, I asked many calculus instructors what im- 
provements they would like to see in the preparation of their calculus students. The 
two most common answers I received were (1) better understanding of functions 
and (2) better algebraic manipulation skills. Both of these goals are intertwined 
throughout the book. 

Because of the importance of functions, Chapter 1 (Functions and Their Graphs) is 
devoted to functions, considerably earlier than in many precalculus books. Particular 
attention is paid to function transformations, composition of functions, and inverse 
functions. 

The UnHyINg concept of inverse functions appears several times later in the book. 
In particular, y!/” is defined as the number that when raised to the m'" power gives 
y (in other words, the function y +> y!/" is the inverse of the function x ++ x"; see 
Section 2.3). Later, a second major use of inverse functions occurs in the definition 
of log, y as the number such that b raised to this number gives y (in other words, 
the function y ++ log, y is the inverse of the function x ++ b*; see Section 3.1). 

Thus students should be comfortable with using inverse functions by the time 
they reach the inverse trigonometric functions (arccosine, arcsine, and arctangent) in 
Section 5.1. This familiarity with inverse functions should help students deal with 
inverse operations (such as antidifferentiation) when they reach calculus. 

Chapter 2 (Linear, Quadratic, Polynomial, and Rational Functions) should be mostly 
review of what students learned in their intermediate algebra course. I placed the 
more demanding Chapter 1 first because there is a serious danger of boring students 
in a precalculus class if they develop an early feeling that they already know all this 
material. 


Logarithms, e, and Exponential Growth 


The base for logarithms in Chapter 3 is arbitrary, although most of the examples 
and motivation in the early part of Chapter 3 use logs base 2 or logs base 10. 

All precalculus textbooks present radioactive decay as an example of exponential 
decay. Amazingly, the typical precalculus textbook states that if a radioactive isotope 
has a half-life of h, then the amount left at time t will equal e~ times the amount 
at time 0, where k = es 

A much clearer formulation would state, as this textbook does, that the amount 
left at time ¢ will equal 2~'/" times the amount at time 0. The unnecessary use of e 
and In2 in this context may suggest to students that e and natural logarithms have 
only contrived and artificial uses, which is not the message that students should 
receive from their textbook. 
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Regardless of what level of 
calculator use an instructor 
expects, students should not turn 
to a calculator to compute 
something like cos 0, because then 
cos has become just a button on 
the calculator. 


A good understanding of the 
composition of functions will be 
tremendously useful to students 
when they get to the chain rule in 
calculus. 


Logarithms play a key role in 
calculus, but many calculus 
instructors complain that too 
many students lack appropriate 
algebraic manipulation skills with 
logarithms. 


xviii Preface to the Instructor 


About half of calculus (namely, 
integration) deals with area, but 
most precalculus textbooks barely 
mention the subject. 


Trigonometry is the hardest part of 
precalculus for most students. 


Similarly, many precalculus textbooks consider, for example, a colony of bacteria 
doubling in size every 3 hours, with the textbook then producing the formula 
e(tIn2)/3 for the growth factor after t hours. The simpler and natural formula 2!/3 
seems not to be mentioned in such books. This book presents the more natural 
approach to such issues of exponential growth and decay. 

The crucial concepts of e and natural logarithms are introduced in the second 
half of Chapter 3. Most precalculus textbooks either present no motivation for e 
or motivate e via continuously compounding interest or through the limit of an 
indeterminate expression of the form 1%; these concepts are difficult for students at 
this level to understand. 

Chapter 3 presents a clean and well-motivated approach to e and the natural 
logarithm. This approach uses the area (intuitively defined) under the curve y = 1, 
above the x-axis, and between the lines x = 1 and x =. 

A similar approach to e and the natural logarithm is common in calculus courses. 
However, this approach is not usually adopted in precalculus textbooks. Using 
obvious properties of area, the simple presentation given here shows how these ideas 
can come through clearly without the technicalities of calculus or the messy notation 
of Riemann sums. Indeed, this precalculus approach to the exponential function 
and the natural logarithm shows that a good understanding of these subjects need 
not wait until the calculus course. Students who have seen the approach given here 
should be well prepared to deal with these concepts in their calculus courses. 

The approach taken here also has the advantage that it easily leads, as shown in 
Chapter 3, to the approximation In(1 +h) ¥ h for small values of h. Furthermore, 
the same methods show that if r is any number, then (1+ £)* ~ e’ for large values 
of x. A final bonus of this approach is that the connection between continuously 
compounding interest and e becomes a nice corollary of natural considerations 
concerning area. 


Trigonometry 


This book gives a gentle introduction to trigonometry, making sure that students are 
comfortable with the unit circle and with radians before defining the trigonometric 
functions. 

Rather than following the practice of most precalculus books of defining six 
trigonometric functions all at once, this book has a section on the cosine and sine 
functions. Then the next section introduces the tangent function and finally the 
secant, cosecant, and cotangent functions. These latter three functions, which are 
simply the reciprocals of the three key trigonometric functions, add little content or 
understanding; thus they do not receive much attention here. 

Should the trigonometric functions be introduced via the unit circle or via 
right triangles? Calculus requires the unit-circle approach because, for example, 
discussing the Taylor series for cos x requires us to consider negative values of x 
and values of x that are more than . radians. Thus this textbook uses the unit-circle 
approach, but quickly gives applications to right triangles. The unit-circle approach 
also allows for a well-motivated introduction to radians. 

Most precalculus textbooks define the trigonometric functions using four symbols: 
6 or t for the angle and P(x,y) for the endpoint of the radius of the unit circle 
corresponding to that angle. Why is that endpoint usually called P(x, y) instead of 
simply (x,y)? Even better than just dispensing with P, the symbols x and y can also 
be skipped by denoting the coordinates of the endpoint of the radius as (cos 6, sin @), 
thus defining the cosine and sine. The standard approach of defining cos @ = x and 
sin 6 = y causes problems when students get to calculus and need to deal with cos x. 
If students have memorized the notion that cosine is the x-coordinate, then they 
will be thinking that cos x is the x-coordinate of ... oops, this is two different uses 
of x. To avoid the confusion discussed above, this book uses only one symbol to 
define the trigonometric functions. 


What’s New in this Third Edition 


The chapter on systems of linear equations from the previous edition has been 
eliminated, as has the appendix on parametric curves. Both these items, which 
deal with topics that are not needed for first-semester calculus, are available as 
electronic supplements. They are also available in my Algebra and Trigonometry 
book. 


The section on transformations of trigonometric functions has been moved to 
Chapter 5. 


What are now Chapters 6 and 7 were in the reverse order in the previous 
edition. Chapter 7 has a new title. 


The main text font has been changed from Lucida to URW Palladio, which 
is a legal clone of Palatino. The math fonts have been changed from various 
versions of Lucida to various versions of URW Palladio, Pazo Math, and 
Computer Modern. 


The paper length has been slightly expanded by three-eighths of an inch. 


The new fonts and new page size mean new page breaks and new line breaks. 


I4TgX handles line breaks well. However, I had to do extensive rewriting to 
make page breaks come out well. For example, students almost always have 
an entire Example visible without turning a page. 


Each full page of text now contains at least two marginal notes, as compared 
to at least one marginal note in the previous edition. A figure or photo counts 
as a marginal note. When a figure or photo has a caption, the caption does not 
count as an additional marginal note. The word Example does not count as a 
marginal note. 


Eighteen new photos relevant to the content have been added. 


A new color scheme has been implemented. Definition boxes are now yellow 
and result boxes are now blue. Example lines are now orange, and example 
labels are now white inside orange. 


Definition boxes, result boxes, learning objectives boxes, and example label 
boxes now have rounded corners for a gentler look. 


Definition boxes and result boxes now have their titles in a darker-shaded 
sub-box for a catchy appearance. 


Numerous improvements have been made throughout the text based upon 
suggestions from faculty and students who used the previous edition. 


New exercises have been added in almost all sections. The Appendix now 
includes worked-out solutions to the Appendix’s exercises. 


Comments Welcome 


I seek your help in making this a better book. Please send me your comments and 
your suggestions for improvements. Thanks! 


Sheldon Axler 
San Francisco State University 


email: precalculus@axler.net 
web site: precalculus.axler.net 
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For more information on the 
typesetting of this book, see the 
Colophon at the end of the book. 


The content changes and format 
changes result in a book that is 
about one hundred pages shorter 
than the previous version. 
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Most of the results in this book 
belong to the common heritage of 
mathematics, created over 
thousands of years by clever and 
curious people. 
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Preface to the Student 


This book will help prepare you to succeed in calculus. If you master the material 
in this book, you will have the knowledge, the understanding, and the skills needed 
to do well in a calculus course. 

To learn this material well, you will need to spend serious time reading this book. 
You cannot expect to absorb mathematics the way you devour a novel. If you read 
through a section of this book in less than an hour, then you are going too fast. You 
should pause to ponder and internalize each definition, often by trying to invent 
some examples in addition to those given in the book. When steps in a calculation 
are left out in the book, you need to supply the missing pieces, which will require 
some writing on your part. These activities can be difficult when attempted alone; 
try to work with a group of a few other students. 

Boxes in this book are color-coded to show their function. Specifically, boxes with 
yellow shading give definitions, and boxes with blue shading give results (which in 
many books are called theorems, corollaries, etc.). 

You will need to spend several hours per section doing the exercises and problems. 
Make sure that you can do all the exercises and most of the problems, not just the 
ones assigned for homework. By the way, the difference between an exercise and 
a problem in this book is that each exercise has a unique correct answer that is a 
mathematical object such as a number or a function. In contrast, the solutions to 
problems consist of explanations or examples; thus problems have multiple correct 
answers. 

Have fun, and best wishes in your studies! 


Sheldon Axler 
San Francisco State University 


web site: precalculus.axler.net 
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Worked-out solutions to the 
odd-numbered exercises are given 
at the end of each section. 


The symbol @ appears with 
exercises and problems that require 
a calculator. 


Chapter 


The Parthenon, built in Athens 
over 2400 years ago. The ancient 
Greeks developed and used 
remarkably sophisticated 
mathematics. 


The Real Numbers 


Success in this course will require a good understanding of the basic properties of 
the real number system. Thus this book begins with a review of the real numbers. 
This chapter is labeled Chapter 0 to emphasize its review nature. 

The first section of this chapter starts with the construction of the real line. This 
section contains as an optional highlight the ancient Greek proof that no rational 
number has a square equal to 2. This beautiful result appears here because everyone 
should see it at least once. 

Although this chapter will be mostly review, a thorough grounding in the real 
number system will serve you well throughout this course. You will need good 
algebraic manipulation skills. Thus the second section of this chapter reviews 
fundamental algebra of the real numbers. You will also need to feel comfortable 
working with inequalities and absolute values, which are reviewed in the last section 
of this chapter. 

Even if your instructor decides to skip this chapter, you may want to read through 
it. Make sure that you can do the exercises. 
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2 ChapterO The Real Numbers 


The use of a horizontal bar to 
separate the numerator and 
denominator of a fraction was 
introduced by Arabian 
mathematicians about 900 years 


ago. 


The symbol for zero was invented 
in India more than 1100 years ago. 


0.1 The Real Line 


Learning Objectives 


By the end of this section you should be able to 


e explain the correspondence between the system of real numbers and the 
real line; 


e show that some real numbers are not rational. 


The integers are the numbers 
iia 8, = 2 1,07 1 2S ateF 


here the dots indicate that the numbers continue without end in each direction. The 
sum, difference, and product of any two integers are also integers. 

The quotient of two integers is not necessarily an integer. Thus we extend 
arithmetic to the rational numbers, which are numbers of the form 


m 


if 


n 


where m and n are integers and n 4 0. 
Division is the inverse of multiplication, in the sense that we want the equation 


to hold. In the equation above, if we take n = 0 and (for example) m = 1, we get the 
nonsensical equation 4-0 = 1. This equation is nonsensical because multiplying 
anything by 0 should give 0, not 1. To get around this problem, we leave expressions 
such as - undefined. In other words, division by 0 is prohibited. 

The rational numbers form a terrifically useful system. We can add, multiply, 
subtract, and divide rational numbers (with the exception of division by 0) and 
stay within the system of rational numbers. Rational numbers suffice for all actual 
physical measurements, such as length and weight, of any desired accuracy. 

However, geometry, algebra, and calculus force us to consider an even richer 
system of numbers—the real numbers. To see why we need to go beyond the 
rational numbers, we will investigate the real line. 


Construction of the Real Line 


Imagine a horizontal line, extending without end in both directions. Pick a point on 
this line and label it 0. Pick another point to the right of 0 and label it 1, as in the 
figure below. 


0 1 


Two key points on the real line. 


Once the points 0 and 1 have been chosen on the line, everything else is de- 
termined by thinking of the distance between 0 and 1 as one unit of length. For 
example, 2 is one unit to the right of 1. Then 3 is one unit to the right of 2, and so 
on. The negative integers correspond to moving to the left of 0. Thus —1 is one unit 
to the left of 0. Then —2 is one unit to the left of —1, and so on. 


—3 —2 —1 0 1 2 3 


Integers on the real line. 


1 
n 


dividing the segment from 0 to 1 into n segments of equal length. Then 2 is to the 


If n is a positive integer, then = is to the right of 0 by the length obtained by 


right of ‘ by the same length, and 3 is to the right of = by the same length again, 
and so on. The negative rational numbers are placed on the line similarly, but to the 
left of 0. 

In this way, every rational number is associated with a point on the line. No 
figure can show the labels of all the rational numbers, because we can include only 
finitely many labels in a figure. The figure below shows the line with labels attached 
to a few of the points corresponding to rational numbers. 


Some rational numbers on the real line. 


We will use the intuitive notion that the line has no gaps and that every conceiv- 
able distance can be represented by a point on the line. With these concepts in mind, 
we call the line shown above the real line. 

We think of each point on the real line as corresponding to what we call a real 
number. The undefined intuitive notions (such as “no gaps”) can be made precise 
using more advanced mathematics. In this book, we let our intuitive notions of the 
real line serve to define the system of real numbers. 


Is Every Real Number Rational? 


We know that every rational number corresponds to some point on the real line. 
Does every point on the real line correspond to some rational number? In other 
words, is every real number rational? 

Probably the first people to ponder these issues thought that the rational numbers 
fill up the entire real line. However, the ancient Greeks discovered that this is not 
true. To see how they came to this conclusion, we make a brief detour into geometry. 

Recall that for each right triangle, the sum of the squares of the lengths of the two 
sides that form the right angle equals the square of the length of the hypotenuse. 
The next figure illustrates this result, which is called the Pythagorean Theorem. 


b 
The Pythagorean Theorem for right triangles: c?2 = a? + b?. 


Now consider the special case where both sides that form the right angle have 
length 1, as in the figure below. In this case, the Pythagorean Theorem states that 
the length c of the hypotenuse satisfies the equation c* = 2. 


1 
An isosceles right triangle. The Pythagorean Theorem implies that c* = 2. 


We have just seen that there is a positive real number c such that c? = 2. This 
raises the question of whether there exists a rational number c such that c? = 2. 
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yy SAF 
Pythagoras explaining his work 
(from THE SCHOOL OF ATHENS, 
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painted by Raphael around 1510). 


The Pythagorean Theorem is 
named in honor of the Greek 
mathematician and philosopher 
Pythagoras, who lived over 2500 
years ago. The Babylonians had 
discovered this result a thousand 
years before Pythagoras. 
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Understanding the logical pattern 
of thinking that goes into this proof 
can be a valuable asset in dealing 
with complex issues. 


“When you have excluded the 
impossible, whatever remains, 
however improbable, must be the 
truth.” 

—SHERLOCK HOLMES 


We could try to find a rational number whose square equals 2 by experimentation. 
One striking example is 


here the numerator of the right side misses being twice the denominator by only 1. 


Although es is close to 2, it is not exactly equal to 2. 


Another example is ear ere The square of this rational number is approximately 


1.999999999999977, which is very close to 2 but again is not exactly what we seek. 

Because we have found rational numbers whose squares are very close to 2, you 
might suspect that with further cleverness we could find a rational number whose 
square equals 2. However, the ancient Greeks proved this is impossible. 

This course does not focus much on proofs. However, the Greek proof that 
there is no rational number whose square equals 2 is one of the great intellectual 
achievements of humanity. It should be experienced by every educated person. 
Thus this proof is presented below for your enrichment. 

What follows is a proof by contradiction. We will start by assuming that there is 
a rational number whose square equals 2. Using that assumption, we will arrive 
at a contradiction. So our assumption must have been incorrect. Thus there is no 
rational number whose square equals 2. 


No rational number has a square equal to 2. 


Proof: Suppose there exist integers m and n such that 


By canceling any common factors, we can choose m and n to have no factors in 
common. In other words, = is reduced to lowest terms. 
The equation above is equivalent to the equation 


m2 = 2n?. 


This implies that m? is even; hence m is even (because the square of each odd 
number is odd). Thus m = 2k for some integer k. Substituting 2k for m in the 
equation above gives 

4k? = 2n?, 


or equivalently 
ee 


This implies that n* is even; hence n is even. 

We have now shown that both m and n are even, contradicting our choice of 
m and n as having no factors in common. 

This contradiction means our original assumption that there is a rational 
number whose square equals 2 must be incorrect. Thus there do not exist 


integers m and n such that (=) =) 


The notation \/2 is used to denote the positive real number c such that c2 = 2. 
As we saw earlier, the Pythagorean Theorem implies that there exists a real number 


V2 with the property that 
(v2)? =2. 


The result above implies that /2 is not a rational number. Thus not every real 
number is a rational number. In other words, not every point on the real line 
corresponds to a rational number. 


Irrational number 
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A real number that is not rational is called an irrational number. 


We have just shown that /2 is an irrational number. The real numbers 71 and e, 
which we will encounter in later chapters, are also irrational numbers. 

Once we have found one irrational number, finding others is much easier, as 
shown in the next two examples. 


Show that 3 + V2 is an irrational number. 


solution Suppose 3 + V2 is a rational number. Because 


this implies that \/2 is the difference of two rational numbers, which implies that 


V2 = (3+ V2) -3, 


,/2 is a rational number, which is not true. 
Thus our assumption that 3 + V2 is a rational number was incorrect. In other 
words, 3 + \/2 is an irrational number. 


nu. 


The attitude of the ancient Greeks 
toward irrational numbers persists 
in our everyday use of the word 
“irrational” to mean “not based on 
reason”. 


The next example provides another illustration of how to use one irrational 


mber to generate another irrational number. 


Show that 8/2 is an irrational number. 


so 


lution Suppose 82 is a rational number. Because 


8/2 
V2=—, 


this implies that \/2 is the quotient of two rational numbers, which implies that /2 
is a rational number, which is not true. 
Thus our assumption that 8/2 is a rational number was incorrect. In other words, 
8/2 is an irrational number. 


Problems 


The problems in this section may be harder than typical prob- 
lems found in the rest of this book. 


1 


2 
3 
4 
5 
6 


Show that g + /2 is an irrational number. 
Show that 5 — 2 is an irrational number. 
Show that 3/2 is an irrational number. 
Show that aye is an irrational number. 
Show that 4 + 91/2 is an irrational number. 


Explain why the sum of a rational number and an irra- 
tional number is an irrational number. 


Explain why the product of a nonzero rational number 
and an irrational number is an irrational number. 


Suppose ¢ is an irrational number. Explain why 1 is also 
an irrational number. 


Give an example of two irrational numbers whose sum is 
an irrational number. 


Give an example of two irrational numbers whose sum is 
a rational number. 


Give an example of three irrational numbers whose sum 
is a rational number. 


Give an example of two irrational numbers whose prod- 
uct is an irrational number. 


Give an example of two irrational numbers whose prod- 
uct is a rational number. 


Explain why (V2)? is an irrational number. 


Suppose ¢ is an irrational number. Explain why at least 
one of f? and f° is irrational. 


6 ChapterO The Real Numbers 


Neither subtraction nor division is 
commutative because order matters 
for these operations. For example, 


6,2 
5-343 5,and 5 # &. 


Expressions inside parentheses 
should be calculated before further 
computation. For example, 

(a+b) +c should be calculated by 
first adding a and b, and then 
adding that sum to c. The 
associative property of addition 
asserts that this number will be the 
same as a+ (b+ c), which should 
be calculated by first adding b and 
c, and then adding that sum to a. 


0.2 Algebra of the Real Numbers 


Learning Objectives 


By the end of this section you should be able to 


e manipulate algebraic expressions using the commutative, associative, and 
distributive properties; 


e recognize the order of algebraic operations and the role of parentheses; 
e apply the crucial identities involving additive inverses and fractions; 


e explain the importance of being careful about parentheses and the order of 
operations when using a calculator or computer. 


The operations of addition, subtraction, multiplication, and division extend from the 
rational numbers to the real numbers. We can add, subtract, multiply, and divide 
any two real numbers and stay within the system of real numbers, again with the 
exception that division by 0 is prohibited. 

In this section we review the basic algebraic properties of the real numbers. 
Because this material should indeed be review, no effort has been made to show 
how some of these properties follow from others. Instead, this section focuses on 
highlighting key properties that should become so familiar to you that you can use 
them comfortably and without effort. 


Commutativity and Associativity 


Commutativity is the formal name for the property stating that order does not 
matter in addition and multiplication. 


Commutativity 


at+tb=b+a and ab=ba 


for all real numbers a and Db. 


Here (and throughout this section) a, b, and other variables denote either real 
numbers or expressions that take on values that are real numbers. For example, the 
commutativity of addition implies that x? + 5 = 5 + x. 

Associativity is the formal name for the property stating that grouping does not 
matter in addition and multiplication. 


Associativity 


and (ab)c = a(bc) 


for all real numbers a, b, and c. 


Because of the associativity of addition, we can dispense with parentheses when 
adding three or more numbers, writing expressions such as 


a+b+c+d 


without worrying about how the terms are grouped. Similarly, because of the 
associative property of multiplication, we do not need parentheses when multiplying 
together three or more numbers. Thus we can write expressions such as abcd without 
specifying the order of multiplication or the grouping. 
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Neither subtraction nor division is associative because the grouping does matter 
for those operations. For example, 


(9-6) -2=3-2=1, 


but 
9-— (6-2) =9-4=5, 


which shows that subtraction is not associative. 

The standard practice is to evaluate subtractions from left to right unless paren- 
theses indicate otherwise. For example, 9 — 6 — 2 should be interpreted to mean 
(9 — 6) — 2, which equals 1. 


The Order of Algebraic Operations 


Consider the expression 
2Fo *7. 


This expression contains no parentheses to guide us to which operation should be 
performed first. Should we first add 2 and 3, and then multiply the result by 7? If 
so, we would interpret the expression above as 


223) 7; 


which equals 35. 
Or to evaluate 2 +3.-7 should we first multiply together 3 and 7, and then add 2 
to that result? If so, we would interpret 2+3-7 as 


241357); 


which equals 23. 

So does 2+3-7 equal (2+3)-7 or2+ (3-7)? The answer to this question depends 
on custom rather than anything inherent in the mathematical situation. Every 
mathematically literate person would interpret 2+ 3-7 to mean 2 + (3-7). In other 
words, people in the modern era have adopted the convention that multiplications 
should be performed before additions unless parentheses dictate otherwise. You 
sholud become accustomed to this convention. 


Thus, for example, a + bc is interpreted to mean a + (bc), although almost always 
we dispense with the parentheses and just write a + bc. 
As another illustration of the principle above, consider the expression 


4m + 3n+11(p+q). 


The correct interpretation of this expression is that 4 should be multiplied by m, 3 
should be multiplied by n, 11 should be multiplied by p +9, and then the three 
numbers 4m, 3n, and 11(p+q) should be added together. In other words, the 
expression above equals 


(4m) + (3n) + (11(p +q)). 


The three new sets of parentheses in the expression above are unnecessary. The 
version of the same expression without the unnecessary parentheses is cleaner and 
easier to read. 


Note that (2 + 3) - 7 does not 
equal 2+ (3-7). Thus the order of 
these operations does matter. 


The size of parentheses is 
sometimes a visual aid to indicate 
the order of operations. Smaller 
parentheses are often used for more 
inner parentheses. Thus 
expressions enclosed in smaller 
parentheses should usually be 
evaluated before expressions 
enclosed in larger parentheses. 


23 ChapterO The Real Numbers 


The distributive property provides 
the justification for factoring 
expressions. 


Thus we have used the distributive 
property (twice) to transform 
2(3m + x) + 5x into the simpler 
expression 6m + 7x. 


When parentheses are enclosed within parentheses, expressions in the innermost 
parentheses are evaluated first. 


Evaluate the expression 2(6 + 3(1 + 4)). 


solution Here the innermost parentheses surround 1 + 4. Thus start by evaluating 
that expression, getting 5: 


2(6+3(1+4)) =2(64+3-5). 


5 


Now to evaluate the expression 6 + 3 - 5, first evaluate 3 -5, getting 15, then add that 
to 6, getting 21. Multiplying by 2 completes our evaluation of this expression: 


2(6+3(1+4)) = 42. 


The Distributive Property 


The distributive property connects addition and multiplication, converting a product 
with a sum into a sum of two products. 


Distributive property 


Ax Vie Pay sand (a4) — ax 4 bx 


for all real numbers a, b, x, and y. 


Sometimes you will use the distributive property to transform an expression of 
the form a(x + y) into ax + ay. Sometimes you will use the distributive property in 
the opposite direction, transforming an expression of the form ax + ay into a(x + y). 
The direction of the transformation depends on the context. The next example 
shows the use of the distributive property in both directions. 

Simplify the expression 2(3m + x) + 5x. 
solution First use the distributive property to transform 2(3m + x) into 6m + 2x: 
2(3m +x) + 5x = 6m + 2x + 5x, 


Now use the distributive property again, but in the other direction, to transform 
Ze bx to (24-5 x: 


6m + 2x+5x = 6m-+ (2+5)x 


=6m+7x. 
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One of the most common algebraic manipulations involves expanding a product 
of sums, as in the following example. 


ee Bamps 


solution Think of (x+y) as a single number and then apply the distributive 
roperty to the expression above, gettin DGtesteae oe vlie I OrTena one 
Beepeny P 18 5 here, every term in the first set of 


parentheses is multiplied by every 


(a+b)(x+y) =a(xt+y)+b(x+y). term in the second set of 


parentheses. 
Now apply the distributive property twice more, getting 


(a+b)(x+y) =ax+ay + bx + by. 


To expand (a+ b)(x+y-+2), 
multiply each term in a+ b by 
each term in x +y +z and then 
sum those products. 


2 
Expand (a +b)?. Example 4 


solution We have (a+b)(a+b) =a*+ab+ba+b’, which with a standard use 
of commutativity becomes the identity 


By understanding how the identity above was obtained, you should easily be 
able to find formulas for more complicated expressions such as (a + b)(x +y +2). 


(a +b)* = a? + 2ab +b’. 


Additive Inverses and Subtraction 


The additive inverse of a real number a is the number —a such that 
a+-(—a) =0. 
The connection between subtraction and additive inverses is captured by the identity 
a—b=a+ (=), 
In fact, the equation above can be taken as the definition of subtraction. 


You need to be comfortable using the following identities that involve additive 
inverses and subtraction. 


Identities involving additive inverses and subtraction 


(—a)(—b) = ab 
(—a)b = a(—b) = —(ab) 
(Oh are 


TCP ees 


for all real numbers a, b, x, and y. 
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Be sure to distribute the minus 
signs correctly when using the 
distributive property, as shown 
here. 


Example 6 


The multiplicative inverse of b is 
sometimes called the reciprocal 


of b. 


Assume all denominators in this 
subsection are not 0. 


Expand (a+ b)(a—b). 


solution Start by thinking of (a +b) as a single number and applying the distribu- 
tive property. Then apply the distributive property twice more: 


(a+b)(a—b) = (a+b)a—(a+b)b 


=a*+ba—ab—v? 


= gq? — fp? 


You need to become sufficiently comfortable with the following identities so that 
you can use them with ease. 


Identities arising from the distributive property 


(2-2) — a nh be 


(G2) a any b 
(@+b)\(a—b) =a 8" 


Without using a calculator, evaluate 43 x 37. 

solution 43 x 37 = (40 + 3)(40 — 3) 
= 407 — 3? 
= 1600 —9 
= 1591 


Multiplicative Inverses and the Algebra of Fractions 


The multiplicative inverse of a real number b # 0 is the number t such that 


The connection between division and multiplicative inverses is captured by the 
identity 


In fact, the equation above can be taken as the definition of division. 
You need to be comfortable using various identities that involve multiplicative 
inverses and division. We start with the following identities. 


Multiplication of fractions and cancellation 


ree eae 
po 
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The first identity above states that the product of two fractions can be computed 
by multiplying together the numerators and multiplying together the denominators. 

The second identity above, when used to transform a into a is the usual 
simplification of canceling a common factor from the numerator and denominator. 
When used in the other direction to transform 5 into me the second identity above 
becomes the familiar procedure of multiplying the numerator and denominator by 
the same factor. 

Notice that the second identity above follows from the first identity: 


a ee ee 
ad ad d , 
Simplify th i 
implify the expression . ah Example 7 
x1 ox 


solution Using the identities above, we have 


3 x+1_ 3(x+1) 
x2-1 x (x2 —1)x 


— -3(x +1) 
(x +1)(x —1)x 


= 3 
(x —1)x° 


Now we turn to the identity for adding two fractions. 


Addition of fractions 


The formula for adding fractions is 
more complicated than the formula 
for multiplying fractions. 


The derivation of the identity above is straightforward if we accept the formula 
for adding two fractions with the same denominator, which is 


. Ae hd = at . To derive this formula, note that 
bb b BC 1 1 
bo =a-> +c: 
For example, 5 + 3 = oe as you can visualize by thinking about a pie divided oe : : 
into 9 equal-size pieces, and then placing 2 pieces (which is 5 of the pie) next to 5 =(a+c)- ; 
additional pieces (3 of the pie), getting 7 pieces of the pie eG of the pie). as 
To obtain the formula for adding two fractions with different denominators, we as 
use the multiplication identity to rewrite the fractions so that they have the same 
denominators: 
a c_ad be 
b bd bd 
ad be 
~ bd * bd 
_ ad +be Never make the mistake of thinking 
bd that ; + s equals ao 
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Write th 
Example 8 en 2 " 3 


Tf you can easily find a common 
multiple that is simpler than the 
product of the two denominators, 
then using it will mean that less 
cancellation is needed to simplify 
your final result. 


The sizes of the fraction bars here 
indicate that 
a 


b 


c 
should be interpreted to mean a 
divided by 8, which could be 
written as a/(b/c). 


wiwt+1) w? 
as a single fraction. 


solution Using the identity for adding fractions gives 


2 3 w 2 


_ 3 w(w+l1) 
wiw+l) wt wt w(w+l) 


we wwtl 


_ 2w? + 3w(w +1) 
w3(w +1) 


— bw? + 3w 
~ w3(w +1) 


_ w(Sw +3) 

~ ww2(w+1) 
5w +3 

w2(w+1)° 


remark Sometimes when adding two fractions, it is easier to use a common 
multiple of the two denominators that is simpler than the product of the two 
denominators. For example, the two denominators in this example are w(w + 1) 
and w*. Their product is w?(w +1), which is the denominator used in the calculation 
above. However, w*(w +1) is also a common multiple of the two denominators. 
Here is the calculation using w?(w +1) as the denominator: 


2 _3 w 2 ,3 wHl 
wiw+l)' ww wwtl)' w wt] 
_ 2w _ 3(w+1) 
w2(w+1) ' w2(w +1) 
_ 2w+3(w +1) 
w2(w +1) 
_ Ssw+3 
~ w2(wt1)' 


The two methods produced the same answer—either method works fine. 


Now we look at the identity for dividing by a fraction. 


Division by a fraction 


This identity gives the key to unraveling fractions that involve fractions, as shown 
in the following example. 
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Simplify the expression 


RIS 


alo 


solution The size of the fraction bars indicates that the expression to be simplified 
is (y/x)/(b/c). We use the identity above (thinking of a as a), which shows that 
dividing by b is the same as multiplying by b Thus we have 


z 
a 
b x b 
c 
= 7 
~ xb" 


Finally, we conclude this subsection by recording some identities involving 
fractions and additive inverses. 


Fractions and additive inverses 


Symbolic Calculators 


Correct use of a calculator requires some understanding, particularly of the order of 
operations. The next example illustrates the importance of paying attention to the 
order of operations, even when you are using a calculator. 


Use a calculator to evaluate 
8.7+2.1 x 5.9. 


solution Ona calculator, you might enter 


(8.7) J 241) ix) 69) 


and then on most calculators you need to press the button or the [=) button. 

Some calculators give 63.72 as the result of entering the items above, while other 
calculators give 21.09 as the result. Calculators that give the result 63.72 work by 
first calculating the sum 8.7 + 2.1, getting 10.8, then multiplying by 5.9 to get 63.72. 
Thus such calculators interpret the input above to mean (8.7 + 2.1) x 5.9. 

Other calculators will interpret the input above to mean 8.7 + (2.1 x 5.9), which 
equals 21.09 and which is what the expression 8.7 + 2.1 x 5.9 should mean. 

If your calculator gives the result 63.72 when the items above are entered, then a 
correct answer for the desired calculation can be obtained by changing the order so 
that you enter 


(21) (x) 693) @ (87) 


and then the button or the [=) button; this sequence of items should be 
interpreted by all calculators to mean (2.1 x 5.9) + 8.7, giving the correct answer 
21.09. 


Example 9 


When faced with complicated 
expressions involving fractions 
that are themselves fractions, 
remember that division by a 
fraction is the same as 
multiplication by the fraction 


flipped over. 


Example 10 


The result of entering these items 
on a calculator depends upon the 
calculator! 
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Some calculators can do rational 
arithmetic, meaning that 


Narn 

315 
gives the exact result 5 instead of 
the approximate result 0.7333333. 


Lovelace (1815-1852), who was a 
pioneer computer scientist. 


As usual on computers, a caret ’ is 
used to denote a power. 


Make sure you know how your calculator interprets the kind of input shown in 
the example above, or you may get answers from your calculator that do not reflect 
the problem you have in mind. 

Many calculators have parentheses buttons, which are often needed to control 
the order of operations. For example, to evaluate (3.49 + 4.58) (5.67 + 6.76) on a 
calculator with parentheses buttons you can enter 


() (3.49) J 458) 0) J WJ 67) &) (6.76) [)) 


and then the button or the (=) button, getting the correct answer 100.3101. 

Calculators and computers have evolved from being able to do arithmetic to 
having extensive symbolic and graphing abilities. A symbolic calculator can handle 
symbols as well as numbers. Because of the many varieties of symbolic and graphing 
calculators available as either hand-held machines or as computer software, showing 
how all of them work would be impractical. 

The examples throughout this book that depend upon symbolic or graphing 
calculators will use WolframAlpha (www.wolframalpha.com), which is a free web- 
based symbolic and graphing calculator (and much more). You do not necessarily 
need to use WolframAlpha to follow the examples—feel free to use your favorite 
calculator or software instead. 

WolframAlpha has some unusual capabilities. Thus even if you have your own 
symbolic calculator, you should take a look at WolframAlpha so that you know the 
kind of computational power that is now easily available. Here are some of the 
advantages of using WolframAlpha at least occasionally: 


e WolframAlpha is free. 


e WolframAlpha is more powerful than standard symbolic calculators, allowing 
certain calculations that cannot be done with a hand-held calculator. 


e The larger size, better resolution, and color on a computer screen make graphs 
produced by WolframAlpha more informative than graphs on a typical hand- 
held graphing calculator. 


e WolframAlpha is easy to use. In particular, WolframAlpha does not have the 
strict syntax requirements associated with many symbolic calculators. If you 
are unsure of the vocabulary or syntax that WolframAlpha expects, just make a 
guess—WolframAlpha will try to figure out what you meant. 


The next example shows how WolframAlpha can be used as a web-based symbolic 
calculator. 


Use WolframAlpha to expand the expression (x — 2y + 3z)?. 


solution Point a web browser to www.wolframalpha.com. Type 


[expand (x — 2y + 3z)2| 


and then press the key on your keyboard or click the (=) box on the right 
side of the WolframAlpha entry box, getting the result 


x? — Axy + 6xz + 4y* — 12yz 4-92. 


The next example is presented mainly to show that parentheses must sometimes 
be used with symbolic calculators even when parentheses do not appear in the 
usual mathematical notation. 
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Use WolframAlpha to simplify the expression 


solution In WolframAlpha, type 


(simplify ( 1/(y—b) — 1/y )/b] 


to get the result 
1 


y(y—b) 


As shown above, WolframAlpha does not mind if you insert extra spaces to make 


the input more easily readable by humans. 


Most of the exercises in this section can be done by WolframAlpha or a symbolic 
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Make sure you understand why 
both sets of parentheses in the 
entry box are needed here. This 
example shows that even if you are 
using a machine for algebraic 
manipulation, you must have a 
good understanding of the order of 
operations. 


calculator. However, you should want to acquire the basic algebraic manipula- 


tion skills and understanding needed to do these exercises. Very little skill or 


understanding will come from watching a machine do the exercises. 


The best way to use WolframAlpha or another symbolic calculator with the exer- 


cises is to check your answers and to experiment (and play!) by changing the input 


to see how the output varies. 


Exercises 
For Exercises 1-4, determine how many different values can 22 (y+2)(y* — 2y? + 4y* — 8y + 16) 
arise by inserting one pair of parentheses into the given ex- 
pression. For Exercises 23-52, simplify the given expression as much as 
possible. 
1 19-—12-—8-2 3 6+3-44+5-2 24 3 
23-7-9-5 4 5-33Le.a 23 4(2m+3n)+7m 33 3-5 +4 °2 
For Exercises 5-22, expand the given expression. 24 3(2m + 4(n +5p)) + 6n 2.5 
oe a Tae 
5 (x-y)(z+w-t) eg Sa 
6 (x+y—r)(z+w—t) ae 35 2. mr) 
7 (2x+3)7 ae ae 2 5 7 2 
5 ' 8 
8 (3b+5) ge BT 
9 (2c—7)? a7 3.14 4 5 °3 
10 (4a—5)? a= 
a— 
2 2. 15 37 2 4+ y— 4 
11 (x+y+z) 28 3°95 x+3 5 
12 (x —5y—3z)* 
13 (x +1)(x—2)(x+3) 3 ae ene 
29 —4— 4 y+2 
14 (y—2)(y—3)(y+5) 5 
— 2)(a? 1 1 
15 (a+2)(a—2)(a*+4) P 59 i 
16 (b—3)(b+3)(b* +9) ee: x+2 x-2 
oe! 7 
17 xvixty)(2- 3) 4 a 
y 40 
; 11 3 x+3 x-3 
18 wale—a)(es) 31 mS 4.5 Hie 2 
n 
19 (f—2)( +2t+4) 41 = : 


( 
20 (m—2)(m* + 2m? + 4m? + 8m + 16) 32 5 
21 ( 
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5 1—2u dl il il 
a2 at Bp a a aoe) 
3 o+1 2 2 
2 oo 2) ¢ v3 47 —_ * 
rT ee 1 1 
w w(w—3) -= 
48 x+a x 
lox sy 0 
45 (=- ) 
x-y\y x 
Problems 


x—2 a—t 

Z b+c 

x+2 a+t 
x—4 r+m 
yt+3 u-—n 

50 73 Be n+u 
x+A4 =f 


Some problems require considerably more thought than the exercises. 


53 


54 
55 


56 
57 


58 


59 


60 


61 


62 


Write uowsy 

vu x Zz 
in the form a where a and b are appropriate expressions. 
Show that (a+ 1)? = a* +1 if and only if a = 0. 
Explain why (a+ b)? = a* +b? if and only if a = 0 or 
b=0. 
Show that (a — 1)* = a* — 1 if and only if a = 1. 
Explain why (a — b)* = a* — b? if and only if b = 0 or 
b=a. 
Explain how you could show that 51 x 49 = 2499 in your 
head by using the identity (a + b)(a— b) = a? —B?. 
Show that 


a+b +c —3abe 


= (at+b+c)(a* +b? + c* — ab— be —ac). 


Give an example to show that division does not satisfy 
the associative property. 


Suppose shirts are on sale for $19.99 each. Explain how 
you could use the distributive property to calculate in 
your head that six shirts cost $119.94. 


The sales tax in San Francisco is 8.5%. Diners in San 
Francisco often compute a 17% tip on their before-tax 
restaurant bill by simply doubling the sales tax. For ex- 
ample, a $64 dollar food and drink bill would come with 
a sales tax of $5.44; doubling that amount would lead 
to a 17% tip of $10.88 (which might be rounded up to 
$11). Explain why this technique is an application of the 
associativity of multiplication. 


Unlike exercises, problems usually have more than one correct answer. 


63 A quick way to compute a 15% tip on a restaurant bill is 
first to compute 10% of the bill (by shifting the decimal 
point) and then add half of that amount for the total tip. 
For example, 15% of a $43 restaurant bill is $4.30 + $2.15, 
which equals $6.45. Explain why this technique is an 
application of the distributive property. 


64 Suppose b £ 0 and d # 0. Explain why 


aqec, : 
=a if and only if ad = be. 


65 The first letters of the phrase “Please excuse my dear 
Aunt Sally” are used by some people to remember the or- 
der of operations: parentheses, exponents (which we will 
discuss in a later chapter), multiplication, division, addi- 
tion, subtraction. Make up a catchy phrase that serves 
the same purpose but with exponents excluded. 

66 (a) Verify that 

16 25 16—25 
2, 5 2-5 
(b) From the example above you may be tempted to 
think that 


aoc a-c 
b d b-d 

provided none of the denominators equals 0. Give 

an example to show that this is not true. 


67 Suppose b £0 and d # 0. Explain why 


a_c ad — be 
bod bd ~ 


Worked-Out Solutions to Odd-Numbered Exercises 


Do not read these worked-out solutions before attempting to do the 
exercises yourself. Otherwise you may mimic the techniques shown 
here without understanding the ideas. 


For Exercises 1-4, determine how many different values can 
arise by inserting one pair of parentheses into the given ex- 
pression. 


1 


19 =—12 = 32 


Best way to learn: Carefully read the section of the textbook, then do 
all the odd-numbered exercises and check your answers here. If you 
get stuck on an exercise, then look at the worked-out solution here. 


solution Here are the possibilities: 


19(-12 —8—2) = —418 19 — (12-8) -2=13 


19(—12 — 8) —2 = —382 19 — (128-2) =17 


19(—12) — 8-2 = —238 19 — 12 — 8(—2) = 23 


(19-12) -8-2=-3 19 — 12(—8) -2 = 113 


19 —12—(8—2) =1 19 — 12(—8 — 2) = 139 


Other possible ways to insert one pair of parentheses lead 
to values already included in the list above. Thus ten 
values are possible; they are —418, —382, —238, 
17, 23, 113, and 139. 


3 6+3-44+5-2 


solution Here are the possibilities: 


(6+3-44+5-2) =28 
6+(3-4+5)-2=40 
(6+3)-4+5-2=46 


6 


( 
( 


Other possible ways to insert one pair of parentheses lead 
to values already included in the list above. Thus five 
values are possible; they are 28, 40, 46, 48, and 60. 


5-2) = 48 


3-(4 
6+3-(4 


5)-2=60 


For Exercises 5-22, expand the given expression. 


5 (x-y)(z+w-t) 


solution 


(x-y)(z+w-t) 


7 (2x +3)? 
solution 
(2x +3)? = (2x)? +2-(2x)-343? 
= 4x7 +12x+9 
9 (2c—7)* 
solution 


(2c —7)* = (2c)? —2- (2c)-7+77 


= 4c? — 28c + 49 


11 (x+y+z)" 


solution 


3, 1, 13, 
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(x+y+z) 
= (xty+2)(x+y +2) 


=x(xtytz)+y(xtyt+z)+2(x+y+z) 


2 


=x bxytxztyxt+y? 


+ YZ 
textzyt2? 


2472 4 Dxy + Qxz + 2yz 


= -% + Y¥ 


13. (x+1)(x —2)(x+3) 
solution 
(x +1)(x —2)(x+3) 
= ((x+1)(x —2))(x+3) 
= (x? —2x+x-—2)(x+3) 


= (x? — x—2)(x +3) 


= x3 + 3x2 — x2 — 3x —2x -—6 


15 (a+2)(a—2)(a? +4) 
solution 


(a +2)(a—2)(a* +4) = ((a+2)(a—2))(@? +4) 


1 
17 xy(x+y)(z = y) 
solution 


xy(xty)(=— s) = xy(x+y)( a ) 


19 (f—2)(t## + 2t+4) 
solution 


(¢—2)(7 + 2t4+4) =t( 4 2¢+4) 


=f +421 4 4t— 24 —4t-8 


=-8 


2(t +2t+4) 


17 
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21 (n+3)(n?—3n+9) 


solution 35 
(n +3)(n* —3n+9) 
= n(n? —3n+9) +3(n? —3n+9) 
=n? —3n? + 9n + 3n* — 9n +27 
=n +27 
For Exercises 23-52, simplify the given expression as much as 
possible. 
23 4(2m+3n)+7m 
solution 
4(2m + 3n) + 7m = 8m+12n+7m - 
= 15m+12n 
3.6 
25 a + 7 
oe OG OF 6 A Oh 88a 
solution 7+7=4°7+7° 4 = 2g + 3g = 98 
3 14 
27 4°39 
. 3 14 3:14 7 7 
SOUMON: 3 39 = 1.29 203 = D6 
5 
7 
a 
3 
solution 5 
39 
7 5 3 _ 53 15 
2 72-72-14 
3 
m+1 3 
fe 
: 2 n 
solution 
m+1 ; 3 m+1 nH a 2 
2 "Hn 2 non 2 
— (m+1)n+3-2 41 
2n 
mn+n+6 
-_ 2n 
2 4,3 
33 3-5 + 5-2 
solution 
24, 35 8 , 3 
3° Bae TB 2 
_~8 2,3 55 
=156 2° 2 a 
— 16445 _ 61 
~ 30 ~~ +30 


2 m+3 1 
5 7 3 
solution 
2 m+3 ; 1 2m+6 1 
5 7 2 35 
_ 2m+6 2 1 35 
35. 2° 2 35 
— 4m+12+35 
7 70 
_— 4m +47 
~~ 70 
2 y—4 
x43 5 
solution 
2 ,y-4_ 2 5, y-4 x+8 
x4+3°° «5 x43 5° 5 x43 
— 2-54 (y—4)(x4+3) 
5(x +3) 
— 10+yx + 3y —4x — 12 
5(x +3) 
_ xy—4x+3y—2 
5(x +3) 
te 
xt+2 .x-2 
solution 
1 1 x—2 x+2 
42° xeS2° (+2) =2) © (x =2)(e42) 
2x 
~ x24 
4t+1 3 
{2 t 
solution 
4t+1 3  4t+1 3 ¢ 
2 | ¢ 2 '£ ¢ 


3 o+1 
43. ——__ + —.— 
a al vo 
solution 
3 uti ee 3 _vt1 v-2 
vv—2)° B® wv v(v—2)' 8B v-2 
_ 30° v—v—2 
B(v—2)  v3(v—2) 
_ 40? -v-2 
v3(v — 2) 


« SE-8 


solution 


0 ee 


solution 


49 —_ ~—_ 


51 


Section 0.2 Algebra of the Real Numbers 


x+2 


solution 


a=t 
b—c 


b+c 


a+t 


solution 


(x+a)?—x? — x74 2xa+a?— x? 


a a 
xa +a? 
- a 
=2x+a 
na2 
y K-2 x+2 
Zz y - 
x+2 
x4 
= a 
a—t 
b—c _a-t att 
b+c b—c b+c 
a+t 
a 
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0.3 Inequalities, Intervals, and Absolute Value 


Learning Objectives 


By the end of this section you should be able to 
e apply the algebraic properties involving positive and negative numbers; 
e manipulate inequalities; 
e use interval notation for the four types of intervals; 
e use interval notation involving —co and oo; 
e work with unions of intervals; 


e manipulate and interpret expressions involving absolute value. 


Positive and Negative Numbers 


Positive and negative 


From now on, “number” means e A number is called positive if it is right of 0 on the real line. 


“veal ber” unl therwi , AU erate ; 
| a en ee e A number is called negative if it is left of 0 on the real line. 


Every number is either right of 0, left of 0, or equal to 0. Thus every number is 
either positive, negative, or 0. 


5 _ is 1 1 2 2 257 
Bg gg DG a. ig. + 7 io | =3 
negative numbers positive numbers 


All of the following properties should already be familiar to you. 


Example: 

24+3=5 The sum of two positive numbers is positive. 

(—2) + (-3) =—-5 The sum of two negative numbers is negative. 

—2 is negative The additive inverse of a positive number is negative. 

—(—2) is positive The additive inverse of a negative number is positive. 

2-3=6 The product of two positive numbers is positive. 

(-2)*(=3) =6 The product of two negative numbers is positive. 

2+(-3) = 6 The product of a positive number and a negative number is negative. 
5 is positive The multiplicative inverse of a positive number is positive. 


The multiplicative inverse of a negative number is negative. 


Leg : 
=z 1s negative 
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Inequalities 


Less than, greater than 


Suppose a and b are numbers. 


e ais less than b, written a < D, if a is left of b on the real line. 
e ais less than or equal to b, written a < b,ifa<bora=b. 
e bis greater than a, written b > a, if b is right of a on the real line. 


e bis greater than or equal to a, written b > a, if b > aorb=a. 


In the figure below, a is left of b on the real line; thus a < b. 


a b 


a<b. 


Note that a < b if and only if b — a is positive. In particular, b is positive if and 
only if 0 < b. Note also that b > a means the same as a < b. Similarly, b > a means 
the same as a < b. 

Be sure to distinguish between the symbols < and <. For example, the statement 
x <4 is true if x equals 3 but false if x equals 4, whereas the statement x < 4 is true 
if x equals 3 and also true if x equals 4. 

We now begin discussion of a series of simple but crucial properties of inequalities. 
The first property we will discuss is called transitivity. 


21 


BP cnies For example, from the inequalities 
Transitivity ac f 4 
21 
V15<4 and 4<% 


5 
Ifa <bandb <c,thena <c. we can conclude that 


VB < %. 


To see why transitivity holds, suppose a < b and b < c. Then a is left of b on the 
real line and b is left of c. This implies that a is left of c, which means that a < c; see 
the figure below. 


a b c 


Transitivity: a < band b < c implies thata <c. 


Often multiple inequalities are written together as a single string of inequalities. 
Thus a < b < c means the same thing as a < b and b < c. 
Our next result shows that we can add inequalities. 


ee A nase For example, from the inequalities 
Addition of inequalities ep 7 
V8<3 and 4<VI17 


Ifa <bandc<d,thena+c<b¢+d. we can conclude that 
V8+4<34+Vvi17. 


To see why this is true, note that if a < b andc < d, then b — a and d — c are positive 
numbers. Because the sum of two positive numbers is positive, this implies that 
(b —a) + (d —c) is positive. In other words, (b +d) — (a +c) is positive. This means 
that a+c < b+d,as desired. 

The next result states that we can multiply both sides of an inequality by a 
positive number and preserve the inequality. However, if both sides of an inequality 
are multiplied by a negative number, then the direction of the inequality must be 
reversed. 
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For example, from the inequality 
V7 < V8 
we can conclude that 
3V7 < 3V8 
and 


(-3)V7 > (-3) V8. 


The case x — 4 = 0 need not be 
considered because division by 0 is 
not allowed. 


The direction of the inequality has 
been reversed because we have 
multiplied by a negative number. 


For example, from the inequality 
2 <3 we can conclude that 
—2> —-3. 


Multiplication of an inequality 


Suppose a < b. 
e Ifc >0, then ac < be. 


e Ifc <0, then ac > be. 


To see why this is true, first suppose c > 0. We are assuming that a < b, which 
means that b — a is positive. Because the product of two positive numbers is positive, 
this implies that (b — a)c is positive. In other words, bc — ac is positive, which means 
that ac < bc, as desired. 

Now consider the case where c < 0. We are still assuming that a < b, which 
means that b — a is positive. Because the product of a positive number and a negative 
number is negative, this implies that (b — a)c is negative. In other words, bc — ac is 
negative, which means that ac > bc, as desired. 

The next example illustrates the extra care that must be taken when multiplying 
inequalities. 


Find all numbers x such that 


solution The natural first step here is to multiply this inequality by x — 4. The 
direction of the inequality will remain unchanged if x — 4 is positive but should be 
reversed if x — 4 is negative. Thus we consider these two cases separately. 

First consider the case where x — 4 is positive; thus x > 4. Multiplying both sides 
of the inequality above by x — 4 then gives the equivalent inequality 


x—8<3x-—12. 


Subtracting x from both sides and then adding 12 to both sides gives the equivalent 
inequality 4 < 2x, which is equivalent to the inequality x > 2. However, not all 
numbers x > 2 satisfy our original inequality above (for example, if x = 3, then 
the left side of the original inequality equals 5). We have been working under the 
assumption that x > 4. Because 4 > 2, we see that in this case the original inequality 
holds if x > 4. 

Now consider the case where x — 4 is negative; thus x < 4. Multiplying both 
sides of the original inequality above by x — 4 then gives the equivalent inequality 


x—8>3x-—12. 


Subtracting x from both sides and then adding 12 to both sides gives the equivalent 

inequality 4 > 2x, which is equivalent to the inequality x < 2. If x < 2, then x < 4, 

which is the case under consideration. Thus the original inequality holds if x < 2. 
Conclusion: The inequality above holds if x < 2 or x > 4. 


Multiplying both sides of an inequality by —1 and reversing the direction of the 
inequality gives the following result. 


Additive inverse and inequalities 


If a <b, then —a > —b. 


In other words, the direction of an inequality must be reversed when taking additive 
inverses of both sides. 
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The next result shows that the direction of an inequality must also be reversed 
when taking multiplicative inverses of both sides, unless one side is negative and 
the other side is positive. 


Multiplicative inverse and inequalities 


Suppose a < b. 


For example, from the inequality 
e If aand b are both positive or both negative, then 1 > f Sea 
7 > 3. 
2 3 


e Ifa <0 <b, then + < 7. 


To see why this is true, first suppose a and b are both positive or both negative. In 
either case, ab is positive. Thus 


Hence we can multiply both sides of the inequality a < b by ma preserving the 
direction of the inequality. This gives 


a : <b : 
ab ab’ 
which is the same as 4 < 4, or equivalently 4 > 4, as desired 
go ae ol Ya br 
The case where a < 0 < b is even easier. In this case 1 is negative and ; is 


positive. Thus 1 < i, as desired. 


Intervals 


We begin this subsection with an imprecise definition. 


This definition is imprecise because 
the words “collection” and 
“objects” are vague. 


A set is a collection of objects. 


The collection of positive numbers is an example of a set, as is the collection of 
odd negative integers. Almost all of the sets considered in this book are collections 
of real numbers, which at least removes some of the vagueness from the word 
“objects”. 

If a set contains only finitely many objects, then the objects in the set can be 
explicitly displayed between the symbols { }. For example, the set consisting of the 
numbers 4, — y and \/2 can be denoted by 


{4,-¥, v2}. 


Sets can also be denoted by a property that characterizes objects of the set. For 
example, the set of real numbers greater than 2 can be denoted by 


{ex > 2}. 


Here we use the convention that the notation {x : ...} should be read to mean “the 
set of real numbers x such that” and then whatever follows. There is no particular 
x here. The variable is simply a convenient device to describe a property, and the 
symbol used for the variable does not matter. Thus {x : x > 2} and {y: y > 2} and 
{t: tf > 2} all denote the same set, which can also be described (without mentioning 
any variables) as the set of real numbers greater than 2. 
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The set of rational numbers is not 
an interval because 1 and 2 are in 
this set but /2, which is between 1 
and 2, is not in this set. 


The definition of [a,b] also makes 
sense when a = b; the interval 
[a,a] consists of the single number 
a. 


The term “half-closed” would make 
as much sense as “half-open”. 


3 7 
The half-open interval (3, 7]. 


Example: (0,00) denotes the set of 
positive numbers. 


Example: (—0o,0) denotes the set 
of negative numbers. 


A special type of set occurs so often in mathematics that it gets its own name. 


Interval 


An interval is a set of real numbers that contains all numbers between any two 
numbers in the set. 


For example, the set of positive numbers is an interval because all numbers 
between any two positive numbers are positive. As a nonexample, the set of integers 
is not an interval because 0 and 1 are in this set, but z, which is between 0 and 1, is 
not in this set. 

For a < b, we define the following four intervals with endpoints a and b. 


Open, closed, and half-open intervals 


e The open interval (a,b) with endpoints a and b is the set of numbers 
between a and b, not including either endpoint: 


(aU 


e The closed interval [a,b] with endpoints a and b is the set of numbers 
between a and », including both endpoints: 


jab ={x2a Sx bh: 


e The half-open interval [a,b) with endpoints a and b is the set of numbers 
between a and 5, including a but not including b: 
a0) eer 

e The half-open interval (a,b| with endpoints a and b is the set of numbers 


between a and 5, including b but not including a: 


(a,0] ={e 7a x <b}, 


With this notation, a parenthesis indicates that the corresponding endpoint is not 
in the set; a straight bracket indicates that the corresponding endpoint is in the set. 
Thus the interval (3,7] includes the numbers 4.1, 5, and the endpoint 7 (along with 
many other numbers), but does not include the numbers 2 or 9 or the endpoint 3. 

Suppose a is a real number. We define the following four intervals. 


Intervals extending arbitrarily far 
e The interval (a, 00) is the set of numbers greater than a: 
(Geol =te ox Sa}. 


e The interval [a,0o) is the set of numbers greater than or equal to a: 


[aco = {kx > at. 


e The interval (—co,a) is the set of numbers less than a: 


(—00,a) = {x: x <a}. 


e The interval (—oco,a] is the set of numbers less than or equal to a: 


(Seal =4e <a) 
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Here the symbol 0, called infinity, should be thought of simply as a notational 
convenience. Neither co nor —oo is a real number; these symbols have no meaning 
in this context other than as notational shorthand. For example, the interval (2, 00) 
is defined to be the set of real numbers greater than 2 (note that oo is not mentioned 
in this definition). The notation (2,00) is often used because writing (2,00) is easier 
than writing {x : x > 2}. 

As before, a parenthesis indicates that the corresponding endpoint is not included 
in the set, and a straight bracket indicates that the corresponding endpoint is 
included in the set. Thus the interval (2,00) does not include the endpoint 2, but the 
interval [2,00) does include the endpoint 2. Both of the intervals (2,00) and [2, 00) 
include 2.5 and 98765 (along with many other numbers); neither of these intervals 
includes 1.5 or —857. 

There do not exist intervals with a straight bracket adjacent to —oo or oo. For 
example, [—oo, 2] and [2, co] do not make sense because the straight brackets indicate 
that both endpoints should be included. The symbols —oo and oo can never be 


included in a set of real numbers because these symbols do not denote real numbers. 


A party invitation states that guests can arrive any time after 4 pm on June 30. 


Suppose that time is measured in hours from noon on June 30. If the invitation is 
taken literally, write an interval to represent acceptable times for guests to arrive. 


solution Any time greater than 4 hours from noon on June 30 is acceptable. Thus 
the interval of acceptable times is (4, 00). 


In later chapters we will occasionally find it useful to work with the union of two 
intervals. Here is the definition of union. 


Union 


The union of two sets A and B, denoted AU B, is the set of objects that are 
contained in at least one of the sets A and B. 


Thus A U B consists of the objects (usually numbers) that belong either to A or to 
B or to both A and B. 
Write (1,5) U (3,7] as an interval. 


solution The figure here shows that every number in the interval (1,7] is either in 
(1,5) or is in (3, 7] or is in both (1,5) and (3,7]. The figure shows that (1,5) U (3,7] = 
(171. 


The next example goes in the other direction, starting with a set and then writing 
it as a union of intervals. 
Write the set of nonzero real numbers as the union of two intervals. 


solution The set of nonzero real numbers is the union of the set of negative 
numbers and the set of positive numbers. In other words, the set of nonzero real 
numbers equals (—0o,0) U (0,00). 


Absolute Value 


The absolute value of a number is its distance from 0; here we are thinking of 


numbers as points on the real line. For example, the absolute value of 2 equals 2. 


More interestingly, the absolute value of —2 equals 2. 
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The notation (—0o, co) is 
sometimes used to denote the set of 
real numbers. 


Similarly, the union of three or 
more sets is the collection of objects 
that are contained in at least one of 
the sets. 


Example 4 


See Exercises 47-56 and the 
instructions for those exercises for 
the definition and examples of the 
intersection of intervals. 
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This definition implies that |b| > 0 
for every real number b. 


|—x| = |x| regardless of the value 
of x, as you are asked to explain in 
Problem 78. 


Example 6 


|x —5| is the distance between x 
and 5. Thus {x : |x —5| < 1} is 
the set of points on the real line 
whose distance to 5 is less than 1. 


——{—  ——} 
4 5 6 


The open interval (4,6). 


—2 -1 0 1 2 


The absolute value of a number is its distance to 0. 
Thus both 2 and —2 have absolute value 2. 


Here is the formal definition of absolute value. 


Absolute value 


The absolute value of a number b, denoted |b|, is defined by 


| = b ifb>0 
> )Sb #b<0. 


For example, the formula above shows that |2| = 2 and | — 2| = 2. 

The concept of absolute value is fairly simple—just strip away the minus sign 
from any number that happens to have one. However, this rule can be applied only 
to numbers, not to expressions whose value is unknown. 

For example, if we encounter the expression |—x|, we cannot simplify this expres- 
sion to x unless we know that x > 0. If x happens to be a negative number, then 
|—x| = —x; stripping away the minus sign would be incorrect in this case. 

Inequalities involving absolute values can be written without using an absolute 
value, as shown in the following example. 


(a) Write the inequality |x| < 2 without using an absolute value. 


(b) Write the set {x : |x| < 2} as an interval. 


solution 


(a) A number has absolute value less than 2 if and only if its distance from 0 is less 
than 2, and this happens if and only if the number is between —2 and 2. Hence 
the inequality |x| < 2 could be written as 


=—2.< x <2. 


(b) The inequality above implies that the set {x : |x| < 2} equals the open interval 
(—2,2). 


In the next example, we end up with an interval not centered at 0. 


(a) Write the inequality |x —5| < 1 without using an absolute value. 


(b) Write the set {x : |x —5| < 1} as an interval. 


solution 


(a) The absolute value of a number is less than 1 precisely when the number is 
between —1 and 1. Thus the inequality |x — 5| < 1 is equivalent to 


—1<x-5<1. 
Adding 5 to all three parts of the inequality above transforms it to the inequality 


4<x<6. 


(b) The inequality above implies that the set {x : |x —5| < 1} equals the open 
interval (4,6). 
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In the next example, we deal with a slightly more abstract situation, using 
symbols rather than specific numbers. To get a good understanding of an abstract 
piece of mathematics, start by looking at an example using concrete numbers, as in 
Example 6, before going on to a more abstract setting, as in Example 7. 


Suppose b is a real number and h > 0. Example 7 


(a) Write the inequality |x — b| < h without using an absolute value. 
(b) Write the set {x : |x — b| < h} as an interval. |x — b| is the distance between x 
and b. Thus {x : |x — b| < h} is 
. the set of points on the real line 
solution whose distance to b is less than h. 


(a) The absolute value of a number is less than h precisely when the number is 
between —h and h. Thus the inequality |x — b| < h is equivalent to 


=< x=b <h. 
Adding b to all three parts of the inequality above transforms it to the inequality 


b-h<x<b+h. 


b-h b b+h 
(b) The inequality above implies that the set {x : |x —b| < h} equals the open {x :|x—b| <h} is the 
interval (b —h,b +h). open interval of length 2h 


centered at b. 


The set of numbers satisfying an inequality involving an absolute value may be 
the union of two intervals, as shown in the next example. 


Ball bearings need to have extremely accurate sizes to work correctly. The ideal E le8 
diameter of a particular ball bearing is 0.8 cm, but a ball bearing is declared eset MAS 


acceptable if the error in the diameter size is less than 0.001 cm. 


(a) Write an inequality using absolute values and the diameter d of a ball bearing 
(measured in cm, which is an abbreviation for centimeters) that gives the 
condition for a ball bearing to be unacceptable. 


(b) Write the set of numbers satisfying the inequality produced in part (a) as the 
union of two intervals. 


solution 


(a) The error in the diameter size is |d — 0.8]. Thus a ball bearing with diameter d 
is unacceptable if 


Ball bearings. 


|d — 0.8] > 0.001. 


(b) Because 
0.8 — 0.001 = 0.799 and 0.8+.001 = 0.801, 


the set of numbers d such that |d — 0.8] > 0.001 is 


(—00, 0.799] U [0.801, 00). 
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Example 9 


Example 10 


Finding solutions to equations or 
inequalities involving absolute 
values often requires considering 
various cases, as is done here. 


German mathematician Karl 


Weierstrass (1815-1897), pictured 
above, introduced the modern 
notation |b| to denote the absolute 
value of b. 


Equations involving absolute values must often be solved by considering multiple 
possibilities. Here is a simple example. 


Find all numbers ¢ such that |3¢ — 4] = 10. 
solution The equation |3t — 4| = 10 implies that 
3t—-4=10 or 3t—4=-—10. 


Solving these equations for t gives t = u or t = —2. Substituting these values for t 
back into the original equation shows that both 4 and —2 are indeed solutions. 


The next example illustrates the procedure for dealing with an inequality involv- 
ing an absolute value. 


Find all numbers x such that 


=. 
2 
£=] | = 


solution The inequality above is equivalent to 


3x —5 


(*) —2< A 


<2, 


First consider the case where x — 1 is positive; thus x > 1. Multiplying all three 
parts of the inequality above by x — 1 gives 


2—2x <3x—-5<2x—-2. 
Writing the conditions above as two separate inequalities, we have 
2—2x<3x—-—5 and 3x—5<2x—2. 


The first inequality above is equivalent to the inequality 7 < 5x, or equivalently 
Z < x. The second inequality above is equivalent to the inequality x < 3. Thus the 
two inequalities above are equivalent to the inequalities 


7 
B<xX<3, 


which is equivalent to the statement that x is in the interval (Z, 3). We have been 
working under the assumption that x > 1, which is indeed the case for all x in the 
interval (Z, 3. 

Now consider the case where x — 1 is negative; thus x < 1. Multiplying all three 
parts of (*) by x — 1 (and reversing the direction of the inequalities) gives 


2—2x >3x—5>2x—-2. 
Writing the conditions above as two separate inequalities, we have 
2—2x>3x-5 and 3x-—5>2x—-2. 
Adding —2x and then 5 to the second inequality gives x > 3, which is inconsistent 
with our assumption that x < 1. Hence under the assumption that x < 1, there are 


no values of x satisfying this inequality. 
Thus the original inequality holds if and only if x is in the interval (2,3). 


Exercises 


1 Evaluate |—4| + |4|. 

2 Evaluate |5| + |—6]. 

3 Find all numbers with absolute value 9. 
4 Find all numbers with absolute value 10. 


In Exercises 5-18, find all numbers x satisfying the given 


equation. 

5 |2x—6| =11 12 |x+1|+|x—-2| =3 
6 |5x+8| = 19 13 |x—3|+|x—4| =} 
x+1) _ _ 

7 att = 14 |x+1)+|x—2| =2 
5 sut2| 5 15 |x+3)=x+3 
ore 16 |x—5|=5-x 

—3) + |x—4| = 
2 eel a= 17 |x} =x+1 
10 |x+1|+|x—2| = da ‘4 Z 
11 |x—3|+|x—-4| = Bel eet 


In Exercises 19-28, write each union as a single interval. 


19 
20 
21 
22 
23 
29 


30 


31 


32 


33 


34 


2,7) U [5, 20) 24 (—00,4) U (—2,6] 

—8, —3) U [-6, -1) 25 (—oo, —3) U [—5, 00) 

—2,8] U (-1,4) 26 (—oo, —6] U (—8, 12) 
(-—9,—2) U [-7, -5] 27 (—3,00) U[—5, 00) 

(3, c0) U [2,8] 28 (—co, —10] U (—0v, —8] 
Give four examples of pairs of real numbers a and b such 


that |a+ b| = 2 and |a| + |b] = 8. 

Give four examples of pairs of real numbers a and b such 
that |a+ b| = 3 and |a| + |b] = 11. 

A medicine is known to decompose and become ineffec- 
tive if its temperature ever reaches 103 degrees Fahrenheit 
or more. Write an interval to represent the temperatures 
(in degrees Fahrenheit) at which the medicine is ineffec- 
tive. 

At normal atmospheric pressure, water boils at all tem- 
peratures of 100 degrees Celsius and higher. Write an 
interval to represent the temperatures (in degrees Celsius) 
at which water boils. 


A shoelace manufacturer guarantees that its 33-inch 
shoelaces will be 33 inches long, with an error of at most 
0.1 inch. 


(a) Write an inequality using absolute values and the 
length s of a shoelace that gives the condition that 
the shoelace does not meet the guarantee. 

(b) Write the set of numbers satisfying the inequality in 
part (a) as a union of two intervals. 


A copying machine works with paper that is 8.5 inches 
wide, provided that the error in the paper width is less 
than 0.06 inch. 


(a) Write an inequality using absolute values and the 
width w of the paper that gives the condition that 
the paper’s width fails the requirements of the copy- 
ing machine. 

Write the set of numbers satisfying the inequality in 
part (a) as a union of two intervals. 


(b) 
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In Exercises 35-46, write each set as an interval or as a union 
of two intervals. 


35 
36 
37 


38 
39 
40 
41 
42 
43 
a4 
45 
46 


; 1 
{x:|x—4] < 7 
{x:|x+2| <ady} 
{x:|x+4 < 5S}rhere e > 0 
[Mathematicians often use the Greek letter e, which is called 
epsilon, to denote a small positive number.] 
{x:|x-2 < 3}; here e > 0 
{y:|y—a| <e};heree >0 
{y:|y+b| <e};heree >0 
{x:|3x—2| < }} 
{x : |4x —3| < 3} 
{x: |x| > 2} 
{x: |x| > 9} 
{x: |x —5| > 3} 
{x:|x+6| > 2} 


The intersection of two sets of numbers consists of all num- 
bers that are in both sets. If A and B are sets, then their 
intersection is denoted by AM B. In Exercises 47-56, write 
each intersection as a single interval. 


47 


[2,7) M [5, 20) 52 (—00,4)M (—2,6] 
[-8, —3) N [—6, -1) 53 (—co, —3) M [—5, 00) 
[-2,8] n (-1,4) 54 (—oo, -6]N (—8, 12) 
(—9, -2) n[-7,-3] 55 (—3, 00) [—5, 00) 

(3, 00) N [2,8] 56 (—co, —10] NM (—co, —8] 


In Exercises 57-62, find all numbers x satisfying the given 
inequality. 


57 


58 ~=— 


59 


60 


61 


62 


2x+1 
x-—3 


<4 
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Problems 


63 Suppose a and b are numbers. Explain why either a < b, 


64 
65 


66 


67 


68 


69 


70 


71 


72 


a=b,ora>b. 
Show that if a < bandc<d,thena+c <b-+d. 


Show that if b is a positive number and a < J, then 


a & a+l1 

b ~ b4+1 

In contrast to Problem 66 in Section 0.2, show that there 
do not exist positive numbers a, b, c, and d such that 


c a+c 
d b+d 


- 


a 
b 
Explain why every open interval containing 0 contains 
an open interval centered at 0. 


Give an example of an open interval and a closed interval 
whose union equals the interval (2,5). 


(a) True or false: 
Ifa<bandc<d,thenc—b<d-—a. 


(b) Explain your answer to part (a). This means that 
if the answer to part (a) is “true”, then you should 
explain why c—b < d—a whenever a < b and 
c < d; if the answer to part (a) is “false”, then you 
should give an example of numbers a, b, c, and d 
such thata < bandc <dbutc—b>d-a. 


(a) True or false: 


Ifa <bandc < d, then ac < bd. 


(b) Explain your answer to part (a). This means that 
if the answer to part (a) is “true”, then you should 
explain why ac < bd whenever a < b and c < d; if 
the answer to part (a) is “false”, then you should 
give an example of numbers a, b, c, and d such that 
a<bandc <dbutac > bd. 


(a) True or false: 


a 


If0<a<band0<c<d, then = 


b 
5 age 
c 
(b) Explain your answer to part (a). This means that if 
the answer to part (a) is “true”, then you should ex- 
plain why § < 2 whenever 0 <a < band0 <c <d; 
if the answer to part (a) is “false”, then you should 
give an example of numbers a, b, c, and d such that 
0<a<band0<c<dbut 
2 


aS 
ole 


Give an example of an open interval and a closed interval 
whose intersection equals the interval (2,5). 


73 


74 


75 


76 


77 


78 


79 


80 


81 


82 


83 


Give an example of an open interval and a closed interval 
whose union equals the interval [—3, 7]. 


Give an example of an open interval and a closed interval 
whose intersection equals the interval [—3,7]. 


Explain why the equation 
|8x — 3| = —2 
has no solutions. 
Explain why 
|| =a 


for every real number a. 


Explain why 
|ab| = |a||b| 

for all real numbers a and b. 
Explain why 

|—a| = [a 
for all real numbers a. 
Explain why 

\¢| = lal 

bl [bl 


for all real numbers a and b (with b # 0). 


Give an example of a set of real numbers such that the 
average of any two numbers in the set is in the set, but 
the set is not an interval. 


(a) Show that if a > 0 and b > 0, then 
a+b| =|a|+ 


i= 


(b) Show that if a > 0 and b < 0, then 


a+b] <la|+ 


2 
< bj. 
(c) Show that if a <0 and b > 0, then 
at+b| < |a/+ |b 
< 


(d) Show that if a < 0 and b < 0, then 
a+b| = |a|+ Dj. 


(e) Explain why the previous four items imply that 


|a +b] < |a| + |b 
for all real numbers a and b. 
Show that if a and b are real numbers such that 
|a+b| < |a| + |b], 


then ab < 0. 


Show that 
lal = [bl] < lab) 


for all real numbers a and b. 
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Worked-Out Solutions to Odd-Numbered Exercises 


1 


3 


Evaluate |—4| + |4|. 
solution |—4|+|4)=4+4=8 
Find all numbers with absolute value 9. 


solution The only numbers whose absolute value equals 
9 are 9 and —9. 


In Exercises 5-18, find all numbers x satisfying the given 
equation. 


5 


11 


|2x — 6] =11 


solution The equation |2x — 6| = 11 implies that 
2x — 6 = 11 or 2x — 6 = —11. Solving these equations for 


Xx gives x = ou orx=—3. 
xt1] _ 
al =2 
solution The equation aa = 2 implies that xl =2 
or xtt = —2. Solving these equations for x gives x = 3 
_1 
or x = 3. 
|x—3| + |x—4| =9 


solution First, consider numbers x such that x > 4. In 
this case, we have x — 3 > 0 and x — 4 > 0, which implies 
that |x — 3| = x —3 and |x — 4| = x — 4. Thus the original 
equation becomes 


x-3+4+x-4=9, 


which can be rewritten as 2x — 7 = 9, which can easily be 
solved to yield x = 8. Substituting 8 for x in the original 
equation shows that x = 8 is indeed a solution (make 
sure you do this check). 


Second, consider numbers x such that x < 3. In this 
case, we have x —3 <0 and x — 4 < 0, which implies 
that |x — 3] = 3— x and |x — 4| = 4— x. Thus the original 
equation becomes 


3-—x+4-x=9, 


which can be rewritten as 7 — 2x = 9, which can easily 
be solved to yield x = —1. Substituting —1 for x in the 
original equation shows that x = —1 is indeed a solution 
(make sure you do this check). 


Third, we need to consider the only remaining possibility, 
which is that 3 < x < 4. In this case, we have x — 3 > 0 
and x — 4 < 0, which implies that |x — 3] = x — 3 and 
|x — 4| = 4— x. Thus the original equation becomes 


x-34+4-x=9, 
which can be rewritten as 1 = 9, which holds for no 
values of x. 
Thus we can conclude that 8 and —1 are the only values 
of x that satisfy the original equation. 
|x—3| + |x—4] =1 


solution If x > 4, then the distance from x to 3 is bigger 
than 1, and thus |x — 3] > 1 and thus |x — 3] + |x—4| > 1. 


13 


15 


17 


Hence there are no solutions to the equation above with 
x > 4. 


If x < 3, then the distance from x to 4 is bigger than 1, 
and thus |x — 4| > 1 and thus |x — 3] + |x —4| > 1. Hence 
there are no solutions to the equation above with x < 3. 


The only remaining possibility is that 3 < x < 4. In this 
case, we have x — 3 > 0 and x — 4 < 0, which implies that 
|x —3| = x —3 and |x — 4| = 4— x, which implies that 


|x — 3) + |x —4| = (x -3)+(4-x) =1. 


Thus the set of numbers x such that |x — 3| + |x —4| =1 
is the interval [3, 4]. 


|x—3| + |x—4| = 4 


solution As we saw in the solution to Exercise 11, if 

x >4orx < 3, then |x — 3| + |x —4| > 1, and in particu- 
1 

lar |x — 3] + |x—4| A 5. 

We also saw in the solution to Exercise 11 that if 

3<x <4, then |x—3|+ |x—4| = 1, and in partic- 

ular |x — 3| + |x—4| A 5. 


Thus there are no numbers x such that |x — 3| + |x —4| = 
1 


3: 
lxv+3)/ = 243 


solution Note that |x+3| = x+3 if and only if 
x +3 > 0, which is equivalent to the inequality x > —3. 
Thus the set of numbers x such that |x + 3] = x +3 is the 
interval [—3,00). 


|xj =x+1 


solution If x > 0, then |x| = x and the equation above 
becomes the equation x = x + 1, which has no solutions. 
If x < 0, then |x| = —x and the equation above becomes 
the equation —x = x + 1, which has the solution x = —}. 
Substituting -4 for x in the equation above shows that 


= -4 is indeed a solution to the equation. 


Thus the only number x satisfying |x| = x + 1 is —3. 


In Exercises 19-28, write each union as a single interval. 


19 


21 


(2,7) U [5, 20) 


solution The first interval is {x : 2 < x < 7}, which 
includes the left endpoint 2 but does not include the right 
endpoint 7. The second interval is {x :5 < x < 20}, 
which includes the left endpoint 5 but does not include 
the right endpoint 20. The set of numbers in at least one 
of these sets equals {x : 2 < x < 20}, as can be seen 
below: 


Thus [2,7) U [5,20) = [2,20). 
[—2, 8] U (—1,4) 
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solution The first interval [—2,8] is the set 
{x :—2 <x < 8}, which includes both endpoints. The 
second interval is {x : —1 < x < 4}, which does not 
include either endpoint. The set of numbers in at least 
one of these sets equals {x : —2 < x < 8}, as can be seen 
below: 


Thus [—2,8] U (—1,4) = [-2,8]. 
(3, 00) U [2,8] 


solution The first interval is {x : 3 < x}, which does 
not include the left endpoint and which has no right end- 
point. The second interval is {x : 2 < x < 8}, which 
includes both endpoints. The set of numbers in at least 
one of these sets equals {x : 2 < x}, as can be seen below: 


2 8 
Thus (3,00) U [2,8] = [2,00). 
(—oo, —3) U [—5, 0) 


solution The first interval is {x : x < —3}, which has 
no left endpoint and which does not include the right 
endpoint. The second interval is {x : —5 < x}, which in- 
cludes the left endpoint and which has no right endpoint. 
The set of numbers in at least one of these sets equals the 
entire real line, as can be seen below: 


—3 


Thus (—oco, —3) U [—5, 00) = (—0v, 00). 
(—3, 00) U [—5, co) 


solution The first interval is {x : —3 < x}, which does 
not include the left endpoint and which has no right 
endpoint. The second interval is {x : —5 < x}, which in- 
cludes the left endpoint and which has no right endpoint. 
The set of numbers that are in at least one of these sets 
equals {x : —5 < x}, as can be seen below: 
= 
ss 


See 
—5 
Thus (—3,00) U[—5, 00) = [—5,00). 


Give four examples of pairs of real numbers a and b such 
that |a+ b| = 2 and |a| + |b] = 8. 
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solution First consider the case where a > 0 and b > 0. 
In this case, we have a + b > 0. Thus the equations above 
become 

a+b=2 and a+b=8. 
There are no solutions to the simultaneous equations 
above, because a + b cannot simultaneously equal both 2 
and 8. 


Next consider the case where a < 0 and b < 0. In this 
case, we have a+ b < 0. Thus the equations above become 


—a—b=2 and —-a-—-b=8. 


There are no solutions to the simultaneous equations 
above, because —a — b cannot simultaneously equal both 
2 and 8. 


Now consider the case where a > 0,0 < 0,anda+b> 0. 


In this case the equations above become 
at+b=2 and a—b=8. 


Solving these equations for a and b, we get a = 5 and 
b= -3. 


Now consider the case where a > 0,b <0, anda+b <0. 
In this case the equations above become 


—-a—b=2 and a—b=8. 
Solving these equations for a and b, we get a = 3 and 
b=-—5. 


Now consider the case where a < 0,b > 0, anda+b> 0. 
In this case the equations above become 


a+b=2 and —-a+b=8. 


Solving these equations for a and b, we get a = —3 and 
b= 5; 


Now consider the case where a < 0,b > 0, anda+b <0. 
In this case the equations above become 


-a—b=2 and —a+b=8. 
Solving these equations for a and b, we get a = —5 and 
b=3. 
At this point, we have considered all possible cases. Thus 
the only solutions are a = 5, b = —3, or a = 3, b = —5, or 
a=-3,b=5,ora=-—5,b=3. 
A medicine is known to decompose and become ineffec- 


tive if its temperature ever reaches 103 degrees Fahrenheit 
or more. Write an interval to represent the temperatures 
(in degrees Fahrenheit) at which the medicine is ineffec- 
tive. 


solution The medicine is ineffective at all temperatures 
of 103 degrees Fahrenheit or greater, which corresponds 
to the interval [103, co). 


A shoelace manufacturer guarantees that its 33-inch 
shoelaces will be 33 inches long, with an error of at most 
0.1 inch. 


(a) Write an inequality using absolute values and the 
length s of a shoelace that gives the condition that 
the shoelace does not meet the guarantee. 


(b) Write the set of numbers satisfying the inequality in 
part (a) as a union of two intervals. 


solution 
(a) The error in shoelace length is |s — 33|. Thus a shoelace 
with length s does not meet the guarantee if |s — 33| > 0.1. 


(b) Because 33—0.1 = 32.9 and 33+01 = 33.1, 
the set of numbers s such that |s — 33| > 0.1 is 
(—00, 32.9) U (33.1, 00). 


In Exercises 35-46, write each set as an interval or as a union 
of two intervals. 
F 1 
35 {x:|x—4| < 7} 


solution The inequality |x — 4| < ih is equivalent to the 
inequality 


1 1 
To <* 4< 7- 


Add 4 to all parts of this inequality, getting 
4— 46 <x<4+ in 


which is the same as 


: 11 _ (39 4 
Thus {x : |x— 4] < yg} = (39- 3p)- 
37 {x:|x+4| < 5}; here e > 0 


solution The inequality |x +4] < a is equivalent to the 
inequality 
€ € 
a) <x+4< > 
Add —4 to all parts of this inequality, getting 
€ 
% 


é. 
4 <x<-—44 
ae 


Thus {x : |x +4] < 5} = ( 4 5) 445). 


39 {y:|y—a| <e};heree >0 


solution The inequality |y —a| < ¢ is equivalent to the 
inequality —e < y—a < e. Add a to all parts of this 
inequality, getting 


a-ex<y<arte. 
Thus {y: |y—a| <e} = (a—e,a+¢8). 
41 {x:|3x—2| < }} 


solution The inequality |3x — 2| < } is equivalent to the 


inequality -4 <3x-2< i. Add 2 to all parts of this 
inequality, getting 


i <3x< 2. 
Now divide all parts of this inequality by 3, getting 


7 3 
TD <%<f- 


Thus {x : |3x —2| < 4} = (7, 3). 
43 {x:|x| > 2} 


solution The inequality |x| > 2 means that x > 2 or 
x < —2. Thus {x : |x| > 2} = (—co, —2) U (2,00). 
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45 {x:|x—5| > 3} 


solution The inequality |x — 5] > 3 means that x —5 > 3 
or x—5 < —3. Adding 5 to both sides of these 
equalities shows that x > 8 or x < 2. Thus 
{x:|x—5| > 3} = (—co,2] U [8, 00). 


The intersection of two sets of numbers consists of all num- 
bers that are in both sets. If A and B are sets, then their 
intersection is denoted by AM B. In Exercises 47-56, write 
each intersection as a single interval. 


47 (2,7) 7 (5,20) 


solution The first interval is the set {x : 2 <x < 7}, 
which includes the left endpoint 2 but does not include 
the right endpoint 7. The second interval is the set 
{x :5 <x < 20}, which includes the left endpoint 5 
but does not include the right endpoint 20. The set of 
numbers that are in both these sets equals {x :5 <x < 7}, 
as can be seen below: 
2 fe 
— 


————— = 
5 20 


Thus [2,7) N [5,20) = [5,7). 
49 [—2,8]N (—1,4) 


solution The first interval is the set {x : —2 <x < 8}, 
which includes both endpoints. The second interval is the 
set {x : —1 < x < 4}, which includes neither endpoint. 
The set of numbers that are in both these sets equals 
{x:—1< x < 4}, as can be seen below: 


Thus [—2,8] 9 (—1,4) = (-1,4). 
51 (3,00) 0 [2,8] 


solution The first interval is {x : 3 < x}, which does 
not include the left endpoint and which has no right end- 
point. The second interval is {x : 2 < x < 8}, which 
includes both endpoints. The set of numbers in both sets 
equals {x : 3 < x < 8}, as can be seen below: 


3 
SS  SSSS———SSSS 


+ 
2 8 


Thus (3,00) M [2,8] = (3,8]. 
53 (—c0, —3) N [—5, 0) 


solution The first interval is {x : x < —3}, which 
has no left endpoint and which does not include the 
right endpoint. The second interval is {x : —5 < x}, 
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which includes the left endpoint and which has no 
right endpoint. The set of numbers in both sets equals 
{x:—5 <x < —3}, as can be seen below: 

3 


Thus (—oo, —3) M [—5,00) = [—5, —3). 
(—3, 00) N [—5, 00) 


solution The first interval is {x : —3 < x}, which does 
not include the left endpoint and which has no right 
endpoint. The second interval is {x : —5 < x}, which in- 
cludes the left endpoint and which has no right endpoint. 
The set of numbers in both sets equals {x : —3 < x}, as 
can be seen below: 
—3 
(———- 


Oe 
—5 


Thus (—3,00) M [—5,00) = (—3,00). 


In Exercises 57-62, find all numbers x satisfying the given 
inequality. 


57 


59 


2x+1 
x-—3 


<4 


solution First consider the case where x — 3 is positive; 
thus x > 3. Multiplying both sides of the inequality above 
by x — 3 then gives the equivalent inequality 


2x+1<4x—-12. 


Subtracting 2x from both sides and then adding 12 to 
both sides gives the equivalent inequality 13 < 2x, which 
is equivalent to the inequality x > - Ifx > then 
x > 3, which is the case under consideration. Thus the 
original inequality holds if x > 2B. 

Now consider the case where x — 3 is negative; thus x < 3. 
Multiplying both sides of the original inequality above by 
x — 3 (and reversing the direction of the inequality) then 
gives the equivalent inequality 


2x+1>4x—-12. 


Subtracting 2x from both sides and then adding 12 to both 
sides gives the equivalent inequality 13 > 2x, which is 
equivalent to the inequality x < ay We have been work- 
ing under the assumption that x < 3. Because 3 < 13 we 
see that in this case the original inequality holds if x < 3. 


Conclusion: The inequality above holds if x < 3 or 


x > B ; in other words, the inequality holds for x in 


(—00,3) U (4): 


= 
17° 


solution First consider the case where x — 1 > 0; thus 
x > 1. Multiplying both sides of the inequality above by 
x — 1 then gives the equivalent inequality 


x > 3x — 3. 
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Subtracting x from both sides and then adding 3 to both 
sides gives the equivalent inequality 3 > 2x, which is 
equivalent to the inequality x < os We have been work- 
ing under the assumption that x > 1. Thus we see that in 
this case the original inequality holds if 1 < x < 3. 


Now consider the case where x —1 < 0; thus x < 1. 
Multiplying both sides of the original inequality above by 
x — 1 (and reversing the direction of the inequality) then 
gives the equivalent inequality 


x <3x—-3. 


Subtracting x from both sides and then adding 3 to both 
sides gives the equivalent inequality 3 < 2x, which is 
equivalent to the inequality x > 3, which cannot be satis- 
fied by any x in this case where x < 1. 


Conclusion: The inequality above holds if 1 <x < 3 ;in 
other words, the inequality holds for all x in (1, 3] : 


5x —3 
x+2 


<1 


solution The inequality above is equivalent to 


5x -3 


1. 
x+2 . 


(*) -1l< 


First consider the case where x + 2 is positive; thus 
x > —2. Multiplying all three parts of the inequality 
above by x + 2 gives 


x=2< 5x =3 < x*+2. 


Writing the conditions above as two separate inequalities, 
we have 


—x-2<5x-3 and 5x-3<x42. 


Adding x and then 3 to both sides of the first inequal- 
ity above gives 1 < 6x, or equivalently k < x. Adding 
—x and then 3 to both sides of the second inequality 
above gives 4x < 5, or equivalently x < 2. Thus the 
two inequalities above are equivalent to the inequalities 
i ey oe which is equivalent to the statement that x is 
in the interval (4 2). We have been working under the 
assumption that x > —2, which is indeed the case for all 
x in the interval (4 2). 


Now consider the case where x + 2 is negative; thus 
x < —2. Multiplying all three parts of («) by x +2 (and 
reversing the direction of the inequalities) gives 


x—-2>5x-3>x42. 


Writing the conditions above as two separate inequalities, 
we have 


—x-2>5x-3 and 5x-3>x4+42. 


Adding —x and then 3 to the second inequality gives 
4x > 5, or equivalently x > 3, which is inconsistent with 
our assumption that x < —2. Thus under the assump- 
tion that x < —2, there are no values of x satisfying this 
inequality. 

Conclusion: The original inequality holds for all numbers 
x in the interval (4 2). 
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Chapter Summary 


To check that you have mastered the most important concepts and skills covered in this chapter, 
make sure that you can do each item in the following list: 


e Explain the correspondence between the system 
of real numbers and the real line. 


e Simplify algebraic expressions using 
commutative, associative, and distributive 
properties. 


e List the order of algebraic operations. 


e Explain how parentheses are used to alter the 
order of algebraic operations. 


e Use the identities involving additive inverses 
and multiplicative inverses. 


Manipulate inequalities. 


Use interval notation for open intervals, closed 
intervals, and half-open intervals. 


Use interval notation involving —oo and oo, with 
the understanding that —oo and 9 are not real 
numbers. 


Write inequalities involving an absolute value 
without using an absolute value. 


Compute the union of intervals. 


To review a chapter, go through the list above to find items that you do not know how to do, then reread the material in 


Chapter Review Questions 


1 


oO won’ dD a FF WY N 


pe oe 
ep oS 


12 


13 
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Explain how the points on the real line correspond to the 
set of real numbers. 


Show that 7 — 62 is an irrational number. 

What is the commutative property for addition? 
What is the commutative property for multiplication? 
What is the associative property for addition? 

What is the associative property for multiplication? 


Expand (t+ w)?. 


Expand (u —v)?. 

Expand (x —y)(x+y). 

Expand (a+ b)(x—y-—z). 

Expand (a +b—c)?. 
tl ee 

Simplify the expression eet, 
a 
(xt+h)2 x? 


Simplify the expression 7 


Find all real numbers x such that |3x — 4| = 5. 


Give an example of two numbers x and y such that |x + y| 
does not equal |x| + |y|. 


16 


17 


18 


19 


20 
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23 
24 


25 
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the chapter about those items. Then try to answer the chapter review questions below without looking back at the chapter. 


Suppose 0 < a < band 0 <c < d. Explain why ac < bd. 
Write the set {f: |f - 3] < +} as an interval. 
Write the set {w : |5w+2| < 3} as an interval. 


Explain why the sets {x 
{t: |5 —8t| < 2} are the same set. 


|8x —5| < 2} and 


Write [—5,6) U [—1,9) as an interval. 
Write (—co, 4] U (3, 8] as an interval. 


Find two different intervals whose union is the interval 
(1,4]. 


Explain why [7,009] is not an interval of real numbers. 
Write the set {f : |2t+7| > 5} as a union of two intervals. 


Suppose you put $5.21 into a jar on June 22. Then you 
added one penny to the jar every day until the jar con- 
tained $5.95. Is the set {5.21,5.22,5.23,...,5.95} of all 
amounts of money (measured in dollars) that were in the 
jar during the summer an interval? Explain your answer. 


Is the set of all real numbers x such that x2 > 3 an inter- 
val? Explain your answer. 


x-3 


Find all numbers x such that 
3x +2 


<2 


Functions and Their Graphs 


Functions lie at the heart of modern mathematics. This chapter begins by introducing 
the notion of a function, along with its domain and range. 

By combining algebra and geometry, analytic geometry provides a tremendously 
powerful tool for visualizing functions. Thus we discuss the coordinate plane, which 
can be thought of as a two-dimensional analogue of the real line. Although functions 
are algebraic objects, often we can understand a function better by viewing its graph 
in the coordinate plane. 

The third section of this chapter shows how algebraic transformations of a 
function change its domain, range, and graph. 

The fourth section of this chapter deals with the composition of functions, which 
allows us to write complicated functions in terms of simpler functions. This idea 
has applications throughout wide areas of mathematics. 

Inverse functions and their graphs become the center of attention in the last two 
sections of this chapter. Inverse functions will be key tools later in our treatment of 
roots, logarithms, and inverse trigonometric functions. 
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Chapter 
1 


René Descartes explaining his 
work to Queen Christina of 
Sweden. In 1637 Descartes 
published his invention of the 
coordinate system described in this 
chapter. 
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Although we do not need to do so 
in this book, functions can be 
defined more generally to deal with 
objects other than real numbers. 


The use of informal language when 
discussing functions ts acceptable 
if the meaning is clear. For 
example, a textbook or your 
instructor might refer to “the 
function x?” or “the function 
f(x) = x?”. Both these phrases 
are shorthand for the more formally 
correct “the function f defined by 


f(x) =" 


1.1. Functions 


Learning Objectives 


By the end of this section you should be able to 
e evaluate functions defined by formulas; 
e determine when two functions are equal; 
e determine the domain of a function; 
e determine the range of a function; 


e use functions defined by tables. 


Definition and Examples 


Function and domain 


A function associates every number in some set of real numbers, called the 
domain of the function, with exactly one real number. 


We usually denote functions by letters such as f, g, and h. If f is a function and x 
is a number in the domain of f, then the number that f associates with x is denoted 
by f(x) and is called the value of f at x. 

Often (although not always) a function is defined by a single formula, as in the 
next example. 


Suppose a function f is defined by the formula 


f(x) =x? 
for every real number x. Evaluate each of the following: 
(a) f(3) (c) fl +t) 
(b) f(-3) (@) £(2) 


solution Here the domain of f is the set of real numbers, and f is the function 
that associates every real number with its square. To evaluate f at any number, we 
simply square that number, as shown by the solutions below. 


fa) f(3)=9 =9 


) #(-4) =(-4) = 1 


() fit+t)=(1+t)? =1+2t+? 


(d) (5) = (2=5)° = 10x25 


A function need not be defined by a single algebraic expression, as shown by the 
following example. 


The U.S. 2016 federal income tax for a single person with taxable income x dollars 
(this is the net income after allowable deductions and exemptions) is g(x) dollars, 
where g is the function defined by federal law as follows: 


O.1x if 0< x < 9275 
0.15x—463.75 if 9275 < x < 37650 
0.25x — 4228.75 if 37650 < x < 91150 

g(x) = 2 0.28x — 6963.25 if 91150 < x < 190150 
0.33x — 16470.75 if 190150 < x < 413350 
0.35x — 24737.75 if 413350 < x < 415050 
0.396x — 43830.05 if 415050 < x. 


What was the 2016 federal income tax for a single person whose taxable income that 
year was 


(a) $25,000? 
(b) $50,000? 
solution 
(a) Because 25000 is between 9275 and 37650, use the second line of the definition 
of g: 
g(25000) = 0.15 x 25000 — 463.75 
= 3286.25. 


Thus the 2016 federal income tax for a single person with $25,000 taxable income 
that year was $3,286.25. 


—_—, 
= 


Because 50000 is between 37650 and 91150, use the third line of the definition 
of g: 


(50000) = 0.25 x 50000 — 4228.75 


= 8271.25. 


Thus the 2016 federal income tax for a single person with $50,000 taxable income 
that year was $8,271.25. 


The next example shows that using the flexibility offered by functions can be 
quicker than dealing with single algebraic expressions. 


Give an example of a function h whose domain is the set of real numbers and such 
that h(1) = 10, h(3) = 2, and h(9) = 26. 


solution § The function h could be defined as follows: 


10 if x=1 
ie\= 2 a 
26 if x=9 


QO if x is a real number other than 1, 3, or 9. 
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This function changes each year, 
depending upon inflation and 
changes in the law. 


The function h defined by 

h(x) = x? —8x +17 
for all real numbers x provides 
another correct solution (as you 
can verify). However, finding this 
algebraic expression requires 
serious effort. 
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This machine might work using a 
formula, or it might work more 
mysteriously, in which case it is 
sometimes called a “black box”. 


When thinking of a function as the 
machine pictured above, the 
domain of the function is the set of 
numbers that the machine accepts 
as allowable inputs. 


Example 4 


Two functions with different 
domains are not equal as functions, 
even if they are defined by the same 
formula. 


You might sometimes find it useful to think of a function f as a machine: 


Functions as machines 


A function f can be visualized as a machine that takes an input x and produces 
an output f(x). 


For example, suppose f is the function whose domain is the interval |[—4, 6], with 
f defined by the formula f(x) = x? for every x in the interval [—4, 6]. Then giving 
input 3 to this machine produces output 9. The same input must always produce 
the same output; thus inputting 3 to this machine at a later time must again produce 
the output 9. Although each input has just one output, a given output may arise 
from more than one input. For example, the inputs —3 and 3 both produce the 
output 9 for this function. 

What if the number 8 is input to the machine described in the paragraph above? 
Because 8 is not in the domain of this function f, the machine does not produce an 
output for this input; the machine should produce an error message stating that 8 is 
not an allowable input. 

Here is what it means for two functions to be equal: 


Equality of functions 


Two functions are equal if and only if they have the same domain and the same 
value at every number in that domain. 


Suppose f is the function whose domain is the set of real numbers, with f defined 
on this domain by 


fia. 


Suppose g is the function whose domain is the set of positive numbers, with g 
defined on this domain by 


(x) =x", 
Are f and g equal functions? 


solution Note that, for example, f(—3) = 9, but the expression g(—3) makes no 
sense because g(x) has not been defined when x is negative. Because f and g have 
different domains, these two functions are not equal. 


The next example shows that considering only the formula defining a function 
can be deceptive. 


Suppose f and g are functions whose domain is the set consisting of the two 
numbers {1,2}, with f and g defined on this domain by the formulas 


f(x)=x* and g(x) =3x-2. 


Are f and g equal functions? 


solution Here f and g have the same domain—the set {1,2}. Thus it is at least 
possible that f equals g. Because f and g have different formulas, the natural 
inclination is to assume f is not equal to g. However, 


fQ)=P=1 and g(1)=3-1—2=1 


and 
fQH=2 =4. and £2) =3-2-254, 


Thus 
fQ1)=g(1) and f(2) = g(2). 


Because f and g have the same value at every number in their domain {1,2}, the 
functions f and g are equal. 


Although the variable x is commonly used to denote the input for a function, 
other symbols can also be used. 


Suppose f and g are functions whose domain is the set of real numbers, with f and 
g defined on this domain by the formulas 


f@=ss4x2 and sO=34+7r. 
Are f and g equal functions? 
solution Because f and g have the same domain and the same value at every 


number in that domain, f and g are equal functions. 


Mathematical notation is sometime ambiguous, with proper interpretation de- 
pending upon the context. For example, consider the expression 


y(x+2). 


If y and x denote numbers, then the expression above equals yx + 2y. However, if y 
is a function, then the parentheses above do not indicate multiplication but instead 
indicate that the function y is evaluated at x + 2. 


The Domain of a Function 


Although the domain of a function is a formal part of characterizing the function, 
often we are loose about the domain of a function. Usually the domain is clear from 
the context or from a formula defining a function. Use the following informal rule 
when the domain is not specified. 


Domain not specified 


If a function is defined by a formula, with no domain specified, then the domain 


is assumed to be the set of all real numbers for which the formula makes sense 
and produces a real number. 


The next three examples illustrate this rule. 
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Example 6 


The symbols x and t here are 
simply placeholders to indicate that 
f and g associate with any number 
3 plus the square of that number. 


If f is a function, then the 
parentheses in 


f(2x) 

f(x) 
do not indicate multiplication. 
Thus if f is a function, then 
neither f nor x can be canceled 
from the expression above. 
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Example 7 


Example 8 


Here h is a function and h(t) 
denotes the value of the function h 
at a number t. 


Example 9 


Some books use the word image 
instead of range. 


Find the domain of the function f defined by 


f(x) = Gx 1), 


solution No domain has been specified, but the formula above makes sense for all 
real numbers x. Thus unless the context indicates otherwise, we assume the domain 
for this function is the set of real numbers. 


The following example shows that avoiding division by 0 can determine the 
domain of a function. 


Find the domain of the function defined by 


2+ 3t+7 
ar =r 


solution No domain has been specified, but the formula above does not make 
sense when ft = 4, which would lead to division by 0. Thus unless the context 
indicates otherwise, we assume the domain for this function is the set of real 
numbers that do not equal 4, which could be written as (—09,4) U (4,00). 


The following example illustrates the requirement of the informal rule that the 
formula must produce a real number. 


Find the domain of the function g defined by 


g(x) = lal—5. 


solution No domain has been specified, but the formula above produces a real 
number only for numbers x with absolute value greater than or equal to 5. Thus 
unless the context indicates otherwise, we assume the domain for this function is 
(—oo, —5] U [5, 00). 


The Range of a Function 


Another important set associated with a function, along with the domain, is the 
range. The range of a function is the set of all values taken on by the function. 


Range 


The range of a function f is the set of all numbers y such that f(x) = y for at 
least one x in the domain of f. 


In other words, if we think of a function f as the machine below, then the range 
of f is the set of numbers that the machine produces as outputs (and the domain is 
the set of allowable inputs). 


input 


The set of inputs acceptable by this machine is the domain of f. 
The set of outputs is the range of f. 


Suppose the domain of f is the interval [2,5], with f defined on this interval by the 
equation f(x) =3x+1. 


(a) Is 10 in the range of f? 
(b) Is 19 in the range of f? 
(c) What is the range of f? 


solution 

(a) We need to determine whether f(x) = 10 for some x in the interval [2,5], which 
is the domain of f. In other words, we need to determine whether the equation 

3x +1=10 

has a solution x in the interval [2,5]. The only solution to the equation above is 
x = 3, which is in the interval [2,5]. Thus 10 is in the range of f. 

(b) We need to determine whether f(x) = 19 for some x in the interval [2,5], which 
is the domain of f. In other words, we need to determine whether the equation 


3x+1=19 


has a solution x in the interval [2,5]. The only solution to the equation above is 
x = 6, which is not in the interval [2,5]. Thus 19 is not in the range of f. 


(c) Suppose y is a real number. To decide whether y is in the range of f, we need 
to determine whether f(x) = y for some x in the interval [2,5]. In other words, 
we need to determine whether the equation 


3x+1=y 


has a solution x in the interval [2,5]. The solution to the equation above is 
c= es Thus we need to determine whether 


y—-1 
2<-— <5. 
arr ae 
Multiplying all three parts of the inequality above by 3 and then adding 1 to all 
three parts gives the inequality 7 < y < 16. Thus the range of f is the interval 
[7, 16]. 


For a number y to be in the range of a function f, there is no requirement that the 
equation f(x) = y have just one solution x in the domain of f. The requirement is 
that there be at least one solution. The next example shows that multiple solutions 
can easily arise. 


Suppose the domain of ¢ is the interval [1,20], with g defined on this interval by 
the equation g(x) = |x — 5]. Is 2 in the range of g? 
solution We need to determine whether the equation 


x= 5) = 2 


has at least one solution x in the interval [1,20]. The equation above has two 
solutions, x = 7 and x = 3, both of which are in the domain of g. We have 
g(7) = g(3) = 2. Thus 2 is in the range of g. 
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Example 10 


In the next section, we will see a 
graphical interpretation of the 
range of a function. 


This equation implies that 
x—-5=2o0rx—-5=—2. 
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The common format shown here 
uses a table with two columns. The 
left column shows each number in 
the domain of the function, and the 
right column shows the 
corresponding value of the 
function. 


All the values of a function can be 
listed in a table only when the 
function has only finitely many 
numbers in its domain. 


Functions via Tables 


If the domain of a function consists of only finitely many numbers, then all the 
values of the function can be listed in a table. 


Describe the function f whose domain consists of the three numbers {2,7,13} and 
whose values are given by the following table: 


f(2)=3, f(7)=v2, and f(13) =—4. 
The equations above give a complete description of the function f. 


Thinking about why the result below holds should be a good review of the 
concepts of domain and range. 


Domain and range from a table 


Suppose all the values of the function are listed in a table using the format from 
the example above. Then 


e the domain of the function is the set of numbers that appear in the left 
column of the table; 


e the range of the function is the set of numbers that appear in the right 
column of the table. 


When describing a function by a table, there should be no repetitions in the 
left column, which shows the numbers in the domain of the function. However, 
repetitions can occur in the right column, which shows the numbers in the range of 
the function, as in the following example. 


Suppose f is the function completely determined by the table below. 


OIWNFR|R 


For this function we have f (1) 


(a) What is the domain of f? 
(b) What is the range of f? 


solution 


(a) The left column of the table contains the numbers 1, 2, 3, and 5. Thus the 
domain of f is the set {1,2,3,5}. 


(b) The right column of the table contains only two distinct numbers, 6 and —7. 
Thus the range of f is the set {6, —7}. 


Exercises 


For Exercises 1-12, assume 


fons 


for every real number x. Evaluate and simplify each of the 
following expressions. 


1 f(0) 7 f(2a+1) 
2 f(1) 8 f(3a—1) 
3 f(-1) 9 f(x?+1) 
4 f(—2) 10 f(2x* +3) 
5 f (22) 1 f(5-1) 
6 F(%) 2 (+3) 
For Exercises 13-18, assume 
g(x) = =. 


13 Find a number b such that ¢(b) = 4. 
14 Find a number b such that ¢(b) = 3. 
15 Simplify the expression 


16 Simplify the expression 


g(x) — 8(3) 
a 


x— 
17 Simplify the expression 


g(att) g(a) 
t 


18 Simplify the expression 


g(x +b) — 


g(x —b) 
2b ; 


For Exercises 19-26, assume f is the function defined by 


KO= [oh 


if t<0 
if t>0. 


19 Evaluate f(1). 
20 Evaluate f(2). 
21 Evaluate f(—3). 


22 Evaluate f(—4). 

23 Evaluate f(|x| +1). 
24 Evaluate f(|x — ° +2). 

25 Find two different values of t such that f(t) = 

26 Find two different values of t such that f(t) = 

27 Using the tax function given in Example 2, find the 2016 


federal income tax for a single person whose taxable 
income that year was $60,000. 


28 Using the tax function given in Example 2, find the 2016 
federal income tax for a single person whose taxable 
income that year was $120,000. 
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For Exercises 29-32, find a number b such that the function f 
equals the function g. 


29 The function f has domain the set of positive numbers 
and is defined by f(x) = 5x? —7; the function g has 
domain (b,co) and is defined by g(x) = 5x” — 7. 

30 The function f has domain the set of numbers with abso- 
lute value less than 4 and is defined by f(x) = — the 
function g has domain the interval (—b,b) and is defined 

3 
by g(x) = x75- 

31 Both f and g have domain {3,5}, with f defined on this 
domain by the formula f(x) = x* — 3 and g defined on 
this domain by the formula g(x) = 18 + b(x —3). 

32 Both f and g have domain {—3,4}, with f defined on 
this domain by the formula f(x) = 3x +5 and g defined 
on this domain by the formula g(x) = 15+ 8 + b(x — 4). 


For Exercises 33-38, a formula has been given defining a func- 
tion f but no domain has been specified. Find the domain of 
each function f, assuming that the domain is the set of real 
numbers for which the formula makes sense and produces a 
real number. 


33 f(x) = a 36 f(x) = ea 
4 f(x) = 37 f(x) = J/|Jx—-6|—-1 


35 f(x) = cia 38 f(x) = /|x+5|-3 


39 Suppose the domain of F is the interval [3,7], with F 
defined on this domain by the equation F(x) = —2x+5. 
Find the range of F. 

40 Suppose the domain of G is the interval [—2,3], with G 
defined on this domain by the equation G(x) = —4x — 6. 


Find the range of G. 
For Exercises 41-46, find the range of h if h is defined by 
h(t) = |t}+1 


and the domain of h is the indicated set. 


41 (1,4] 44 [-8,2] 
45 63) 45 (0,00) 
43 [-3,5] 46 (—c0,0) 


For Exercises 47-54, assume f and g are functions completely 
defined by the following tables: 


x | f(x) 
3] 13 
4| —5 
6] 5 
7.3 | —5 


47 Evaluate f(6). 

48 Evaluate ¢(8). 

49 What is the domain of f? 
50 What is the domain of g? 
51 What is the range of f? 
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52 What is the range of g? 

53 Find two different values of x such that f(x) = —5. 
54 Find two different values of x such that ¢(x) = V7. 


55 Find all functions (displayed as tables) whose domain is 
the set {2,9} and whose range is the set {4, 6}. 


56 Find all functions (displayed as tables) whose domain is 
the set {5,8} and whose range is the set {1,3}. 


Problems 


Some problems require considerably more thought than the exercises. 


61 Suppose the only information you know about a function 
f is that the domain of f is the set of real numbers and 


f(1) =1, f(2) =4, f(3) =9, and f(4) = 16. 


What can you say about the value of f(5)? 
[Hint: The answer to this problem is not “25”. The short- 
est correct answer is just one word.] 


62 Suppose g and h are functions whose domain is the set 
of real numbers, with g and h defined on this domain by 
4r 
ra 


4 
=p and h(r) = 


Are g and h equal functions? Explain. 


sty) 


63 Give an example of a function whose domain is {2,5,7} 
and whose range is {—2,3,4}. 

64 Give an example of a function whose domain is {3,4,7,9} 
and whose range is {—1,0,3}. 

65 Find two different functions whose domain is {3,8} and 
whose range is {—4,1}. 

66 Explain why there does not exist a function whose do- 
main is {—1,0,3} and whose range is {3,4,7,9}. 

67 Give an example of a function f whose domain is the set 
of real numbers and such that the values of f(—1), f(0), 
and f(2) are given by the following table: 


x | f(x) 
—1 V2 

0 19 

2| —5 


57 Find all functions (displayed as tables) whose domain is 
{1,2,4} and whose range is {—2,1, V3}. 

58 Find all functions (displayed as tables) whose domain is 
{-1,0, 7} and whose range is {—3, 2,5}. 


59 Find all functions (displayed as tables) whose domain is 
{3,5,9} and whose range is {2,4}. 


60 Find all functions (displayed as tables) whose domain is 
{0,2,8} and whose range is {6,9}. 


68 Give an example of a function F whose domain is the 
interval [0,2] and such that F(0) = 0 and F(2) = 2 but 1 
is not in the range of F. 


69 Give an example of two different functions f and g, both 
of which have the set of real numbers as their domain, 
such that f(x) = g(x) for every rational number x. 


70 Give an example of a function whose domain equals 
the set of real numbers and whose range equals the set 
{-1,0,1}. 


71 Give an example of a function whose domain equals the 
set of real numbers and whose range equals the set of 
integers. 


72 Give an example of a function whose domain is the inter- 
val [0,1] and whose range is the interval (0,1). 


73 Give an example of a function whose domain is the inter- 
val (0,1) and whose range is the interval [0, 1]. 


74 Give an example of a function whose domain is the set 
of positive integers and whose range is the set of positive 
even integers. 


75 Give an example of a function whose domain is the set 
of positive even integers and whose range is the set of 
positive odd integers. 


76 Give an example of a function whose domain is the set of 
integers and whose range is the set of positive integers. 


77 Give an example of a function whose domain is the set of 
positive integers and whose range is the set of integers. 


Worked-Out Solutions to Odd-Numbered Exercises 


Do not read these worked-out solutions before attempting to do the 
exercises yourself. Otherwise you may mimic the techniques shown 
here without understanding the ideas. 


For Exercises 1-12, assume 


for every real number x. Evaluate and simplify each of the 
following expressions. 


1 f(0) 


solution f(0) = we = 2 


= 2 


Best way to learn: Carefully read the section of the textbook, then do 
all the odd-numbered exercises and check your answers here. If you 
get stuck on an exercise, then look at the worked-out solution here. 


3 f(—1) 


solution f(—1) = ae : : 


Ee 1-2 


5 f(2a) 


2a+2 2a+2 
2a)2+1 ~~ 4a2+1 


solution f(2a) = ( 


7 f(2a+1) 
solution 
2a+1)+2 2a+3 
f(2a+1)= ( ) =75 
(2a+1)*+1 4a*+4a+2 
9 f(x? +1) 
solution 
fe 41) (x241)4+2 x2 43 
(x241)2 41 x£42x? +2 
a 
11 f(a) 
solution We have 
A(t —9) (F-1)+2 pt 
b a4 244 a a 
(5-1) oy —2E +2 
_ ab + b2 
~~ g2 —2ab + 2b2’ 


where the last expression was obtained by multiplying the 
numerator and denominator of the previous expression 
by b, 

For Exercises 13-18, assume 


c= 1 
80) = FR 


13 Find a number b such that ¢(b) = 4. 


solution We want to find a number b such that 
b-1 
—— =4. 
b+2 
Multiply both sides of the equation above by b + 2, getting 
b—-1=4b+8. 
Now solve this equation for b, getting b = —3. 


15 Simplify the expression 


g(x) — g(2) 
x-2 ~ 
solution We begin by evaluating the numerator: 


a(x) - 92) =*25-5 


A(x —1) — (x +2) 
A(x + 2) 
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Thus 
g(x)—g(2) _ 3(x-2) 1 
x—2 A(x+2) x-2 
_ 3 
~ A(x +2) 


17 Simplify the expression 


g(a+t) — g(a) 
— 


solution We begin by computing the numerator: 


g(a+t) — g(a) 


— (at+t)-1 a-l 
(a+t)+2 a+2 
_ (a t—1)(a+2) —(a—1)(a+t+2) 
(a+t+2)(a+2) 
3t 


(a+t+2)(a+2)° 
Thus 


s(a+t)— g(a) _ 3 
t (a+t+2)(a+2) 


For Exercises 19-26, assume f is the function defined by 


f(t) = eae if t<0 


3t—10 if t>0. 


19 Evaluate f(1). 


solution Because 1 > 0, we have 


f(1) =3-1-10 = -7. 


21 Evaluate f(—3). 


solution Because —3 < 0, we have 


f(—3) = 2(-3) +9 =3. 


23 Evaluate f(|x| +1). 


solution Because |x| +1 > 1 > 0, we have 


F (|x| +1) =3(\x| +1) — 10 = 3]2| -7. 


25 Find two different values of t such that f(t) = 0. 


solution If t <0, then f(t) = 2t+ 9. We want to find t 
such that f(f) = 0, which means that we need to solve the 
equation 2t + 9 = 0 and hope that the solution satisfies 
t < 0. Subtracting 9 from both sides of 2f + 9 = 0 and 
then dividing both sides by 2 gives t = — a This value 
of t satisfies the inequality t < 0, and we do indeed have 


f(—3) =0. 


48 
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If t > 0, then f(t) = 3f — 10. We want to find t such that 
f(t) =0, which means that we need to solve the equation 
3t — 10 = 0 and hope that the solution satisfies t > 0. 
Adding 10 to both sides of 3t — 10 = 0 and then dividing 
both sides by 3 gives t = 1 This value of t satisfies the 
inequality t > 0, and we do indeed have f( 2) =0. 


Using the tax function given in Example 2, find the 2016 
federal income tax for a single person whose taxable 
income that year was $60,000. 


solution Because 60000 is between 37650 and 91150, use 
the third line of the definition of g in Example 2: 


(60000) = 0.25 x 60000 — 4228.75 
= 10771.25. 


Thus the 2016 federal income tax for a single person with 
$60,000 taxable income that year was $10,771.25. 


For Exercises 29-32, find a number b such that the function f 
equals the function g. 


29 


31 


The function f has domain the set of positive numbers 
and is defined by f(x) = 5x* — 7; the function g has 
domain (b,c0) and is defined by g(x) = 5x? —7. 


solution For two functions to be equal, they must at 
least have the same domain. Because the domain of f 
is the set of positive numbers, which equals the interval 
(0,00), we must have b = 0. 


Both f and g have domain {3,5}, with f defined on this 
domain by the formula f(x) = x? — 3 and g defined on 


this domain by the formula g(x) = 8 + b(x — 3). 


solution Note that 
f(3)=37-3=6 and f(5)=5*-3=22. 
Also, 


18 
g3)= 3 
Thus regardless of the choice of b, we have f(3) = 9(3). 
To make the function f equal the function g, we must 
also have f(5) = g(5), which means that we must have 


_ 18 
22 = 5 + 2b. 


_ 18 


+b(3-3)=6 and g(5) = +2b. 


Solving this equation for b, we get b = 2. 


For Exercises 33-38, a formula has been given defining a func- 
tion f but no domain has been specified. Find the domain of 
each function f, assuming that the domain is the set of real 
numbers for which the formula makes sense and produces a 
real number. 


33 


f= 2 


solution The formula above does not make sense when 
3x — 4 = 0, which would lead to division by 0. The equa- 
tion 3x — 4 = 0 is equivalent to x = i. Thus the domain 
of f is the set of real numbers not equal to ; In other 
words, the domain of f equals (—oo, 3) U (§,00). 


35 


37 


39 


_ vx=5 


f@=5 


solution The formula above does not make sense when 
x < 5 because we cannot take the square root of a nega- 
tive number. The formula above also does not make sense 
when x = 7, which would lead to division by 0. Thus 
the domain of f is the set of real numbers greater than or 
equal to 5 and not equal to 7. In other words, the domain 
of f equals [5,7) U (7,00). 


f(x) = /|x-6[-1 


solution Because we cannot take the square root of a 
negative number, we must have |x — 6|—1 > 0. This 
inequality is equivalent to |x — 6| > 1, which means that 
x—6>1orx—6< —1. Adding 6 to both sides of these 
inequalities, we see that the formula above makes sense 
only when x > 7 or x < 5. In other words, the domain of 
f equals (—0o,5] U [7,00). 


Suppose the domain of F is the interval [3,7], with F 
defined on this domain by the equation F(x) = —2x+5. 
Find the range of F. 


solution Suppose y is a real number. To decide whether 
y is in the range of F, we need to determine whether 
F(x) = y for some x in the interval [3,7]. In other words, 
we need to determine whether the equation 


—2x+5=y 


has a solution x in the interval [3,7]. The solution to the 
equation above is x = ou 
whether 


. Thus we need to determine 


S7y 
2 
Multiplying all three parts of the inequality above by —2 
(reversing directions of the inequality) and then adding 5 
to all three parts gives the inequality —1 > y > —9. Thus 

the range of F is the interval [—9, —1]. 


3< 


STs 


For Exercises 41-46, find the range of h if h is defined by 


h(t) = |t}+1 


and the domain of h is the indicated set. 


41 


43 


(1,4) 


solution For each number ¢ in the interval (1, 4], we have 
h(t) =t+1. Thus the range of h is obtained by adding 
1 to each number in the interval (1, 4]. This implies that 
the range of h is the interval (2, 5]. 


[—3,5] 


solution For each number ¢ in the interval [—3,0), we 
have h(t) = —f+1, and for each number t in the interval 
[0,5] we have h(t) = t+ 1. Thus the range of h consists of 
the numbers obtained by multiplying each number in the 
interval [—3,0) by —1 and then adding 1 (this produces 
the interval (1,4]), along with the numbers obtained by 
adding 1 to each number in the interval [0,5] (this pro- 
duces the interval [1,6]). This implies that the range of h 
is the interval [1,6]. 


45 


(0,00) 


solution For each positive number t we have 
h(t) = t+ 1. Thus the range of h is the set obtained 
by adding 1 to each positive number. Hence the range of 
h is the interval (1,00). 


For Exercises 47-54, assume f and g are functions completely 
defined by the following tables: 


47 


49 


51 


53 


55 


x g(x) 
3] 13 3 3 
4) —5 8 | V7 
6| 3 84 | V7 
7.3 | —5 12.1 | —2 
Evaluate f(6). 


solution Looking at the table, we see that f(6) = 2. 


What is the domain of f? 


solution The domain of f is the set of numbers in the 
first column of the table defining f. Thus the domain of 
f is the set {3,4,6,7.3}. 


What is the range of f? 


solution The range of f is the set of numbers that appear 
in the second column of the table defining f. Numbers 
that appear more than once in the second column need 
to be listed only once when finding the range. Thus the 
range of f is the set {13, —5, 3}. 


Find two different values of x such that f(x) = —5. 


solution Looking at the table, we see that f(4) = —5 
and f (7.3) = —5. 


Find all functions (displayed as tables) whose domain is 
the set {2,9} and whose range is the set {4, 6}. 


solution Because we seek functions f whose domain is 
the set {2,9}, the first column of the table for any such 
function must have 2 appear once and must have 9 appear 
once. In other words, the table must start like this: 


x | f(x) x | f(x) 
2 or this 9 
9 2 


The order of the rows in a table that defines a function 
does not matter. For convenience, we choose the first 
possibility above. 


Because the range must be the set {4,6}, the second col- 
umn must contain 4 and 6. There are only two slots in 
which to put these numbers in the first table above, and 
thus each one must appear exactly once in the second 
column. Thus there are only two functions whose domain 
is the set {2,9} and whose range is the set {4,6}; these 
functions are given by the following two tables: 


57 


59 
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The first function above is the function f defined by 
f(2) = 4 and f(9) = 6; the second function above is 
the function f defined by f(2) = 6 and f(9) = 4. 


Find all functions (displayed as tables) whose domain is 
{1,2,4} and whose range is {—2,1, V3}. 


solution Because we seek functions f whose domain is 
{1,2,4}, the first column of the table for any such func- 
tion must have 1 appear once, must have 2 appear once, 
and must have 4 appear once. The order of the rows 
in a table that defines a function does not matter. For 
convenience, we put the first column in numerical order 
1, 2,4. 


Because the range must be {—2,1, V3}, the second col- 
umn must contain —2, 1, and \/3. There are only three 
slots in which to put these three numbers, and thus 
each one must appear exactly once in the second col- 
umn. There are six ways in which these three numbers 
can be ordered. Thus the six functions whose domain is 
{1,2,4} and whose range is {—2,1, V3} are given by the 
following tables: 


x | f(x) x | f(x) x | f(x) 
1] —2 1 | —2 1 iT 
2 1 2) V3 2| -2 
4| V3 4 1 4] /3 
x | f(x) x | f(x) me | Te) 
1 1 1| 73 1] V3 
2| V3 2/| -2 2 1 
4 | —2 4 1 4| —2 


Find all functions (displayed as tables) whose domain is 
{3,5,9} and whose range is {2,4}. 


solution Because we seek functions f whose domain is 
{3,5,9}, the first column of the table for any such func- 
tion must have 3 appear once, must have 5 appear once, 
and must have 9 appear once. The order of the rows 
in a table that defines a function does not matter. For 
convenience, we put the first column in numerical order 
By 04.9: 


Because the range must be {2,4}, the second column 
must contain 2 and 4. There are three slots in which to 
put these three numbers, and thus one of them must be 
repeated. There are six ways to do this. Thus the six 
functions whose domain is {3,5,9} and whose range is 
{2,4} are given by the following tables: 


x | f(x) x | f(x) x | f(x) 
a) 2 3] 2 B/ 4 
5B] 2 5] 4 5| 2 
9| 4 9} 2 9] 2 
x | f(x) x | f(x) x | f(x) 
3| 4 3] 4 3] 2 
5| 4 5] 2 5] 4 
9| 2 9] 4 9} 4 
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The coordinate plane, 
with a dot at the origin. 


The plane with this system of 
labeling is often called the 
Cartesian plane in honor of the 
French mathematician René 
Descartes (1596-1650), who 
described this technique in his 
1637 book DiscoURSE ON 
METHOD. 


1.2 The Coordinate Plane and Graphs 


Learning Objectives 


By the end of this section you should be able to 
e locate points in the coordinate plane; 
e sketch the graph of a function, possibly using technology; 
e estimate values of a function from its graph; 
e determine the domain of a function from its graph; 
e determine the range of a function from its graph; 


e use the vertical line test to determine whether or not a curve is the graph of 
some function. 


The Coordinate Plane 


The coordinate plane is constructed in a fashion similar to our construction of the 
real line (see Section 0.1). However, in constructing the coordinate plane we use a 
horizontal line and a vertical line rather than just a horizontal line. 


The coordinate plane 


The coordinate plane is constructed by starting with a horizontal line and 
a vertical line in a plane. These lines are called the coordinate axes. 


The intersection point of the coordinate axes is called the origin; it receives 
a label of 0 on both axes. 


On the horizontal axis, pick a point to the right of the origin and label it 1. 
Then label other points on the horizontal axis using the scale determined 
by the origin and 1. 


Similarly, on the vertical axis, pick a point above the origin and label it 1. 
Then label other points on the vertical axis using the scale determined by 
the origin and 1. 


The same scale has been used on both axes in the figure here. However, sometimes 
it is more convenient to have different scales on the two axes. 

A point in the plane is identified with its coordinates. The coordinates are written 
as an ordered pair of numbers surrounded by parentheses, as described below. 


Coordinates 


e The first coordinate indicates the horizontal distance from the origin, with 
positive numbers corresponding to points right of the origin and negative 
numbers corresponding to points left of the origin. 


e The second coordinate indicates the vertical distance from the origin, with 
positive numbers corresponding to points above the origin and negative 
numbers corresponding to points below the origin. 


The coordinates of the origin are (0,0). 
The coordinate axes divide the plane into four pieces, which are called quadrants. 
The next example shows one point in each of the four quadrants. 
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Locate on a coordinate plane the following points: 
(a) (2,1); (b) (—1,2.5); (c) (—2.5,—2.5);  (d) (3,—2). 


solution 


(a) The point (2,1) can be located by starting at the origin, moving 2 units to the 
right along the horizontal axis, and then moving up 1 unit; see the figure below. 


(b) The point (—1,2.5) can be located by starting at the origin, moving 1 unit to 
the left along the horizontal axis, and then moving up 2.5 units; see the figure 
below. 


(c) The point (—2.5,—2.5) can be located by starting at the origin, moving 2.5 units 
to the left along the horizontal axis, and then moving down 2.5 units; see the 
figure below. 


(d) The point (3, —2) can be located by starting at the origin, moving 3 units to the 
right along the horizontal axis, and then moving down 2 units; see the figure 
below. 


(2.5, -2.5) 


The horizontal axis is often called the x-axis and the vertical axis is often called 
the y-axis. In this case, the coordinate plane can be called the xy-plane. However, 
other variables can also be used, depending on the problem at hand. 

If the horizontal axis has been labeled the x-axis, then the first coordinate of a 
point is often called the x-coordinate. Similarly, if the vertical axis has been labeled 
the y-axis, then the second coordinate is often called the y-coordinate. 

The potential confusion of this terminology becomes apparent when we want to 
consider a point whose coordinates are (y,x); here y is the x-coordinate and x is the 
y-coordinate. Furthermore, always calling the first coordinate the x-coordinate will 
lead to confusion when the horizontal axis is labeled with another variable such as 
t or 6. Regardless of the names of the axes, keep in mind the following: 


e The first coordinate corresponds to horizontal distance from the origin. A 
positive first coordinate indicates a point to the right of the origin; a negative 
first coordinate indicates a point to the left of the origin. 


e The second coordinate corresponds to vertical distance from the origin. A 
positive second coordinate indicates a point above the origin; a negative second 
coordinate indicates a point below the origin. 


The notation (—1,2.5) could 
denote either the point with 
coordinates (—1,2.5) or the open 
interval (—1,2.5). You should be 
able to tell from the context which 
meaning is intended. 


These coordinates are sometimes 

called rectangular coordinates 
because each point’s coordinates 

are determined by a rectangle, as 
shown in this figure. 


The terms horizontal axis and 
vertical axis are often better than 
the terms x-axis and y-axis. 


Similarly, the terms first 
coordinate and second 
coordinate are often better than 
the terms x-coordinate and 
y-coordinate. 


52 Chapter1 Functions and Their Graphs 


The graph of |x| on 
the interval [—4, 4]. 


1 2 3 4 


The graph of 
4(5x — x2 — 2) 
x2 +2 
on the interval [1,4]. 


The graph of the same function 
A(5x — x* — 2) 
x? +42 
on the interval |—4, 4]. 


The Graph of a Function 


A function can be visualized by its graph, which we now define. 


The graph of a function 


The graph of a function f is the set of points of the form (x, f(x)) as x varies 
over the domain of f. 


Thus in the xy-plane, the graph of a function f is the set of points (x,y) satisfying 
the equation y = f(x) with x in the domain of f. 

The figure here shows the graph of the function f whose domain is [—4, 4], with 
f defined by 


The point (—2,2) is on this graph because —2 is in the domain of f and f(—2) = 2. 
Similarly, the origin (0,0) is on this graph because 0 is in the domain of f and 
f(0) = 0. Note that this graph has a corner at the origin. 

In the next chapter we will learn how to graph linear and quadratic functions, so 
we will not take up those topics here. 

Sketching the graph of a complicated function usually requires the aid of a 
computer or calculator. The next example uses WolframAlpha in the solution, but 
you could use a graphing calculator or any other technology instead. 


Let f be the function defined by 


4(5x — x? — 2) 
x24+2 


es 
(a) Sketch the graph of f on the interval [1,4]. 
(b) Sketch the graph of f on the interval [—4, 4]. 


solution 


(a) Point a web browser to www.wolframalpha.com. In the one-line entry box, type 


[graph 4(5x — x*2 — 2)/(x*2 + 2) from x=1 to 4) 


and then press the key on your keyboard or click the (=) box on the 
right side of the WolframAlpha entry box. This procedure produces a graph 
on your computer screen that should allow you to sketch a figure like the one 
shown here. 


(b) In the WolframAlpha entry box from part (a), change (1) to (—4), producing a 
graph like the one shown here. 

The horizontal and vertical axes have different scales in this graph. The graph 
would become too large in the vertical direction if the same scale was used on 
both axes. 

Using different scales on the two axes makes the size of the graph more 
appropriate, but be aware that it changes the apparent shape of the curve. 
Specifically, the part of the graph on the interval [1,4] appears flatter in part (b) 
than the graph in part (a). 


Sometimes the only information we have about a function is a sketch of its graph. 
The next example illustrates the procedure for finding approximate values of a 
function from a sketch of its graph. 
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The web site for the 4-mile HillyView race shows the graph below of the function 


f, where f(x) is the altitude in feet when the race path is x miles from the starting 
line. Estimate the altitude when the race path is three miles from the starting line. 


300 fF 


200 fF 


100 fF 


, : : OX 
1 2 3 4 
The graph of the function that gives altitude. 


solution We need to estimate the value of f (3). To do this, draw a vertical line 
segment from the point 3 on the x-axis until it intersects the graph. The length of 
that line segment will equal f(3), as shown below on the left. 


300 F 300 F 


200 7 200 7 


100 100 


1 2 3 4 
The vertical line segment has length f (3). f (3) is approximately 265. 


Usually the easiest way to estimate the value of f(3) is to draw the horizontal 
line shown above on the right. The point where this horizontal line intersects the 
vertical axis then gives the value of f (3). 

From the figure on the right, we see that f(3) is a bit more than halfway between 
200 and 300. Thus 265 is a good estimate of f(3). In other words, the altitude is 
about 265 feet when the race path is three miles from the starting line. 


The standard procedure that was used in the example above can be summarized 
as follows. 


Finding values of a function from its graph 


To evaluate f(b) given only the graph of f in the xy-plane, 


(a) find the point where the vertical line x = b intersects the graph of f; 


(b) draw a horizontal line from that point to the y-axis; 


(c) the intersection of that horizontal line with the y-axis gives the value of f(b). 


Here the scale on the horizontal 
axis is in miles, and the scale on 
the vertical axis is in feet. 


This procedure gives only an 
estimate of the value of f(3). You 
cannot find the intersection points 
exactly if the only information you 
have is a sketch of the graph. 


== 
In this graph, we see that 
f(2) © —0.8. The vertical line 
x = 2 intersects the graph below 
the horizontal axis, and thus in 
this case f (2) is the negative of the 
length of the vertical line segment. 
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Determining the Domain and Range from a Graph 


The next example shows how the domain of a function can be determined from its 
graph. 


Example 4 : 
3 L 


Suppose all we know about a function f is 
the sketch of its graph shown here. 


(a) Is 0.5 in the domain of f? 
(b) Is 2.5 in the domain of f? ii 


(c) Make a reasonable guess of the domain 


of f. 


1+ 


solution Recall that the graph of f consists of all points of the form (b, f(b)) as b 
varies over the domain of f. Thus the line x = b in the xy-plane intersects the graph 
of f if and only if b is in the domain of f. The next figure, in addition to the graph 
of f, contains the lines x = 0.5 and x = 2.5. 


¥ 
3 b 
2 ke 
The vertical lines that intersect the graph 
. . i} correspond to numbers in the domain. 

Unlikely but possible: 
Perhaps a tiny hole in this graph, 
too small for us to see, implies that ish ey 
2.5 is not in the domain of this 3 4 
function. Thus caution must be 
used when working with graphs. =F 


(a) The figure above shows that the line x = 0.5 does not intersect the graph of f. 
Thus 0.5 is not in the domain of f. 


(b) The line x = 2.5 does intersect the graph of f. Thus 2.5 is in the domain of f. 


(c) A reasonable guess for the domain of f is the interval [1,4]. The open interval 
(1,4) would also be a reasonable guess for the domain of f. A graph can give 


Do not be afraid to draw only a good approximation of the domain. The actual domain of f might be 
reasonable conclusions that would [1, 4.001) or an even more unusual set such as all numbers in the interval (1, 4] 
be valid unless something weird is except V/2 and 2.5; our eyes could not detect such subtle differences from a 
HappOnIng: sketch of the graph. 


The technique used above can be summarized as follows. 


Determining the domain from the graph 


A number b is in the domain of a function f if and only if the line x = b in the 
xy-plane intersects the graph of f. 
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Recall that the range of a function is the set of all values taken on by the function. 
Thus the range of a function can be determined by the horizontal lines that intersect 
the graph of the function, as shown by the next example. 


( Gemrbe > 
4 L 


Suppose f is the function with domain [1, 4] 
whose graph is shown here. 3/ 
(a) Is 1.5 in the range of f? oI 
(b) Is 4 in the range of f? 
(c) Make a reasonable guess of the range aa 

of f. 

— x 
1 4 
—-1F 

solution 


(a) The figure below shows that the line y = 1.5 intersects the graph of f in three 
points. Thus 1.5 is in the range of f. 


y 

4 

. The lower blue line shows that the 
equation 

2 f(x) =1.5 
has three solutions for x in the 

‘ domain of f. We need one or more 
such solutions for 1.5 to be in the 
range of f. 

a 
1 4 
-1 


Horizontal lines that intersect the graph of f correspond to numbers in the range of f. 
The lower blue line y = 1.5 intersects the graph; thus 1.5 is in the range of f. 
The upper blue line y = 4 does not intersect the graph; thus 1.5 is not in the range of f. 
The actual range of this function 


. . . might be slightly different from the 
(b) The figure above shows that the line y = 4 does not intersect the graph of f. In jytorval [—1,3] given in the 


other words, the equation f(x) = 4 has no solutions for x in the domain of f. solution to part (c)—we would not 
Thus 4 is not in the range of f. be able to notice the difference from 
the sketch of the graph if the range 
actually equaled the interval 
[—1.02, 3.001]. 


(c) By drawing horizontal lines, we can see that the range of this function appears 
to be the interval [—1,3]. 


The technique used above can be summarized as follows. 


Determining the range from the graph 


A number c is in the range of a function f if and only if the horizontal line y = c 
in the xy-plane intersects the graph of f. 
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Which Sets Are Graphs of Functions? 


Not every curve in the plane is the graph of some function, as illustrated by the 
following example. 


Is this curve shown here the graph of some function? 
Example 6 


solution If this curve were the graph of some function f, then we could find the 

y value of f(1) by seeing where the line x = 1 intersects the curve. However, the 

figure below shows that the line x = 1 intersects the curve at two points. The 

2 definition of a function requires that f(1) be a single number, not a pair of numbers. 
Thus this curve is not the graph of any function. 


y 


: : : x 
1 2 3 4 
The line x = 1 intersects the curve at two points. 
Thus this curve is not the graph of a function. 


More generally, any set in the coordinate plane that intersects some vertical line 
in more than one point cannot be the graph of a function. Conversely, a set in the 
plane that intersects each vertical line in at most one point is the graph of some 
function f, with the values of f determined as in Example 3 and the domain of f 
determined as in Example 4. 

The condition for a set in the coordinate plane to be the graph of some function 
can be summarized as follows. 


Vertical line test 


The vertical line test shows, for 
example, that no function has a 


A set of points in the coordinate plane is the graph of some function if and only 
graph that is a circle. if every vertical line intersects the set in at most one point. 


Exercises 
For Exercises 1-8, give the coordinates of the specified point 1A 3. :C 5 E 7G 
using the figure below: 2B 4D 6 F 8 H 
9 Sketch a coordinate plane showing the following four 
3 points, their coordinates, and the rectangles determined 
C | 2B A by each point (as in Example 1): (1,2), (—2,2), (—3,—-1), 
(23) 
D, 1+ 10 Sketch a coordinate plane showing the following four 
points, their coordinates, and the rectangles determined 
1 1 by each point (as in Example 1): (2.5,1), (—1,3), 
4-3 -2 -1 1 2 3 4 (—1.5,-1.5), (1,-3). 
ia tT i 11 Suppose F is the function defined by F(x) = x* +5. Find 
; a number f such that (3, tf) is on the graph of F. 
es _ Fr e 
‘ G 12 Suppose G is the function defined by G(x) = 2x* — 3. 
_3/ Find a number r such that (5,1) is on the graph of G. 


13 Suppose G is the function defined by G(x) = 3x + 2. Find 
a number r such that (7,17) is on the graph of G. 


Section 1.2 The Coordinate Plane and Graphs 57 


14 Suppose F is the function defined by F(x) = 5x — 3. Find y 
a number ft such that (tf, —23) is on the graph of F. 


15 Shown below is the graph of a function f. 
(a) What is the domain of f? 
(b) What is the range of f? 


Ar 


29 Estimate the value of g(—4). 


) 
30 Estimate the value of ¢(—3). 
31 Estimate the value of g(—2). 

) 


16 Shown below is the graph of a function f. 32 Estimate the value of g(—1). 
(a) What is the domain of f? 33 Estimate the value of ¢(2). 
(b) What is the range of f? 34 Estimate the value of ¢(1). 


35 Estimate the value of ¢(2.5). 

36 Estimate the value of ¢(1.5). 

37 Estimate a number b such that ¢(b) = 3.5. 
38 Estimate a number D such that g(b) = —3.5. 


39 How many values of x satisfy the equation g(x) = —2? 
40 How many values of x satisfy the equation g(x) = 0? 
For Exercises 41-44, use appropriate technology to sketch the 


graph of the function f defined by the given formula on the 
given interval. 


y 41 @ f(x) =2x3 — 9x2 4127 —3 
on the interval [3, 3] 


42 @ f(x) =0.6x9 — 7.5x4 + 35x3 — 75x? +. 72x — 20 
on the interval [4, 3] 


P41 

3 zy t)= =~ 
3 @f)=zS 

on the interval [—4,2] 

88 —5 

44 #) = 

W/O=a5 


on the interval [—1,3] 


For Exercises 17-28, assume f is the function with domain 
[—4,4] whose graph is shown below: 


17 Estimate the val f f(—A). 
. nad ete waves) =) For Exercises 45-50, assume g and h are the functions com- 
18 Estimate the value of f(—3). pletely defined by the tables below: 
19 Estimate the value of f(—2). 
) 


20 Estimate the value of f(—1). 
21 Estimate the value of f(2). 
22 Estimate the value of f(0). 
23 Estimate the value of f(4). 

24 Estimate the value of f(3). 45 
25 Estimate a number b such that f(b) = 4. 46 
26 Estimate a negative number b such that f(b) = 0.5. 


x | g(x) x h(x) 
2: 


What is the domain of ¢? 
What is the domain of h? 
47 What is the range of g? 
48 What is the range of h? 
49 Draw the graph of g. 


27 How many values of x satisfy the equation f(x) = }? 
28 How many values of x satisfy the equation f(x) = —3.5? 


For Exercises 29-40, assume g is the function with domain 50 Draw the graph of h. 
[—4,4] whose graph is shown below: 
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Problems 


51 Sketch the graph of a function whose domain is the inter- 
val [1,3] and whose range is the interval [—2, 4]. 

52 Sketch the graph of a function whose domain is the in- 
terval [0,4] and whose range is the set of two numbers 


1538, 


53 Give an example of a line in the coordinate plane that is 


not the graph of any function. 


54 Give an example of a set consisting of two points in the 
coordinate plane that is not the graph of any function. 


Worked-Out Solutions to Odd-Numbered Exercises 


For Exercises 1-8, give the coordinates of the specified point 
using the figure below: 


i 
Got € A 
p a 
ee ee {i 2 3 4 
re =e ‘H 
E =o “GS 
4k 


1A 


solution To get to the point A starting at the origin, we 
must move 3 units right and 2 units up. Thus A has 
coordinates (3,2). 


Numbers obtained from a figure should be considered 
approximations. Thus the actual coordinates of A might 
be (3.01, 1.98). 


C 


solution To get to the point C starting at the origin, 
we must move 1 unit left and 2 units up. Thus C has 
coordinates (—1,2). 


E 


solution To get to the point E starting at the origin, we 
must move 3 units left and 2 units down. Thus E has 
coordinates (—3, —2). 


G 


solution To get to the point G starting at the origin, we 
must move 1 unit right and 2 units down. Thus G has 
coordinates (1, —2). 


Sketch a coordinate plane showing the following four 
points, their coordinates, and the rectangles determined 
by each point (as in Example 1): (1,2), (—2,2), (—3,-1), 
(2,—3). 


solution 


11 


13 


15 


(a) 


(b) 


(—2,2) (1,2) 
1 = 
Z 3 2: 7 1 3 
(-3, -1) mal 
=) - 
-3 ae) 


Suppose F is the function defined by F(x) = x* +5. Find 
a number f such that (3,t) is on the graph of F. 


solution Because (3,t) is on the graph of F, we see that 
t = F(3) = 37 +5. Thust = 14. 


Suppose G is the function defined by G(x) = 3x +2. Find 
a number r such that (7,17) is on the graph of G. 


solution Because (r,17) is on the graph of G, we see 
that 17 = G(r) = 3r+ 2. Solving this equation for r, we 
have r = 5. 


Shown below is the graph of a function f. 


(a) What is the domain of f? 
(b) What is the range of f? 


solution 


From the figure, it appears that the domain of f is [0,4]. 


The word “appears” is used here because a figure can- 
not provide precision. The actual domain of f might be 
[0,4.001] or [0,3.99] or (0,4). 


From the figure, it appears that the range of f is [—3, 1]. 


For Exercises 17-28, assume f is the function with domain 
[—4,4] whose graph is shown below: 


The graph of f. 


17 Estimate the value of f(—4). 


19 


solution To estimate the value of f(—4), draw a vertical 
line from the point —4 on the x-axis to the graph, as 
shown below: 


Then draw a horizontal line from where the vertical line 
intersects the graph to the y-axis: 


The intersection of the horizontal line with the y-axis 
gives the value of f(—4). Thus we see that f(—4) = —3 
(the symbol + means “is approximately”, which is the 
best that can be done when using a graph). 


Estimate the value of f(—2). 


solution To estimate the value of f(—2), draw a vertical 
line from the point —2 on the x-axis to the graph, as 
shown below: 


, ; : : ; = | 
ah a-Y t 2-3 4 
i 4 ea 

—4+ 
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Then draw a horizontal line from where the vertical line 
intersects the graph to the y-axis: 


The intersection of the horizontal line with the y-axis 
gives the value of f(—2). Thus we see that f(—2) + —1. 


21 Estimate the value of f(2). 


solution To estimate the value of f(2), draw a vertical 
line from the point 2 on the x-axis to the graph, as shown 
below: 


Then draw a horizontal line from where the vertical line 
intersects the graph to the y-axis: 


The intersection of the horizontal line with the y-axis 
gives the value of f(2). Thus we see that f(2) * 3. 


23 Estimate the value of f(4). 


solution To estimate the value of f(4), draw a vertical 
line from the point 4 on the x-axis to the graph, as shown 
below: 
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Then draw a horizontal line from where the vertical line 
intersects the graph to the y-axis: 


The intersection of the horizontal line with the y-axis 
gives the value of f(4). Thus we see that f (4) 5. 


25 Estimate a number D such that f(b) = 4. 


solution Draw the horizontal line y = 4, as shown be- 
low: 


Then draw a vertical line from where this horizontal line 
intersects the graph to the x-axis: 


The intersection of the vertical line with the x-axis gives 
the value of b such that f(b) = 4. Thus we see that 
b & 3.6. 


27 How many values of x satisfy the equation f(x) = 4? 


solution Draw the horizontal line y = i, as shown be- 
low. This horizontal line intersects the graph at three 
points. Thus there exist three values of x such that 


fiat. 


For Exercises 29-40, assume g is the function with domain 
[—4,4] whose graph is shown below: 


f i} \ \ ee 


—-4 -3 -2 -1 2 3 4 
2+ 


—A4Fr 
The graph of g. 


29 Estimate the value of g(—4). 


solution To estimate the value of ¢(—4), draw a vertical 
line from the point —4 on the x-axis to the graph, as 
shown below: 


Then draw a horizontal line from where the vertical line 
intersects the graph to the y-axis: 


The intersection of the horizontal line with the y-axis 
gives the value of g(—4). Thus we see that g(—4) = 4. 


31 Estimate the value of g(—2). 


solution To estimate the value of ¢(—2), draw a vertical 
line from the point —2 on the x-axis to the graph, as 
shown below: 


Then draw a horizontal line from where the vertical line 
intersects the graph to the y-axis: 


The intersection of the horizontal line with the y-axis 
gives the value of g(—2). Thus we see that g(—2) = 2. 


33 Estimate the value of ¢(2). 


solution To estimate the value of ¢(2), draw a vertical 
line from the point 2 on the x-axis to the graph, as shown 
below: 


—-4 -3 -2 -1 


Then draw a horizontal line from where the vertical line 
intersects the graph to the y-axis: 


Section 1.2 The Coordinate Plane and Graphs _ 61 


The intersection of the horizontal line with the y-axis 
gives the value of g(2). Thus g(2) ¥ —2. 


35 Estimate the value of ¢(2.5). 


solution To estimate the value of 9(2.5), draw a verti- 
cal line from the point 2.5 on the x-axis to the graph, as 
shown below: 


-4 -3 -2 -1 2/3 4 
=9'b 


—4r 


Then draw a horizontal line from where the vertical line 
intersects the graph to the y-axis: 


The intersection of the horizontal line with the y-axis gives 
the value of ¢(2.5). Thus we see that ¢(2.5) © —1.5. 


37 Estimate a number b such that ¢(b) = 3.5. 


solution Draw the horizontal line y = 3.5, as shown 
below: 
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Then draw a vertical line from where this horizontal line 
intersects the graph to the x-axis: 


The intersection of the vertical line with the x-axis gives 
the value of b such that g(b) = 3.5. Thus we see that 
bx -3.1. 


39 How many values of x satisfy the equation g(x) = —2? 


solution Draw the horizontal line y = —2, as shown 
here. This horizontal line intersects the graph at three 


points. Thus there exist three values of x such that 
g(x) = -2. 
y 
4 i 
2 L 
—-4 -3 -2 -1 2 3 4 
—4 t 


For Exercises 41-44, use appropriate technology to sketch the 
graph of the function f defined by the given formula on the 
given interval. 


41 @ f(x) = 2x3 — 9x24 12x —3 
on the interval [3, 3] 


solution If using WolframAlpha, type 


[graph 2x43 — 9x2 + 12x — 3 from x=1/2 to 5/2], 


or use your preferred software or graphing calculator to 
produce a graph like the one below. 


24 
3 @ f(t) = 55 


on the interval [— ef 2] 


solution If using WolframAlpha, type 


[graph (t*2 + 1)/(t*5 + 2) from t=-1/2 to 2], 


or use your preferred software or graphing calculator to 
produce a graph like the one here. 


For Exercises 45-50, assume g and h are the functions com- 
pletely defined by the tables below: 


45 What is the domain of g? 


solution The domain of g is the set of numbers in the 
first column of the table defining g. Thus the domain of 
g is the set {—3,—1,1,3}. 


47 What is the range of g? 


solution The range of g is the set of numbers that ap- 
pear in the second column of the table defining g. Thus 
the range of g is the set {—1,1,2.5, —2}. 


49 Draw the graph of g. 


solution The graph of g consists of the four points with 
coordinates (—3, —1), (—1,1), (1,2.5), (3, —2), as shown 
below: 
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1.3 Function Transformations and Graphs 


Learning Objectives 


By the end of this section you should be able to 


e use the vertical function transformations, which shift a graph up or down, 
stretch a graph vertically, or flip a graph across the horizontal axis; 


e use the horizontal function transformations, which shift a graph left or 
right, stretch a graph horizontally, or flip a graph across the vertical axis; 


e combine multiple function transformations; 
e determine the domain, range, and graph of a transformed function; 


e recognize even functions and odd functions. 


In this section we investigate various transformations of functions and learn the 
effect of such transformations on the domain, range, and graph of a function. To 
illustrate these ideas, throughout this section we will use the function f defined by 
f(x) = x?, with the domain of f being the interval [—1,1]. Thus the graph of f is 
part of a familiar parabola. 

In Section 5.7 we will revisit many of the ideas in this section, using trigonometric 
functions as the examples. 


Vertical Transformations: Shifting, Stretching, and Flipping 


This subsection focuses on vertical function transformations, which change the 
vertical shape or location of the graph of a function. Because vertical function 
transformations affect the graph only vertically, the vertical function transformations 
do not change the domain of the function. 

We begin with an example showing the procedure for shifting the graph of a 
function up. 


Define a function g by 
g(x) = f(x) +1, 


where f(x) = x? and the domain of f is the interval [—1,1]. 
(a) Find the domain of g. (c) Sketch the graph of g. 


(b) Find the range of g. 


solution 


(a) The formula defining g shows that g(x) is defined precisely when f(x) is 
defined. In other words, the domain of g equals the domain of f. Thus the 
domain of g is the interval [—1, 1]. 


(b) Recall that the range of g is the set of values taken on by g(x) as x varies over 
the domain of g. Because g(x) equals f(x) +1, the range of g is obtained by 
adding 1 to each number in the range of f. Thus the range of g is the interval 


[1,2]. 


(c) A typical point on the graph of f has the form (x, x), where x is in the interval 
[-1,1]. Because g(x) = x* +1, a typical point on the graph of g has the form 
(x,x? +1), where x is in the interval [—1,1]. In other words, each point on the 
graph of g is obtained by adding 1 to the second coordinate of a point on the 
graph of f. Thus the graph of g is obtained by shifting the graph of f up 1 unit, 
as shown here. 


1 


x 


eek 


-1 


The graph of f(x) = x?, 
with domain [—1, 1]. 
The range of f is [0,1]. 


/ 
Z, 


The graphs of f (x) = x? (orange) 
and g(x) = x2 +1 (blue), each 
with domain [—1, 1]. 


=1 
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a 
1 


The graphs of f(x) = x? (orange) 
and h(x) = x* —1 (blue), each 
with domain [—1, 1]. 


Instead of memorizing the 
conclusions in all the result boxes 
in this section, try to understand 
how these conclusions arise. Then 
you can figure out what you need 
depending on the problem at hand. 


Shifting the graph of a function down follows a similar pattern, with a minus 
sign replacing the plus sign, as shown in the following example. 


Define a function h by 
h(x) = f(x) -1, 


where f(x) = x? and the domain of f is the interval [—1,1]. 
(a) Find the domain of h. (c) Sketch the graph of h. 


(b) Find the range of h. 


solution 


(a) The formula above shows that h(x) is defined precisely when f(x) is defined. 
In other words, the domain of 1 equals the domain of f. Thus the domain of h 
is the interval [—1, 1]. 


(b) Because h(x) equals f(x) — 1, the range of h is obtained by subtracting 1 from 
each number in the range of f. Thus the range of h is the interval [—1, 0]. 


(c) Because h(x) = x? —1, a typical point on the graph of h has the form (x, x? —1), 
where x is in the interval [—1, 1]. Thus the graph of h is obtained by shifting the 
graph of f down 1 unit, as shown here. 


We could have used any positive number a instead of 1 in these examples when 
defining g(x) as f(x) +1 and defining h(x) as f(x) — 1. Similarly, there is nothing 
special about the particular function f that we used. Thus the following results hold 
in general. 


Shifting a graph up or down 


Suppose f is a function and a > 0. Define functions g and h by 


g(x) = f(x) +a and h(x) = f(x) -a. 
Then 
e the graph of g is obtained by shifting the graph of f up a units; 
e the graph of h is obtained by shifting the graph of f down a units. 


The next example shows how to stretch (or shrink) the graph of a function in the 
vertical direction. 


Define functions g and h by 


where f(x) = x? and the domain of f is the interval [—1,1]. 


(a) Find the domain of g and the (c) Find the range of h. 


domain of h. 
(d) Sketch the graphs of g and h. 
(b) Find the range of g. 
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solution 


(a) The formulas defining g and h show that g(x) and h(x) are defined precisely 
when f(x) is defined. In other words, the domain of g and the domain of h 
both equal the domain of f. Thus the domain of g and the domain of h both 
equal the interval [—1, 1]. 


(b 


eS 


Because g(x) equals 2f(x), the range of g is obtained by multiplying each 
number in the range of f by 2. Thus the range of g is the interval [0,2]. 


(c) Because h(x) equals +f (x), the range of h is obtained by multiplying each 
number in the range of f by 5. Thus the range of h is the interval [0, 4]. 


(d) For each x in the interval [—1,1], the point (x,2x*) is on the graph of g and the 


point (x, 4x7) is on the graph of h. Thus the graph of g is obtained by vertically 
stretching the graph of f by a factor of 2, and the graph of h is obtained by 


vertically stretching the graph of f by a factor of 4, as shown here. 


wa 


In the last part of the example above, we noted that the graph of h is obtained 
by vertically stretching the graph of f by a factor of i This terminology may seem 
a bit strange because the word “stretch” often has the connotation of something 
getting larger. However, we will find it convenient to use the word “stretch” in the 
wider sense of multiplying by some positive number, which might be less than 1. 


We could have used any positive number c instead of 2 or , in the example above. 


Similarly, there is nothing special about the particular function f that we used. Thus 
the following result holds in general. 


Stretching a graph vertically 


Suppose f is a function and c > 0. Define a function g by 


Then the graph of g is obtained by vertically stretching the graph of f by a factor 
of c. 


The procedure for flipping the graph of a function across the horizontal axis is 
illustrated by the following example. 


Define a function g by 
g(x) = f(x), 
where f(x) = x? and the domain of f is the interval [—1,1]. 
(a) Find the domain of g. (c) Sketch the graph of g. 


(b) Find the range of g. 


solution 


(a) The formula defining g shows that g(x) is defined precisely when f(x) is 
defined. In other words, the domain of g equals the domain of f. Thus the 
domain of g is the interval {[—1, 1]. 


(b) Because g(x) equals — f(x), the values taken on by g are the negatives of the 
values taken on by f. Thus the range of g is the interval [—1, 0]. 


(c) Note that g(x) = —x* for each x in the interval [—1,1]. For each point (x, x*) 
on the graph of f, the point (x,—x?) is on the graph of g. Thus the graph of ¢ 


is obtained by flipping the graph of f across the horizontal axis, as shown here. 


| 
—1 1 
The graphs of f(x) = x* (orange) 
and g(x) = 2x* (blue) and 
h(x) = 4x? (green), each with 
domain [—1,1]. 


Perhaps the word “shrink” would 
be more appropriate here. 


Example 4 


The graphs of f(x) = x? (orange) 
and g(x) = —x? (blue), each with 
domain |—1,1]. 
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Many books use the word reflect 
instead of flip. However, flipping 
seems to be a more accurate 
description of how the blue graph 
above is obtained from the orange 
graph. Reflecting, as happens with 
a mirror, would not produce the 
desired graph. 


Vertical transformations work 
pretty much as you would expect. 
As you will soon see, the actions of 
horizontal transformation are less 
intuitive. 


"xX 

—2 -1 1 

The graphs of f(x) = x? (orange, 

with domain |—1,1]) and 

g(x) = (x +1)? (blue, with 

domain {—2,0]). The graph of g is 

obtained by shifting the graph of f 

left 1 unit. 


The following result holds for every function f. 


Flipping a graph across the horizontal axis 


Suppose f is a function. Define a function g by 


Then the graph of g is obtained by flipping the graph of f across the horizontal 
axis. 


Horizontal Transformations: Shifting, Stretching, Flipping 


Now we focus on horizontal function transformations, which change the horizontal 
shape or location of the graph of a function. Because horizontal function transfor- 
mations affect the graph only horizontally, the horizontal function transformations 
do not change the range of the function. 

We begin with an example showing the procedure for shifting the graph of a 
function to the left. 


Define a function g by 
s(x) = f(x +0), 


where f(x) = x? and the domain of f is the interval [—1, 1]. 
(a) Find the domain of g. (c) Sketch the graph of g. 


(b) Find the range of g. 


solution 


(a) The formula defining g shows that g(x) is defined precisely when f(x + 1) is 
defined, which means that x + 1 must be in the interval |—1,1], which means 
that x must be in the interval [—2,0]. Thus the domain of g is the interval 
[—2, 0]. 


(b) Because g(x) equals f(x +1), the values taken on by g are the same as the 
values taken on by f. Thus the range of g equals the range of f, which is the 
interval [0,1]. 


Note that ¢(x) = (x +1)? for each x in the interval [—2,0]. For each point 
(x,x”) on the graph of f, the point (x — 1,x7) is on the graph of g (because 
g(x — 1) =x’). Thus the graph of g is obtained by shifting the graph of f left 1 
unit, as shown here. 


( 


io) 
wa 


Suppose we define a function by 


h(x) = f(x-1), 


where f is again the function defined by f(x) = x?, with the domain of f the 
interval [—1,1]. Then everything works as in the example above, except that the 
domain and graph of h are obtained by shifting the domain and graph of f right 1 
unit (instead of left 1 unit as in the example above). 

More generally, we could have used any positive number b instead of 1 in these 
examples when defining g(x) as f(x +1) and defining h(x) as f(x — 1). Similarly, 
there is nothing special about the particular function f that we used. Thus the 
following results hold in general. 
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Shifting a graph left or right 


Suppose f is a function and b > 0. Define functions g and h by 


RCs les red) eral Fe) — sae 1a 
Then 
e the graph of g is obtained by shifting the graph of f left b units; 
e the graph of h is obtained by shifting the graph of f right b units. 


The next example shows the procedure for horizontally stretching a graph. 


Define functions g and h by Example 6 


g(x) =f(2x) and h(x) = f(x), 


where f(x) = x? and the domain of f is the interval [—1,1]. 
(a) Find the domain of g. 

(b) Find the domain of h. 

(c) Find the range of g and the range of h. 

(d) Sketch the graphs of g and h. 


solution 


(a) The formula defining g shows that g(x) is defined precisely when f (2x) is 
defined, which means that 2x must be in the interval [—1, 1], which means that 
x must be in the interval [—5, 3]. Thus the domain of g is the interval [—4, 5]. 

(b) The formula defining h shows that h(x) is defined precisely when f(4x) is 
defined, which means that 4x must be in the interval [—1, 1], which means that 
x must be in the interval {—2,2]. Thus the domain of h is the interval [—2, 2]. 


(c) The formulas defining g and h show that the values taken on by g and / are the 
same as the values taken on by f. Thus the range of g and the range of h both 
equal the range of f, which is the interval [0, 1]. 2 -1 1 2~ 


(d) For each point (x,x*) on the graph of f, the point (5,x?) is on the graph of — The graphs of f(x) = x? (orange, 
with domain |—1,1]) and 
= 2 i 
h(2x) = x*) . Thus the graph of g is obtained by horizontally stretching the oe eae Finiaat a 
graph of f by a factor of ie and the graph of h is obtained by horizontally een walk domain SS 2). 


stretching the graph of f by a factor of 2, as shown here. 


g (because (5) = x*) and the point (2x,x) is on the graph of h (because 


We could have used any positive number c instead of 2 or + when defining g(x) 
as f (2x) and defining h(x) as f (42) in the example above. Similarly, nothing special 
about the particular function f was used. Thus the following result holds. 


Stretching a graph horizontally 


Suppose f is a function and c > 0. Define a function ¢ by 1 
Note that if c > 1, then as 1, 
ee) = ea, which means that stretching the 
graph by a factor of 1 actually 


Then the graph of g is obtained by horizontally stretching the graph of f bya | gp pints the graph. 


factor of 1 
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Example 7 


Ale 


= 


The graphs of f (x) = x? (orange, 
with domain (i, 1]) and 
g(x) = (—x)? = x? (blue, with 
domain [-1, —4)). 

The graph of g¢ is obtained by 
flipping the graph of f across 
the vertical axis. 


Ni RF 


The values taken on by g are the 
same as the values taken on by f. 
In other words, the range of g 
equals the range of f. 


The procedure for flipping the graph of a function across the vertical axis is 
illustrated by the following example. To show the ideas more clearly, the domain of 
f has been changed to the interval [4,1]. 


Define a function g by 


where f(x) = x? and the domain of f is the interval [4, 1]. 
(a) Find the domain of g. 

(b) Find the range of g. 

(c) Sketch the graph of g. 


solution 


(a) The formula defining g shows that g(x) is defined precisely when f(—x) is 
defined, which means that —x must be in the interval [5,1], which means that x 
must be in the interval [—1, —4]. Thus the domain of g is the interval [—1, — 4]. 


(b) Because g(x) equals f(—x), the values taken on by g are the same as the values 
taken on by f. Thus the range of g equals the range of f, which is the interval 
4) 

(c) Note that g(x) = (—x)* = x? for each x in the interval [—1,—}]. For each 
point (x,x*) on the graph of f, the point (—x,x7) is on the graph of g (because 
g(—x) =x”). Thus the graph of g is obtained by flipping the graph of f across 
the vertical axis. 


The result in the example holds for any function f, not just the specific function 
in the example above. In other words, we have the following result. 


Flipping a graph across the vertical axis 


Suppose f is a function. Define a function g by 


Then the graph of g is obtained by flipping the graph of f across the vertical axis. 
Also, the domain of g is obtained by multiplying each number in the domain of 


7 Dye — le 


Combinations of Vertical Function Transformations 


When dealing with combinations of vertical function transformations, the order 
in which those transformations are applied can be crucial. The following simple 
procedure can be used to find the graph. 


Combinations of vertical function transformations 


To obtain the graph of a function defined by combinations of vertical function 


transformations, apply the transformations in the same order as the correspond- 
ing operations when evaluating the function. 
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Define a function g by 
(x) = —2f(x) +1, 


where f(x) = x? and the domain of f is the interval [—1,1]. 

(a) List the order of operations used to evaluate g(x) after f(x) has been evaluated. 
(b) Find the domain of g. 

(c) Find the range of g. 

(d) Sketch the graph of g. 


solution 


(a) Because g(x) = —2f(x) +1, operations should be done in the following order 
to evaluate g(x): 
1. Multiply f(x) by 2. 
2. Multiply the number obtained in the previous step by —1. 
3. Add 1 to the number obtained in the previous step. 
(b) The formula defining g shows that g(x) is defined precisely when f(x) is 


defined. In other words, the domain of g equals the domain of f. Thus the 
domain of g is the interval {[—1, 1]. 


(c) The range of g is obtained by applying the operations from the answer to 
part (a), in the same order, to the range of f, which is the interval [0,1]: 
1. Multiplying each number in [0,1] by 2 gives the interval [0, 2]. 
2. Multiplying each number in [0,2] by —1 gives the interval [—2, 0]. 
3. Adding 1 to each number in [—2,0] gives the interval [—1,1], which is the 
range of g. 


(d) Applying function transformations in the same order as in the answer to part (a), 
we see that the graph of g is obtained from the graph of f by vertically stretching 
the graph of f by a factor of 2, then flipping the resulting graph across the 
horizontal axis, then shifting the resulting graph up 1 unit, as follows. 


27 27 2 


The graphs of f(x) = x* (orange), 2f (x) (blue, left), —2f (x) (blue, center), 
and —2f (x) +1 (blue, right), each with domain |—1,1]. 


Comparing the example above to the next example shows the importance of 
applying the operations in the appropriate order. 


Example 8 


The order of steps 1 and 2 could be 
interchanged. However, the 
operation of adding 1 must be the 
last step. 


The operations listed in the 
solutions to part (a) of this 
example and the next example are 
the same, differing only in the 
order. However, the different order 
produces different graphs. 
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Define a function h by 
Example 9 h(x) = -2(f(x) +1), 


The order of steps 2 and 3 could be 
interchanged. However, the 
operation of adding 1 must be the 
first step. 


Notice how the graph of 
—2(f(x) +1) in this example 
differs from the graph of 

—2f (x) +1 in the previous 
example. 


where f(x) = x? and the domain of f is the interval [—1, 1]. 

(a) List the order of operations used to evaluate h(x) after f(x) has been evaluated. 
(b) Find the domain of h. 

(c) Find the range of h. 

(d) Sketch the graph of h. 


solution 


(a) Because h(x) = —2(f(x) +1), operations should be done in the following order 
to evaluate h(x): 
1. Add 1 to f(x). 
2. Multiply the number obtained in the previous step by 2. 
3. Multiply the number obtained in the previous step by —1. 
(b) The formula defining h shows that h(x) is defined precisely when f(x) is 


defined. In other words, the domain of h equals the domain of f. Thus the 
domain of h is the interval [—1,1]. 


(c) The range of h is obtained by applying the operations from the answer to 
part (a), in the same order, to the range of f, which is the interval [0,1]: 
1. Adding 1 to each number in [0,1] gives the interval [1,2]. 
2. Multiplying each number in [1,2] by 2 gives the interval [2, 4]. 
3. Multiplying each number in [2,4] by —1 gives the interval [—4, —2], which 
is the range of h. 


(d) Applying function transformations in the same order as in the answer to part (a), 
we see that the graph of g is obtained by shifting the graph of f up 1 unit, 
then vertically stretching the resulting graph by a factor of 2, then flipping the 
resulting graph across the horizontal axis, producing the graph shown here. 
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The graphs of f (x) = x? (orange), f (x) +1 (blue, left), 2(f(x) +1) (blue, center), 
and —2(f (x) +1) (blue, right), each with domain [—1, 1]. 
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When dealing with a combination of a vertical function transformation and a 
horizontal function transformation, the transformations can be applied in either 
order. For a combination of multiple vertical function transformations and a single 
horizontal function transformation, be sure to apply the vertical function transfor- 
mations in the proper order; the horizontal function transformation can be applied 
either after or before the vertical function transformations. 

Combinations of multiple horizontal function transformations, possibly combined 
with vertical function transformations, are more complicated. If you are interested in 
these kinds of multiple function transformations, then see the worked-out solutions 
to Exercises 45, 47, 49, 51, 53, and 55 for examples of the proper technique. 


Even Functions 


Suppose f(x) = x* for every real number x. Notice that 


This property is sufficiently important that we give it a name. 


Even function 


A function f is called even if 


f(x) = f(x) 


for every x in the domain of f. 


For the equation f(—x) = f(x) to hold for every x in the domain of f, the 
expression f(—x) must make sense. Thus —x must be in the domain of f for every 
x in the domain of f. For example, a function whose domain is the interval [—3, 5] 
cannot possibly be an even function, but a function whose domain is the interval 
(—4,4) may or may not be an even function. 

As we have already observed, x? is an even function. Here is another simple 
example. 


Show that the function f defined by f(x) = |x| for every real number x is an even 
function. 


solution This function is even because 


f(-x) =|—x| = la] = f() 


for every real number x. 


Suppose f is an even function. As we know, flipping the graph of f across the 
vertical axis gives the graph of the function h defined by h(x) = f(—x). Because f 
is even, we actually have h(x) = f(—x) = f(x), which implies that h = f. 

In other words, flipping the graph of an even function f across the vertical axis 
gives us back the graph of f. Thus the graph of an even function is symmetric about 
the vertical axis. This symmetry can be seen, for example, in the graph shown above 
of |x| on the interval [—3, 3]. 


The graph of an even function 


A function is even if and only if its graph is unchanged when flipped across the 
vertical axis. 


If n is an integer, then the function 
f defined by f(x) = x" is an even 
function if and only if n is an even 
integer. 


Example 10 


3 


The graph of |x| on 
the interval [—3, 3]. 
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If n is an integer, then the function 
f defined by f(x) = x" is an odd 

function if and only if n is an odd 

integer. 


21 


Flipping a point (c,d) across the 
origin gives the point (—c, —d). 


Odd Functions 


Consider now the function defined by f(x) = x° for every real number x. Notice 
that 


This property is sufficiently important that we also give it an appropriate descriptive 
name. 


Odd function 


A function f is called odd if 


for every x in the domain of f. 


As was the case for even functions, for a function to be odd —x must be in the 
domain of f for every x in the domain of f, because otherwise there is no possibility 
that the equation f(—x) = —f(x) can hold for every x in the domain of f. Thus, for 
example, the interval [—2,2] can be the domain of an odd function, but the interval 
[—2,3] cannot be the domain of an odd function. 

As we have already observed, x° is an odd function. Here is another simple 
example. 


Show that the function f defined by f(x) = 1 for every real number x # 0 is an 
odd function. 


solution This function is odd because 


for every real number x # 0. 


Suppose f is an odd function. If x is a number in the domain of f, then (x, f(x)) 
is a point on the graph of f. Because f(—x) = —f(x), the point (—x,—f(x)) also is 
on the graph of f. 

In other words, flipping a point (x, f(x)) on the graph of an odd function f 
across the origin gives a point (—x, —f(x)) that is also on the graph of f. Thus the 
graph of an odd function is symmetric about the origin. This symmetry can be seen, 
for example, in the graph shown here of 4+ on [—1,—3] U [4,1]. 


Exercises 
For Exercises 1-14, assume f is the function defined on the 
interval [1,2] by the formula f(x) = 5. Thus the domain 


of f is the interval [1,2] and the range of f is the interval 
[1,4]. The graph of f is shown here. 


4 
The graph of the 
function f defined on 
the interval [1,2] by 
1 


f(x) = 3. 


, * Xx 
1 2 
For each function g described below: 

(a) Sketch the graph of g. 

(b) Find the domain of g (the endpoints of this inter- 
val should be shown on the horizontal axis of your 
sketch of the graph of g). 

Give a formula for g. 

Find the range of g (the endpoints of this interval 

should be shown on the vertical axis of your sketch 

of the graph of g). 

1 The graph of g is obtained by shifting the graph of f up 
1 unit. 

2 The graph of g is obtained by shifting the graph of f up 
3 units. 

3 The graph of g is obtained by shifting the graph of f 
down 3 units. 

4 The graph of g is obtained by shifting the graph of f 
down 2 units. 


(c) 
(d) 


5 The graph of g is obtained by vertically stretching the 
graph of f by a factor of 2. 

6 The graph of g is obtained by vertically stretching the 
graph of f by a factor of 3. 

7 The graph of g is obtained by shifting the graph of f left 
3 units. 

8 The graph of g is obtained by shifting the graph of f left 
4 units. 

9 The graph of g is obtained by shifting the graph of f right 

1 unit. 

The graph of g is obtained by shifting the graph of f right 

3 units. 

The graph of g is obtained by horizontally stretching the 

graph of f by a factor of 2. 

The graph of g is obtained by horizontally stretching the 
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17 Suppose ht is an odd function whose domain is 
[—2,—1] U [1,2] and whose graph on the interval [1,2] 
is the graph used in the instructions for Exercises 1-14. 
Sketch the graph of h on [—2, —1] U [1,2]. 

18 Suppose ft is an odd function whose domain is 
[—5,—1] U [1,5] and whose graph on the interval [1,5] 
is the graph used in the instructions for Exercises 19-56. 
Sketch the graph of h on [—5, —1] U [1,5]. 


For Exercises 19-56, assume f is a function whose domain 
is the interval [1,5], whose range is the interval [1,3], and 
whose graph is the figure below. 


3 


2 


1 The graph of f. 


\ 1 1 f i ig 
1 2 3 4 #5 


For each given function g: 


(a) 


Find the domain of g. 


15 


16 


graph of f by a factor of }. 

The graph of g is obtained by flipping the graph of f 
across the horizontal axis. 

The graph of g is obtained by flipping the graph of f 
across the vertical axis. 

Suppose g is an even function whose domain is 
[—2,—1] U [1,2] and whose graph on the interval [1,2] 
is the graph used in the instructions for Exercises 1-14. 
Sketch the graph of g on [—2, —1] U [1,2]. 

Suppose g is an even function whose domain is 
[—5,—1] U [1,5] and whose graph on the interval [1,5] 
is the graph used in the instructions for Exercises 19-56. 
Sketch the graph of g on [—5, —1] U [1,5]. 


(b) Find the range of g. 
(c) Sketch the graph of g. 
19 g(x) = f(x) +1 39 g(x) = -f(x-1) 
20 g(x) = f(x) +3 40. g(x) =—f(x—3) 
21 g(x) = f(x) -3 41 g(x) =f(x+1)+2 
22 g(x) =f(x)—5 42 g(x) =f(x+2)+1 
23. g(x) = 2f(x) 43. g(x) = f(2x) +1 
24 g(x) = 5 f(x) 44 ¢(x) = f(3x) +2 
25 g(x) = f(x +2) 45 g(x) = f(2x +1) 
26 g(x) = f(x +3) 46 9(x) = f(3x +2) 
27 g(x) = f(x -1) 47 9(x) =3f(2x+1) 
28 g(x) = f(x —2) 48 9(x) =2f(3x +2) 
: - a is 49 g(x) = 2f(5 +1) 
31 9(x = f(%) 50 sta) = (5 42) 
32 (x = (58) 51 aa eee 
33 g(x = 2f(x) 41 52 g(x) =3f( +2) +1 
34 g(x) =3f(x) +2 53 g(x) = 2f(5 +3) 
. 7 = sie 54 g(x) =3f( -2) 
g(x) = 3f(x)- Sa: 
37 @(x) <3 — f(x) 55 g(x) =6 —2f(5 +3) 
38 g(x) =2— f(x) 56 g(x) = 1-3f(% —2) 


For Exercises 57-60, suppose f is a function whose domain is 
the interval [—5,5] and 
x 
f=, 
for every x in the interval [0,5]. 
57 Suppose f is an even function. Evaluate f(—2). 


58 Suppose f is an even function. Evaluate f(—3). 


’ 
) 


59 Suppose f is an odd function. Evaluate f(—2 
60 Suppose f is an odd function. Evaluate f(—3 
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Problems 


61 The figure below shows the graphs of —x?, —x? +1, and 
—(x +1)’. 


The graphs of —x*, —x? +1, and —(x +1). 


(a) What color is the graph of —x?? 
(b) What color is the graph of —x* + 1? 
(c) What color is the graph of —(x + 1)? 


For Problems 62-65, suppose that to provide additional 
funds for higher education, the federal government adopts 
a new income tax plan that consists of the 2016 income tax 
plus an additional $100 per taxpayer. Let g be the function 
such that g(x) is the 2016 federal income tax for a single 
person with taxable income x dollars, and let h be the corre- 
sponding function for the new income tax plan. 


62 Is h obtained from g by a vertical function transformation 
or by a horizontal function transformation? 


63 Write a formula for h(x) in terms of g(x). 


64 Using the explicit formula for g(x) given in Example 2 in 
Section 1.1, give an explicit formula for h(x). 


65 Under the new income tax plan, what will be the income 
tax for a single person whose annual taxable income is 
$75,000? 


For Problems 66-69, suppose that to pump more money 
into the economy during a recession, the federal government 
adopts a new income tax plan that makes income taxes 90% 
of the 2016 income tax. Let g be the function such that g(x) is 
the 2016 federal income tax for a single person with taxable 
income x dollars, and let h be the corresponding function for 
the new income tax plan. 


66 Is h obtained from g by a vertical function transformation 
or by a horizontal function transformation? 

67 Write a formula for h(x) in terms of g(x). 

68 Using the explicit formula for g(x) given in Example 2 in 
Section 1.1, give an explicit formula for h(x). 

69 Under the new income tax plan, what will be the income 


tax for a single person whose annual taxable income is 
$40,000? 


70 Find the only function whose domain is the set of real 
numbers and is both even and odd. 


71 Show that if f is an odd function such that 0 is in the 
domain of f, then f(0) = 0. 

72 The result box following Example 2 could have been 
made more complete by including explicit information 
about the domain and range of the functions g and h. 
For example, the more complete result box might have 
looked like the one shown here: 


Shifting a graph up or down 


Suppose f is a function and a > 0. Define functions g 
and h by 


g(x) = f(x) +a and h(x) = f(x)—a. 
Then 
e gandh have the same domain as f; 


e the range of g is obtained by adding a to every 
number in the range of f; 
the range of h is obtained by subtracting a from 
every number in the range of f; 
the graph of g is obtained by shifting the graph 
of f up a units; 
the graph of h is obtained by shifting the graph 
of f down a units. 


Construct similar complete result boxes, including ex- 
plicit information about the domain and range of the 
functions g and h, for each of the other five result boxes 
in this section that deal with function transformations. 

73 True or false: If f is an odd function whose domain is the 
set of real numbers and a function ¢ is defined by 


x) = JF) 
g(x) ae 


then g is an even function. Explain your answer. 


if x >0 
if x <0, 


74 True or false: If f is an even function whose domain is 
the set of real numbers and a function g is defined by 


we a JF) 
g(x) ee 


then g is an odd function. Explain your answer. 


if x >0 
if x <0, 


75 (a) True or false: Just as every integer is either even or 
odd, every function whose domain is the set of inte- 
gers is either an even function or an odd function. 

(b) Explain your answer to part (a). This means that if 
the answer is “true”, then you should explain why 
every function whose domain is the set of integers 
is either an even function or an odd function; if the 
answer is “false”, then you should give an example 
of a function whose domain is the set of integers 
but is neither even nor odd. 

76 Show that the function f defined by f(x) = mx +b is an 

odd function if and only if b = 0. 

77 Show that the function f defined by f(x) = mx +b is an 

even function if and only if m = 0. 
78 Show that the function f defined by f(x) = ax? + bx +c 
is an even function if and only if b = 0. 
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Worked-Out Solutions to Odd-Numbered Exercises 


For Exercises 1-14, assume f is the function defined on the 
interval [1,2] by the formula f(x) = 5. Thus the domain 


of f is the interval [1,2] and the range of f is the interval 
[1,4]. The graph of f is shown here. 


4 
The graph of the 
function f defined on 
the interval [1,2] by 
1 


f(x) = 4. 


\ ta 
1 2 


For each function g described below: 


(a) 


(b) 


(c) 


(d) 


(a) 


(a) Sketch the graph of g. 


(b) Find the domain of g (the endpoints of this inter- 
val should be shown on the horizontal axis of your 
sketch of the graph of g). 


(c) Give a formula for g. 


(d) Find the range of g (the endpoints of this interval 
should be shown on the vertical axis of your sketch 


of the graph of g). 


The graph of g is obtained by shifting the graph of f up 
1 unit. 


solution 
5 = 

Shifting the graph of f up 
27 1 unit gives this graph. 


: 2 x 

1 2 

The domain of g is the same as the domain of f. Thus 
the domain of g is the interval (1, 2]. 


Because the graph of g is obtained by shifting the graph 
of f up 1 unit, we have g(x) = f(x) +1. Thus 


for each number x in the interval [1,2]. 


The range of g is obtained by adding 1 to each number in 
the range of f. Thus the range of ¢ is the interval [2,5]. 


The graph of g is obtained by shifting the graph of f 
down 3 units. 


solution 


i Shifting the graph of f 
down 3 units gives this 


graph. 


(b) 
(c) 


(d) 


(a) 


(b) 
(c) 


(d) 


(a) 


The domain of g is the same as the domain of f. Thus 
the domain of g is the interval [1, 2]. 
Because the graph of g is obtained by shifting the graph 
of f down 3 units, we have g(x) = f(x) — 3. Thus 
4 

g(x) = eee 3 
for each number x in the interval [1,2]. 
The range of g is obtained by subtracting 3 from each 
number in the range of f. Thus the range of g is the 
interval [—2, 1]. 


The graph of g is obtained by vertically stretching the 
graph of f by a factor of 2. 


solution 

8 - 
Vertically stretching the 
graph of f by a factor of 2 
gives this graph. 

2: b 


; 2 

1 2 

The domain of g is the same as the domain of f. Thus 
the domain of g is the interval [1, 2]. 

Because the graph of g is obtained by vertically stretching 
the graph of f by a factor of 2, we have g(x) = 2f(x). 


Thus 3 
g(x) = = 


for each number x in the interval [1,2]. 


The range of g is obtained by multiplying every number 
in the range of f by 2. Thus the range of g is the interval 
[2,8]. 


The graph of g is obtained by shifting the graph of f left 
3 units. 


solution 


4 


Shifting the graph of f left 
3 units gives this graph. 


i : x 
—2 -1 
The domain of g is obtained by subtracting 3 from every 
number in domain of f. Thus the domain of g is the 
interval [—2, —1]. 
Because the graph of g is obtained by shifting the graph 
of f left 3 units, we have g(x) = f(x +3). Thus 


4 


g(x) — (x +3)2 


for each number x in the interval [—2, —1]. 
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(d) 


(b) 


(c) 


(d) 


11 


(a) 


(b) 


(c) 


(d) 


13 
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The range of g is the same as the range of f. Thus the 
range of ¢ is the interval [1,4]. 


The graph of g is obtained by shifting the graph of f right 
1 unit. 


solution 


4 


: PE 

2 3 

Shifting the graph of f right 1 unit 
gives this graph. 


The domain of g is obtained by adding 1 to every number 


in domain of f. Thus the domain of ¢ is the interval [2, 3]. 


Because the graph of g is obtained by shifting the graph 
of f right 1 unit, we have g(x) = f(x —1). Thus 


4 
8(*) = Baap 


for each number x in the interval [2,3]. 


The range of g is the same as the range of f. Thus the 
range of ¢ is the interval [1,4]. 


The graph of g is obtained by horizontally stretching the 
graph of f by a factor of 2. 
solution 


4 


2 4 
Horizontally stretching the graph of f 
by a factor of 2 gives this graph. 


The domain of g is obtained by multiplying every num- 
ber in the domain of f by 2. Thus the domain of g is the 
interval [2,4]. 

Because the graph of g is obtained by horizontally stretch- 
ing the graph of f by a factor of 2, we have g(x) = f(x/2). 


Thus 
4 16 


8) = Gp 2 
for each number x in the interval [2, 4]. 


The range of g is the same as the range of f. Thus the 
range of ¢ is the interval [1,4]. 


The graph of g is obtained by flipping the graph of f 
across the horizontal axis. 


solution 


(a) 


(b) 


(c) 


(d) 


15 


17 


—4 
Flipping the graph of f across the horizontal axis 
gives this graph. 


The domain of g is the same as the domain of f. Thus 
the domain of g is the interval [1, 2]. 


Because the graph of g is obtained by flipping the graph 
of f across the horizontal axis, we have g(x) = —f(x). 
Thus 


4 
g(x) = er) 
for each number x in the interval [1,2]. 


The range of g is obtained by multiplying every number 
in the range of f by —1. Thus the range of g is the interval 
[—4, —1]. 


Suppose g is an even function whose domain is 
[—2,—1] U [1,2] and whose graph on the interval [1,2] 
is the graph used in the instructions for Exercises 1-14. 
Sketch the graph of g on [—2,—1] U [1,2]. 


solution Because g is an even function, its graph is un- 
changed when flipped across the vertical axis. Thus we 
can find the graph of g on the interval [—2,—1] by flip- 
ping the graph on the interval [1,2] across the vertical 
axis, producing the following graph of g: 


4 


\ \ \ aap 
—2 =i 1 2 


Suppose ft is an odd function whose domain is 
[—2,—1] U [1,2] and whose graph on the interval [1,2] 
is the graph used in the instructions for Exercises 1-14. 
Sketch the graph of h on [—2, —1] U [1,2]. 


solution Because h is an odd function, its graph is un- 
changed when flipped across the origin. Thus we can find 
the graph of h on the interval [—2,—1] by flipping the 
graph on the interval [1,2] across the origin, producing 
the following graph of h: 


For Exercises 19-56, assume f is a function whose domain 


is the interval [1,5], whose range is the interval [1,3], and 
whose graph is the figure below. 


3 


The graph of f. 


For each given function g: 


19 


(a) 


(b) 


(c) 


21 


(a) 


(b) 


(c) 


23 


(a) 


(b) 


(a) Find the domain of g. 
(b) Find the range of g. 
(c) Sketch the graph of g. 


g(x) = f(x) +1 


solution 


Note that g(x) is defined precisely when f(x) is defined. 
In other words, the function g has the same domain as f. 


Thus the domain of g is the interval [1,5]. 
The range of g is obtained by adding 1 to every number 


in the range of f. Thus the range of g is the interval [2, 4]. 


The graph of g, shown here, is obtained by shifting the 
graph of f up 1 unit. 


4 
3 


2 


solution 


Note that ¢(x) is defined precisely when f(x) is defined. 
In other words, the function g has the same domain as f. 


Thus the domain of g is the interval [1,5]. 


The range of g is obtained by subtracting 3 from each 
number in the range of f. Thus the range of g is the 
interval [—2, 0]. 


The graph of g, shown here, is obtained by shifting the 
graph of f down 3 units. 


solution 


Note that g(x) is defined precisely when f(x) is defined. 
In other words, the function g has the same domain as f. 


Thus the domain of g is the interval [1,5]. 


The range of g is obtained by multiplying each number 
in the range of f by 2. Thus the range of g is the interval 
[2,6]. 


25 


(a) 


(b) 


27 


(a) 


(b) 


(c) 


29 


(a) 


(b) 
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The graph of g, shown 
here, is obtained by verti- 6 / 
cally stretching the graph 5 
of f by a factor of 2. 
4 L. 
3 L 
2 Ee 
1 L 


g(x) = f(x+2) 
solution 


Note that g(x) is defined when x + 2 is in the interval 
[1,5], which means that x must be in the interval [—1,3]. 
Thus the domain of g is the interval [—1,3]. 


The range of g is the same as the range of f. Thus the 
range of g is the interval [1,3]. 
The graph of g, shown here, is 
obtained by shifting the graph 37 
of f left 2 units. 


g(x) = f(x-1) 
solution 


Note that g(x) is defined when x — 1 is in the interval 
[1,5], which means that x must be in the interval [2, 6]. 
Thus the domain of g is the interval [2, 6]. 


The range of g is the same as the range of f. Thus the 
range of g is the interval [1,3]. 


The graph of g, 

shown here, is ob- 3 
tained by shifting 

the graph of f right 

1 unit. 1 


(x) = f (2x) 
solution 
Note that g(x) is defined when 2x is in the interval [1,5], 


which means that x must be in the interval [4, 3]. Thus 
the domain of g is the interval [4, 3]. 


The range of g is the same as the range of f. Thus the 
range of g is the interval [1,3]. 
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(c) 


31 


(b) 
(c) 


33 


(a) 


(b) 


(“) 


35 


(a) 
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The graph of g, shown here, is ob- 
tained by horizontally stretching 3 
the graph of f by a factor of A. 


2 
1 
0 x 
193 5 
2 2 2 
x 
g(x) =f (5) 
solution 


Note that g(x) is defined when 5 is in the interval [1,5], 
which means that x must be in the interval [2,10]. Thus 
the domain of g is the interval [2,10]. 


The range of g is the same as the range of f. Thus the 
range of ¢ is the interval [1,3]. 

The graph of g, shown below, is obtained by horizontally 
stretching the graph of f by a factor of 2. 


3 


solution 


Note that ¢(x) is defined precisely when f(x) is defined. 
In other words, the function g has the same domain as f. 
Thus the domain of g is the interval [1,5]. 


The range of g is obtained by multiplying each number 
in the range of f by 2, which gives the interval [2,6], and 
then adding 1 to each number in this interval, which 
gives the interval [3,7]. Thus the range of ¢ is the interval 
[3,7]. 

Note that ¢(x) is evalu- 

ated by evaluating f(x), 71 
then multiplying by 2, 
and then adding 1. Ap- 
plying function trans- 57 
formations in the same 
order, we see that the 
graph of g, shown here, 3f 
is obtained by vertically 
stretching the graph of 
f by a factor of 2, then 1 | 
shifting up 1 unit. 


g(x) = f(x) -1 
solution 


Note that g(x) is defined precisely when f(x) is defined. 
In other words, the function g has the same domain as f. 
Thus the domain of g is the interval [1,5]. 


(b) 


(c) 


37 


(a) 


(b) 


39 


(a) 


(b) 


(c) 


41 


(a) 


The range of g is obtained by multiplying each number 
in the range of f by _ which gives the interval Ee alk 
and then subtracting 1 from each number in this interval, 
which gives the interval [- 3, 4]. Thus the range of g is 


the interval [— 3, 5]. 


Note that g(x) is evaluated by evaluating f(x), then mul- 
tiplying by ,, and then subtracting 1. Applying function 
transformations in the same order, we see that the graph 
of g, shown here, is obtained by vertically stretching the 
graph of f by a factor of i, then shifting down 1 unit. 


0.5 ro. 
Hs roe * 
8(x) =3— f(x) 
solution 
Note that g(x) is defined precisely when f(x) is defined. 


In other words, the function g has the same domain as f. 
Thus the domain of g is the interval [1,5]. 


The range of g is obtained by multiplying each number 
in the range of f by —1, which gives the interval [—3, —1], 
and then adding 3 to each number in this interval, which 
gives the interval [0,2]. Thus the range of g is the interval 
[0, 2]. 

Note that g(x) is evaluated by evaluating f(x), then mul- 
tiplying by —1, and then adding 3. Applying function 
transformations in the same order, we see that the graph 
of g, shown here, is obtained by flipping the graph of f 
across the horizontal axis, then shifting up 3 units. 


2 
1 
x 
(x) = —f(x-1) 
solution 
Note that g(x) is defined when x — 1 is in the interval 


[1,5], which means that x must be in the interval [2, 6]. 
Thus the domain of g is the interval [2, 6]. 


The range of g is obtained by multiplying each number in 
the range of f by —1. Thus the range of g is the interval 
[=3;—1]. 

The graph of g, 

shown here, is ob- 1 5 3 i 5 6 
tained by shifting -1 

the graph of f right 

1 unit, then flipping = 

across the horizontal _, 

axis. 


g(x) = f(x+1)+2 
solution 


Note that g(x) is defined when x + 1 is in the interval 
[1,5], which means that x must be in the interval [0,4]. 
Thus the domain of g is the interval [0,4]. 


(b) 
(c) 


43 


(a) 


(b) 
(c) 


45 


(a) 


(b) 
(c) 


The range of g is obtained by adding 2 to each number in 
the range of f. Thus the range of ¢ is the interval [3,5]. 


The graph of g, shown here, is obtained by shifting the 
graph of f left 1 unit, then shifting up 2 units. 


55 
4 
3 


g(x) = f(2x) +1 
solution 


Note that g(x) is defined when 2x is in the interval [1,5], 
which means that x must be in the interval [4,3]. Thus 
the domain of g is the interval [3, 3]. 

The range of g is obtained by adding 1 to each number in 
the range of f. Thus the range of ¢ is the interval [2,4]. 
The graph of g, shown here, is ob- 
tained by horizontally stretching 4 
the graph of f by a factor of a 


then shifting up 1 unit. 3] 
2 L 
al b 
j:— — 
13 5 
2 2 2 


g(x) = f(2x+1) 
solution 


Note that g(x) is defined when 2x + 1 is in the interval 
[1,5], which means that 


1<2x+1<5. 


Adding —1 to each part of the inequality above gives 
0 < 2x < 4, and then dividing each part by 2 produces 
0 < x < 2. Thus the domain of ¢ is the interval [0,2]. 
The range of ¢ equals the range of f. Thus the range of g¢ 
is the interval [1,3]. 

Define a function h by h(x) = f(2x). The graph of h is 
obtained by horizontally stretching the graph of f by a 
factor of 5. Note that 


g(x) = f(2x+1) = f(2(x+5)) =A(x+ 9). 
Thus the graph of g is obtained by shifting the graph of h 
left : unit. 

Putting this together, we see that the 

graph of g, shown here, is obtained 3 

by horizontally stretching the graph 

of f by a factor of 1 then shifting 2 

left 4 unit. 
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47 g(x) =3f(2x+4+1) 


(a) 


(b) 


(c) 


49 


(a) 


(b) 


solution 


The function in this exercise is 3 times the function in 
Exercise 45. Thus this function has the same domain as 
the function in Exercise 45. In other words, the domain 
of this function g is the interval [0,2]. 


The range of g is obtained by multiplying each number 
in the range of f by 3. Thus the range of g is the interval 
[3,9]. 

The graph of this function g is ob- 

tained by horizontally stretching the 97 
graph of the function in Exercise 45 
by a factor of 3, obtaining the graph 
shown here. 


solution 


Note that g(x) is defined when 5 + 1 is in the interval 
[1,5], which means that 


x 
Ix<24+1<5. 
Sat a) 


Adding —1 to each part of the inequality above gives 
0< 5 < 4, and then multiplying each part by 2 produces 
0 <x <8. Thus the domain of g is the interval [0,8]. 
The range of g is obtained by multiplying each number 
in the range of f by 2. Thus the range of g is the interval 
[2,6]. 


Define a function h by 


The graph of h is obtained by horizontally stretching the 
graph of f by a factor of 2. Note that 


x42) — oh(x +2), 


g(x) = 2f(F +1) = 2f( 


Thus the graph of g is obtained from the graph of h by 
shifting left 2 units and stretching vertically by a factor of 
2: 

Putting this together, we see that the graph of g, shown 
below, is obtained by horizontally stretching the graph of 
f by a factor of 2, shifting left 2 units, and then vertically 
stretching by a factor of 2. 
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51 


(a) 


(b) 


(c) 


53 


(b) 
(c) 
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solution 


Note that g(x) is defined when of + 1 is in [1,5], which 
means that - 

1< 5 +1<5. 
Adding —1 to each part of this inequality gives the in- 
equality 0 < 5 < 4, and then multiplying by 2 gives 
0 <x < 8. Thus the domain of g is the interval [0,8]. 
The range of g is obtained by multiplying each number 
in the range of f by 2 and then subtracting 3. Thus the 
range of ¢ is the interval [—1,3]. 
The graph of g, shown below, is obtained by shifting the 
graph in the solution to Exercise 49 down 3 units. 


3 


solution 


Note that g(x) is defined when 5 +3 is in [1,5], which 
means that * 

1< 5 +3°<5. 
Adding —3 to each part of this inequality gives the in- 
equality —2 < a < 2, and then multiplying by 2 gives 
—4<.x <4. Thus the domain of ¢ is the interval [—4, 4]. 
The range of g is obtained by multiplying each number 
in the range of f by 2. Thus the range of ¢ is [2,6]. 
Define a function h by 


x 
h(x) = f (5). 

The graph of h is obtained by horizontally stretching the 

graph of f by a factor of 2. Note that 


g(x) = 2f(% +3) = 2f (248) = 2n(x +6). 
Thus the graph of g is obtained from the graph of h by 
shifting left 6 units and stretching vertically by a factor 
of 2. Putting this together, we see that the graph of g, 
shown below, is obtained by horizontally stretching the 
graph of f by a factor of 2, shifting left 6 units, and then 
vertically stretching by a factor of 2. 


55 g(x) =6—2f(5 +3) 
solution 


a) Note that ¢(x) is defined when * +3 is in the interval 
g 2 
[1,5], which means that 


x 
1<s <5. 
Sa tess 


Adding —3 to each part of this inequality gives the in- 
equality —2 < a < 2, and then multiplying by 2 gives 
—4 <x <4. Thus the domain of g is the interval [—4, 4]. 

(b) The range of g is obtained by multiplying each number 
in the range of f by —2, giving the interval [—6, —2], and 
then adding 6 to each number in this interval, which 
gives the interval [0,4]. 

(c) The graph of g, shown below, is obtained by flipping 
across the horizontal axis the graph obtained in the solu- 
tion to Exercise 53, then shifting up 6 units. 


4 


For Exercises 57-60, suppose f is a function whose domain is 
the interval [—5,5] and 


f(x) = 


for every x in the interval [0,5]. 


x 
x+3 


57 Suppose f is an even function. Evaluate f(—2). 
solution Because 2 is in the interval [0,5], we can use 
the formula above to evaluate f(2). We have 

2 2 


K)=g55 = 5 
Because f is an even function, we have 


f(—2) = (2) = . 


59 Suppose f is an odd function. Evaluate f(—2). 


solution Because f is an odd function, we have 
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1.4 Composition of Functions 


Learning Objectives 


By the end of this section you should be able to 
e combine two functions using the usual algebraic operations; 
e compute the composition of two functions; 
e write a complicated function as the composition of simpler functions; 


e express a function transformation as a composition of functions. 


Combining Two Functions 


Suppose f and g are functions. We define a new function, called the sum of f and g 
and denoted by f + g, by letting f + ¢ be the function whose value at a number x is 


given by the equation 
(f + s)(x) = f(x) + (2). 


Similarly, we can define the difference, product, and quotient of two functions in 
the expected manner. Here are the formal definitions. 


Algebra of functions 


Suppose f and g are functions. Then the sum, difference, product, and quotient 
of f and g are the functions denoted f + g, f — g, fg, and f defined by 


(f + 8)(x) = f(x) + g(x) 


The domain of the first three functions above is the intersection of the domain of 


f and the domain of g. To avoid division by 0, the domain of q is the set of numbers 


x such that x is in the domain of f and x is in the domain of g and g(x) # 0. 


Suppose f and g are the functions defined by 


fizj=Vae-3 and #(4)=78 =<. 
(a) Evaluate (f + g)(5). (c) Evaluate (fz) (5). 
(b) Find a formula for (f + ¢)(x). (d) Find a formula for (fg)(x). 


solution 
(a) Using the definition of f + g, we have 
(f +8)(5) = f(5) +8(5) 
="5a8 te=s 
= V2+ v3. 


For f(x) + g(x) to make sense, 
both f(x) and g(x) must make 
sense. Thus the domain of f + g is 
the intersection of the domain of f 
and the domain of g. 


Addition and multiplication of 
functions are commutative and 
associative operations; subtraction 
and division of functions have 
neither of these properties. 


Negative numbers do not have 
square roots in the real number 
system. Thus the domain of f is 
the interval [3,00) and the domain 
of g is the interval (—0o, 8]. 


The domain of f + g is the 
intersection of the domain of f and 
the domain of g. Thus the domain 
of f +g is the interval [3, 8). 
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The domain of h is the interval 
[-3, 00). 


When evaluating (f o g)(x), first 
we evaluate g(x), then we evaluate 


f(g(x)). 


Not everyone follows these 
conventions. Thus elsewhere you 
may sometimes see f(g(x)), which 
means the same as f ( g(x) ) but 
with slightly different typography. 


(b) Using the definition of f + g, we have 


(f +8) (x) = f(x) +(x) 
=Vx-3+vV8—-x. 


(c) Using the definition of fg, we have 


(fg)(5) = f(5)g(5) 


(d) Using the definition of fg, we have 


(fg) (x) = f (x)g(x) 
=Vx-3V8--x. 


Definition of Composition 


Now we turn to a new way of combining two functions. 


Consider the function h defined by 
h(x) = Vx +3. 


The value of h(x) is computed by carrying out two steps: first add 3 to x, and then 
take the square root of that sum. Write / in terms of two simpler functions that 
correspond to these two steps. 


solution Define 
f(x) = Vx and g(x) =x+3. 


Then a 
h(x) = Vx +3 = y/9(x) = F(g(x)). 


In the last term above, f( g(x) ), we evaluate f at g(x). This kind of construction 
occurs so often that it has been given a name and notation. 


Composition 


If f and g are functions, then the composition of f and g, denoted f og, is the 


function defined by 
(fog)(x) = f(g(z)). 


The domain of f 0 g is the set of numbers x such that f (g(x) ) makes sense. Thus 
the domain of f 0 g is the set of numbers x in the domain of g such that g(x) is in 
the domain of f. 

In this book, outer parentheses are slightly larger than inner parentheses, to 
provide a visual clue of the grouping. Also, in the expression f (g(x) ), and in 
similar functional evaluations with parentheses inside parentheses, this book adds a 
bit of space after the first open parenthesis and before the last close parenthesis to 
emphasize that we are evaluating f at some number. 


Suppose 


(a) Evaluate (f 0 g)(3). 
(b) Evaluate (go f)(3). 


(c) Find a formula for the composition f 0 g. 
(d) Find a formula for the composition go f. 
(e) What is the domain of f 0 9? 
(f) What is the domain of go f? 


solution 


(a) Using the definition of composition, we have 


(fog)(3) = f(g(3)) =f(8?) = f9) = gg =5- 


(b) Using the definition of composition, we have 
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(go f)(3) = 8(F(3)) =8(s4q) =8(-1) = (-1P =1 


(c) Using the definition of composition, we have 


(Fog)(x) = F( g(x) =f?) = a. 


(d 


wa 


Using the definition of composition, we have 


(go f(x) =9(f)) =8(q) = (<4) 


x— 


(e) The domain of f equals the set of real numbers except 4, and the 
equals the set of real numbers. From part (c), we see that f( g(x) ) 


domain of ¢ 
makes sense 


provided x? 4 4. Thus the domain of f og equals the set of all real numbers 


except —2 and 2. 


(f) From part (d), we see that g( f(x) ) makes sense provided x 4 
domain of go f equals the set of all real numbers except 4. 


4. Thus the 


In Section 1.1 we saw that a function g can be thought of as a machine that takes 
an input x and produces an output g(x). The composition f o g can then be thought 
of as the machine that feeds the output of the g machine into the f machine: 


x : g(x) f f(3(z)) 
input output 


The composition f 0 g as the combination of two machines. 


Comparing the results of parts (a) 
and (b), we see that composition is 
not commutative—order matters. 


Comparing the results of parts (c) 
and (d), we see again that 
composition is not 
commutative—order matters. 


Here g(x) is the output of the g 
machine and g(x) is also the input 
of the f machine. 
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Example 4 


In this example, the functions are 
called p and t to help you 
remember that p is the function 
giving the amount charged by your 
phone company and t is the 
function giving the total cost, 
including tax. 


Most cell phone companies round 
up any extra seconds to the next 
highest minute. Thus only positive 
integer values for m should be used 
in this formula. 


(a) Suppose your cell phone company charges $0.05 per minute plus $0.47 for each 
call to China. Find a function p that gives the amount charged by your cell 
phone company for a call to China as a function of the number of minutes. 


(b) Suppose the tax on cell phone bills is 6% plus $0.01 for each call. Find a function 
t that gives your total cost, including tax, for a call to China as a function of the 
amount charged by your cell phone company. 


(c) Explain why the composition t 0 p gives your total cost, including tax, of making 
a cell phone call to China as a function of the number of minutes. 


(d) Compute a formula for t o p. 
(e) What is your total cost for a ten-minute call to China? 
solution 


(a) Fora call of m minutes to China, the amount p(m) in dollars charged by your 
cell phone company will be 


p(m) = 0.05m + 0.47, 


consisting of $0.05 times the number of minutes plus $0.47. 


(b) For an amount of y dollars charged by your phone company for a phone call, 
your total cost in dollars, including tax, will be 


t(y) = 1.06y + 0.01. 


(c) Your total cost for a call of m minutes to China is computed by first calculating 
the amount p(m) charged by the phone company, and then calculating the total 
cost (including tax) of t( p(m) ), which equals (¢ 0 p)(m). 


(d) The composition t o p is given by the formula 


(to p)(m) = t( p(m) ) 
= t(0.05m + 0.47) 
= 1.06(0.05m + 0.47) + 0.01 
= 0.053m + 0.5082. 
(e) Using the formula above from part (d), we have 


(to p)(10) = 0.053 x 10 + 0.5082 = 1.0382. 


Thus your total cost for a ten-minute call to China is $1.04. 


The simple function defined below plays an important role with composition. 


Identity function 


The identity function is the function I defined by 
Cae 


for every number x. 
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If f is any function and x is any number in the domain of f, then 


(fol)(x) = f(I(x)) = f(x) and (To f)(x) = I(f(x)) = f(x). 


Thus we have the following result. 


Decomposing Functions 


The following example illustrates the process of starting with a function and writing 
it as the composition of two simpler functions. 


Suppose 
2 
= — 
Ty) =| 
Write T as the composition of two simpler functions. In other words, find two 
functions f and g, each of them simpler than T, such that T = f 0 g. 


solution There is no rigorous definition of “simpler”. Certainly it is easy to write 
T as the composition of two functions, because T = To I, where I is the identity 
function, but that decomposition is unlikely to be useful. 

Because evaluating an absolute value is the last operation done in computing 
T(y), one reasonable possibility is to define 


f(y) =ly| and 8Y) = a7 


You should verify that with these definitions of f and g, we indeed have T = f og. 


Furthermore, both f and g seem to be simpler functions than T. 
Because y appears in the formula defining T only in the expression y, another 
reasonable possibility is to define 


2 


—3 
| and g(y)=y". 


fy) = 7 


Again you should verify that with these definitions of f and g, we have T = f 0g; 
both f and g seem to be simpler functions than T. 


Composing More than Two Functions 


Although composition is not commutative, it is associative. 


Composition 1s associative 


If f, g, and h are functions, then 


eg )on— Felgen): 


This result explains why I is called 
the identity function. 


Typically a function can be 
decomposed into the composition of 
other functions in many different 
ways. 


Both potential solutions discussed 
here are correct. Choosing one or 
the other may depend on the 
context or on one’s taste. 


See Example 6, where T is 
decomposed into three simpler 
functions. 
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The domain of f og oh is the set 
of numbers x in the domain of h 
such that h(x) is in the domain of 
gand g(h(x) ) is in the domain 
of f. 


Example 6 


The term linear function is used 
because the graph of any such 
function is a line, as we will see in 
Chapter 2. 


To prove the associativity of composition, note that 


(fog) oh) (x) = (Fog)(h(x)) = f(s(A(x))) 


and 


(fo (goh)) (x) = f((goh)(x)) = F(g(h(x)))- 


The equations above show that the functions (f og) oh and f 0 (g 0h) have the same 
value at every number x in their domain. Thus (f 0g) oh = fo(goh). 

Because composition is associative, we can dispense with the parentheses and sim- 
ply write f o g 0h, which is the function whose value at a number x is f ( g¢(h(x)) ). 


Suppose 
2 
a= 
T(x) = |—]. 
(x ) x2 _ 7 
Write T as the composition of three simpler functions. 


solution We want to choose reasonably simple functions f, g, and h such that 
T = f ogoh. Probably the best choice here is to take 


= _* ee 
f(x)=[e, gs) =, kG) =2. 
With these choices, we have 


F(g(A(x))) = f(g(x*)) 


= (53) 
x2 —3 
=|). 


as desired. 
Here is how to come up with the choices made above for f, g, and h: Because 
x appears in the formula defining T only in the expression x*, we start by taking 
2_ is 
ok, we then take g(x) = x3 Finally, 
because evaluating an absolute value is the last operation done in computing T(x), 


we take f(x) = |x|. 


h(x) = x*. To make (g0h)(x) equal 


Function Transformations as Compositions 


All the function transformations discussed in Section 1.3 can be considered to be 
compositions with linear functions, which we now define. 


Linear function 


A linear function is a function h of the form 
h(x) =mx +5, 


where m and b are numbers. 


Vertical function transformations can be expressed as compositions with a linear 
function on the left, as shown in the next example. 


Suppose f is a function. Define a function g by 


g(x) = —2f (x) +1. 


(a) Write g as the composition of a linear function with f. 


(b) Describe how the graph of g is obtained from the graph of f. 


solution 


(a) Define a linear function h by 


For x in the domain of f, we have 
g(x) = —2f(x) +1 
=h(f(x)) 
= (ho f)(x). 
Thus g =ho f. 
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Example 7 


(b) As discussed in the solution to Example 8 in Section 1.3, the graph of g is Example 8 in Section 1.3 shows a 
obtained by vertically stretching the graph of f by a factor of 2, then flipping _ figure of this function 
the resulting graph across the horizontal axis, then shifting the resulting graph — transformation. 


up 1 unit. 


Horizontal function transformations can be expressed as compositions with a 


linear function on the right, as shown in the next example. 


Suppose f is a function. Define a function g by 


8(x) = f (2x). 


(a) Write g as the composition of f with a linear function. 


(b) Describe how the graph of g is obtained from the graph of f. 


solution 


(a) Define a linear function h by 


Thus g = f oh. 


Example 8 


(b) As discussed in the solution to Example 6 in Section 1.3, the graph of g is Example 6 in Section 1.3 shows a 


obtained by horizontally stretching the graph of f by a factor of 4. 


figure of this function 
transformation. 
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Combinations of vertical function transformations and horizontal function trans- 
formations can be expressed as compositions with a linear function on the left and 
a linear function on the right, as shown in the next example. 


Example 9 


Suppose f is a function. Define a function g by 


g(x) = f(x) +1. 


(a) Write g as the composition of a linear function, f, and another linear function. 


(b) Describe how the graph of g is obtained from the graph of f. 


solution 


(a) Define linear functions h and p by 


h(x) =x+1 and p(x) = 2x. 


For x in the domain of g, we have 


g(x) = f(2x)+1=h(f(2x)) =h(f(p(e))) = ho fo p)(a). 


Thus g=hof op. 


The solution to Exercise 43 in 
Section 1.3 shows a figure of this 


function transformation. up 1 unit. 


Exercises 


For Exercises 1-20, evaluate the indicated expression assum- 
ing that 


fe) = Ve g(x) = 225, h(x) = [2-11 


1 (f+8)(3) 11 (foh)(-3) 
2 (g +h)(6) 12 (foh)(—15) 
3 (gh)(7) 13 (fogoh)(0) 
Oy) 14 (hogo f)(0) 
5 (f) (10) 15 @ (fog) (0.23) 
6 (an 16 @ (fog)(3.85) 
; : ‘@ 17 (go f) (0.23) 
“3 18 @ (go f)(3.85) 
8 (fog)(5) 19 @ (ho f)(0.3) 
9 (go fC) 20 @ (ho f)(0.7) 
10 (go f)(5) 


In Exercises 21-26, for the given functions f and g find formu- 
las for (a) f 0g and (b) go f. Simplify your results as much 
as possible. 


a f(x)=a +1, g(x) == 


(b) As discussed in the solution to Exercise 43 in Section 1.3, the graph of g is 
obtained by horizontally stretching the graph of f by a factor of 4, then shifting 


m4 f(x)= 222, = 
2 =f, a =t3 
26 f= 5 = Gygp 


For Exercises 27-36, evaluate the indicated expression assum- 
ing that f, g, and h are the functions completely defined by 
these tables: 


x | f(x) x| g(x) _x | h(x) 

1 4 1 2 1 3 

2 1 2 4 2 3 

3 2 3 1 3 4 

4 2 4 3 4 1 
27 (fog)(1) 31 (fof)(2) 35 (fogoh)(2) 
28 (fog)(3) 32 (fof(4) 36 (hogo f)(2) 
29 (gof)(1) 33 (gog)(4) 
30 (gof)(3) 34 (gog)(2) 


37 Find a number BD such that fog = go f, where 
f(x) =2x+b and g(x) =3x+4. 


38 Find a number c such that fog = go f, where 
f(x) = 5x —2and g(x) = cx —3. 


39 Suppose 
x41 3 
na) = a 4) : 
(a) If f(x) = x%, then find a function g such that 
h=fog. 
(b) If f(x) = (x —1)3, then find a function g such that 
h= fog. 
40 Suppose 


1 
h(x) = \ aa +2. 


(a) If f(x) = \/x, then find a function g such that 
h= fog. 
(b) If f(x) = Vx +2, then find a function g such that 


h=fog. 
41 Suppose 
1 
h(t) =2+4/5—. 
a +1 
(a) If g(t) = nee then find a function f such that 
h= fog. 
(b) If g(t) = ¢*, then find a function f such that 
h=fog. 
42 Suppose 
+1 .\3 
ae) ( = =A) 
— P41 ; ; 
(a) If g(t) = G27 — 1, then find a function f such that 
h=fog. 
P41 : . 
(b) If g(t) = F=7- then find a function f such that 
h=fog 
Problems 


For Problems 57-61, suppose you are exchanging currency in 
the London airport. The currency exchange service there only 
makes transactions in which one of the two currencies is 
British pounds, but you want to exchange dollars for Euros. 
Thus you first need to exchange dollars for British pounds, 
then exchange British pounds for Euros. At the time you 
want to make the exchange, the function f for exchanging 
dollars for British pounds is given by the formula 


f(d) =0.69d —1 


and the function g for exchanging British pounds for Euros is 
given by the formula 


g(p) = 1.28p — 2. 


The subtraction of 1 or 2 in the number of British pounds 
or Euros that you receive is the fee charged by the currency 
exchange service for each transaction. 


57 Is the function describing the exchange of dollars for Eu- 
ros f og or go f? Explain your answer in terms of which 
function is evaluated first when computing a value for a 
composition. 


58 Find a formula for the function given by your answer to 
Problem 57. 
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In Exercises 43-46, find functions f and g, each simpler than 
the given function h, such that h = f og. 


43 h(x) = (x*-1)? 


44 h(x) = Vx2-1 
3 
2 
ad a pre 


In Exercises 47-50, find functions f, g, and h, each simpler 
than the given function T, such that T = f ogoh. 


4 


48 T(x) = V4+x2 
49 T(x) = 6+ /x 
_ 83 

(M74 Vx 


For Exercises 51-56, suppose f is a function and a function g 
is defined by the given expression. 


50 T(x) 


(a) Write g as the composition of f and one or two 
linear functions. 


(b) Describe how the graph of g is obtained from the 
graph of f. 
51 g(x) =3f(x)—-2 
52 g(x) =—4f(x)—7 
53 g(x) = f(5x) 


54 g(x) = f(—$x) 
55 g(x) =2f(3x) +4 
56 g(x) = —5f(—Fx) —8 


59 How many Euros would you receive for exchanging $100 
after going through this two-step exchange process? 

60 How many Euros would you receive for exchanging $200 
after going through this two-step exchange process? 

61 Which process gives you more Euros: exchanging $100 
for Euros twice or exchanging $200 for Euros once? 

62 Suppose f(x) = ax +b and g(x) = cx +d, where a, b,c, 
and d are numbers. Show that fo g = go f if and only if 
d(a—1) = b(c—1). 

63 Suppose f and g are functions. Show that the compo- 
sition f o g has the same domain as g if and only if the 
range of g is contained in the domain of f. 

64 Show that the sum of two even functions (with the same 
domain) is an even function. 

65 Show that the product of two even functions (with the 
same domain) is an even function. 

66 True or false: The product of an even function and an 
odd function (with the same domain) is an odd function. 
Explain your answer. 

67 True or false: The sum of an even function and an odd 
function (with the same domain) is an odd function. Ex- 
plain your answer. 

68 Suppose g is an even function and f is any function. Show 
that f o g is an even function. 
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69 Suppose f is an even function and ¢ is an odd function. 71 Show that if f, g, and h are functions, then 
Show that f o g is an even function. 
(f+g)oh=foh+goh. 


70 Suppose f and g are both odd functions. Is the composi- 


tion f o g even, odd, or neither? Explain. 72 Find functions f, g, and h such that 


folgth)# fog+fon. 


Worked-Out Solutions to Odd-Numbered Exercises 


For Exercises 1-20, evaluate the indicated expression assum- solution 
ing that 0.23-+1 
ae (fo. g)(0.23) = f(9(0.23)) = f(q5349) 
IEE SO) coy Sd) ~ f (0.55157) = V0.55157 ~ 0.74268 
LAG eg) 8) 
3 ; 17 @ (go f)(0.23) 
solution (f + g)(3) = f(3) +3(3) = V3 +5 seleen 
3 (gh)(7) (go f)(0.23) = g( f (0.23) ) = g(V0.23) 
. 8 16 
solution (gh)(7) = g(7)h(7) = 5-6 = ~ ¢(0.47958) = 0.479581 
5 (f) (10) ~ 0.59671 
: f f(10) — 10 
solution (10) = a 
_ Ge n(io) 9 19 @ (ho f)(03) 
7 (fog) solution 
solution (f08)(4) = f(s(4)) = £() = 2 en TEs) tne) 
9 (go f)(4) = (0.547723) = |0.547723 — 1| 
3 = | — 0.452277| = 0.452277 
solution 
(go f)(4) =8(f(4)) 
= 241 3 In Exercises 21-26, for the given functions f and g find formu- 
g(v4) = g(2) 740 | las for (a) f 0 g and (b) go f. Simplify your results as much 
as possible. 
11 (foh)(—3) a f(x) Ss" +1, 2G) = : 
solution solution 
(f oh)(-3) = f(h(-3)) = f(|-3-1)) (a) (fog)(x) = f(9(x)) 
= f(|—4]) = -V4= 
f(|-4l) = f(4) = v4 =2 = ¢(2) 
1,2 
13 (fogoh)(0) =.) ae 
solution = = +1 
(Fogoh)(0) = F(s(H(0))) (v) (go f)(x) = s( Fl) 
= f(s(1)) = £3) = 3 = g(x? +1) 
1 
~ x2 41 


15 @ (fog)(0.23) 


x—-1 


93. f(a) = et g(x) =x2 +2 
solution 
(a) (fog)(x) = f(8(x)) 
= f(x? +2) 
(2) 1 
(x? +2)+1 
= x2 +1 
x2 +3 
(b) (go f)(x) = (f(x)) 
=Car) 
(Ga) 
5 fQ=a—7. w= Fey 
solution 
(a) We have 


_ (#+3)(t+4) — (+4)? 
t+3)*+ (t+4)? 


_ =t-4 
~ 2f 4+ 146425" 


In going from the third line above to the fourth line, both 


numerator and denominator were multiplied by (tf + 4)?. 


(b) We have 


t—1 
=8(7 1) 

t—1 
fait? 
a= 

P41+4 
_ £-1+3(+1) 

t—1+4(#2+1) 
ee 2 
~ Af? 3 


In going from the third line above to the fourth line, both 
numerator and denominator were multiplied by +1. 
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For Exercises 27-36, evaluate the indicated expression assum- 
ing that f, g, and h are the functions completely defined by 
these tables: 


x | f(x) x | g(x) x | h(x) 
1 4 1 1 
2 1 2 2 
a | 2 3 3 
4 2 4 4 
27 (fog)(1) 
solution (fog)(1) = f(g(1)) =f(2)=1 
29 (go f)(1) 
solution (go f)(1) =g(f(1)) =8(4) =3 
31 (fo f)(2) 
solution (fo f)(2) = f(f(2)) = f() =4 
33 (go g)(4) 
solution (go g)(4) = g(g(4)) =8(3) =1 
35 (fogoh)(2) 


solution 


(fogoh)(2) = f(g(A(2)) ) 


37 Find a number D such that fog = 
f(x) =2x+band g(x) =3x+4. 


go f, where 


solution We will compute (f o ¢)(x) and (go f)(x), then 
set those two expressions equal to each other and solve 
for b. We begin with (f 0 ¢)(x): 


(fo3)(x) = f(g(x)) = fx +4) 
=2(3x+4)+b=6x+8+b). 


Next we compute (g 0 f) (x): 


(go f)(x) = ¢( f(x) ) =g(2x +b) 
= 3(2x +b) +4=6x+3b+4. 


Looking at the expressions for (f 0 ¢)(x) and (go f)(x), 
we see that they equal each other if 


8+b=3b+4. 


Solving this equation for b, we get b = 2. 


39 Suppose 
x* +1 3 
h(x) = (= -1) . 
(a) If f(x) = x3, then find a function g such that 
h=fog. 


(b) If f(x) = (x — 1), then find a function ¢ such that 
h= fog. 
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(a) 


(b) 


41 


(a) 


(b) 
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solution 


We want the following equation to hold: h(x) = f( g(x) ). 
Replacing h and f with the formulas for them, we have 


Ce = = 1)’ 2 (g(x))°. 


x— 


Looking at the equation above, we see that we want 
x2 +1 
x-1 


g(x) = 1, 


We want the following equation to hold: h(x) = f( g(x) ). 
Replacing h and f with the formulas for them, we have 
(= +1 


a 1)’ = (g(x) - iy, 


Looking at the equation above, we see that we want 


g(x) = 


x41 
x= 1° 


Suppose 


(a) If g(t) = Paee then find a function f such that 
h= fog. 
(b) If g(t) = 
h=fog. 


solution 


f*, then find a function f such that 


We want the following equation to hold: h(t) = f( g(t) ). 
Replacing h and g with the formulas for them, we have 


a Vea =f (ae): 


Looking at the equation above, we see that we want to 
choose f(t) = 2+ V‘. 

We want the following equation to hold: h(t) = f( g(t) ). 
Replacing h and g with the formulas for them, we have 


24 Veg = f(P). 


Looking at the equation above, we see that we want to 
choose 


In Exercises 43-46, find functions f and g, each simpler than 
the given function h, such that h = f og. 


43 


45 


h(x) = (x — 1)? 


solution The last operation performed in the computa- 
tion of h(x) is squaring. Thus the most natural way to 
write as a composition of two functions f and g is to 
choose f(x) = x*, which then suggests that we choose 
g(x) =x7-1. 


3 
Me) = oe 


solution The last operation performed in the computa- 
tion of h(x) is dividing 3 by a certain expression. Thus 
the most natural way to write h as a composition of two 
functions f and g is to choose f(x) = 3, which then 
requires that we choose g(x) = 2+ x?. 


In Exercises 47-50, find functions f, g, and h, each simpler 
than the given function T, such that T = f ogoh. 


47 


49 


4 


T(x) = —— 
(x) = 53 


solution A good solution is to take 


f(x) = Pe g(x) =5+x, h(x) =x. 
T(x) = V6+ Vx 
solution A good solution is to take 
f(x) =Vx, g(x) =6+x, h(x) = Vx. 


For Exercises 51-56, suppose f is a function and a function g 
is defined by the given expression. 


51 


(a) 


(b) 


53 


(a) 


(b) 


55 


(a) 


(b) 


(a) Write g as the composition of f and one or two 
linear functions. 


(b) Describe how the graph of g is obtained from the 
graph of f. 


solution 
Define a linear function h by 
h(x) = 3x — 2. 


Then g = ho f. 


The graph of g is obtained by vertically stretching the 
graph of f by a factor of 3, then shifting down 2 units. 


g(x) = f (6x) 

solution 

Define a linear function h by 
h(x) = 5x. 


Then g = f oh. 


The graph of ¢g is obtained by horizontally stretching the 
graph of f by a factor of 5 


g(x) = 2f(3x) +4 
solution 
Define linear functions h and p by 
h(x) =2x+4 and p(x) =3x 


Then g =hofop. 


The graph of g is obtained by horizontally stretching the 
graph of f by a factor of 4, then vertically stretching by a 
factor of 2, then shifting up 4 units. 
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1.5 Inverse Functions 


Learning Objectives 


By the end of this section you should be able to 
e determine which functions have inverses; 
e find a formula for an inverse function (when possible); 


e use the composition of a function and its inverse to check that an inverse 
function has been found correctly; 


e find the domain and range of an inverse function. 


The Inverse Problem 


The concept of an inverse function will play a key role in this book in defining roots, 
logarithms, and inverse trigonometric functions. To motivate this concept, we begin 
with some simple examples. 

Suppose f is the function defined by f(x) = 3x. Given a value of x, we can find 
the value of f(x) by using the formula defining f. For example, taking x = 5, we 
see that f(5) equals 15. 

In the inverse problem, we are given the value of f(x) and asked to find the value 
of x. The following example illustrates the idea of an inverse problem. 


Suppose f is the function defined by 


F(x) = 3%: 
(a) Find x such that f(x) = 6. 
(b) Find x such that f(x) = 300. 


(c) For each number y, find a number x such that f(x) = y. 


solution 
(a) Solving the equation 3x = 6 for x, we get x = 2. 


(b) Solving the equation 3x = 300 for x, we get x = 100. 


(c) Solving the equation 3x = y for x, we get x = 3. 


For each number y, part (c) of the example above asks for the number x such 
that f(x) = y. That number x is called f~!(y) (pronounced “f inverse of y”). The 
example above shows that if f(x) = 3x, then f~!(6) = 2 and f~!(300) = 100 and, 
more generally, f-!(y) = 4 for every number y. 

To see how inverse functions can arise in real-world problems, suppose you know 
that a temperature of x degrees Celsius corresponds to 2x + 32 degrees Fahrenheit 
(we will derive this formula in Example 5 in Section 2.1). In other words, you know 
that the function f that converts the Celsius temperature scale to the Fahrenheit 
temperature scale is given by the formula 


f(x) = 2x42. 


If you are given a temperature on the Fahrenheit scale and asked to convert it 
to Celsius, then you are facing the problem of finding the inverse of the function 
above, as shown in the following example. 


Inverse functions will be defined 
more precisely after we work 
through some examples. 


For example, because f(20) = 68, 
this formula shows that 20 degrees 
Celsius corresponds to 68 degrees 
Fahrenheit. 
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The Fahrenheit temperature scale 
was invented around 1712 by the 
German physicist and engineer 
Daniel Fahrenheit. 
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This thermometer shows Celsius 
degrees on the left, Fahrenheit 
degrees on the right. 


The house in what is now the 


Polish city of Gdansk in which 
Daniel Fahrenheit lived as a child. 


(a) Convert 95 degrees Fahrenheit to the Celsius scale. 


(b) For each temperature y on the Fahrenheit scale, what is the corresponding 
temperature on the Celsius scale? 


solution Let P 
f(x) = §x + 32. 


Thus x degrees Celsius corresponds to f(x) degrees Fahrenheit. 


(a) We need to find x such that f(x) = 95. Solving the equation 3x + 32 = 95 for x, 
we get x = 35. Thus 35 degrees Celsius corresponds to 95 degrees Fahrenheit. 


(b) For each number y, we need to find x such that f(x) = y. Solving the equation 
2x +32=y 


for x, we get 
5 
x = 9(y —32). 


Thus 3(y — 32) degrees Celsius corresponds to y degrees Fahrenheit. 


In the example above we have f(x) = 2x +32. For each number y, part (b) of 
the example above asks for the number x such that f(x) = y. We call that number 
f—"(y). Part (a) of the example above shows that f~!(95) = 35; part (b) shows more 
generally that 


fy) = 3(y — 32). 


In this example, the function f converts from Celsius to Fahrenheit, and the function 
f—! goes in the other direction, converting from Fahrenheit to Celsius. 


One-to-one Functions 


To see the difficulties that can arise with inverse problems, consider the function g, 
with domain the set of real numbers, defined by the formula 


ie | ee a 


Suppose we are told that x is a number such that g(x) = 16, and we are asked 
to find the value of x. Of course ¢(4) = 16, but also g(—4) = 16. Thus with the 
information given we have no way to determine a unique value of x such that 
g(x) = 16. Hence in this case an inverse function does not exist. 

The difficulty with the lack of a unique solution to an inverse problem can often 
be fixed by changing the domain. For example, consider the function f, with 
domain the set of nonnegative numbers (a number is called nonnegative if it is 
either positive or 0), defined by the formula 


fx) =x. 


Note that f is defined by the same formula as g in the previous paragraph, but 
these two functions are not the same because they have different domains. Now if 
we are told that x is a number in the domain of f such that f(x) = 16 and we are 
asked to find x, we can assert that x = 4. More generally, given any nonnegative 
number y, we can ask for the number x in the domain of f such that f(x) = y. This 
number x, which depends on y, is denoted f~!(y), and is given by the formula 
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We saw earlier that the function ¢ defined by g(x) = x? (and with domain equal 
to the set of real numbers) does not have an inverse because, in particular, the 
equation g(x) = 16 has more than one solution. A function is called one-to-one if 
this situation does not arise. 


One-to-one 


‘ 4 : 5; , Functions that are one-to-one are 
A function f is called one-to-one if for each number y in the range of f there is precisely the functions that have 


exactly one number x in the domain of f such that f(x) = y. aaperaee. 


For example, the function g, with domain the set of real numbers, defined by 
g(x) = x? is not one-to-one because there are two distinct numbers x in the domain 
of ¢ such that f(x) = 16 (we could have used any positive number instead of 16 to 
show that g is not one-to-one). In contrast, the function f, with domain the set of — The set of nonnegative numbers is 
nonnegative numbers, defined by f(x) = x? is one-to-one. the interval (0, 00). 


The Definition of an Inverse Function 


We are now ready to give the formal definition of an inverse function. 


Inverse function 


Suppose f is a one-to-one function. 


e If y is in the range of f, then f—!(y) is defined to be the number x such 
that f(x) = y. 


e The function f~! is called the inverse function of f. Je =e means x =. 


Example of the short version: 


Here f is the function whose 
domain is the set of nonnegative 
numbers, f(x) = x2, and 


e fl = 6 inal =i 
f My) = xmeans f(x) =y pean 


Se (_Eaurbe > 


(a) Evaluate f~1(11). 


Short version: 


(b) Find a formula for f~!(y). 


solution 


(a) To evaluate f~'(11), we must find the number x such that f(x) = 11. In other 
words, we must solve the equation 2x + 3 = 11. The solution to this equation is 
x = 4. Thus f(4) = 11, and hence f—!(11) = 4. 


(b) Fix a number y. To find a formula for f~!(y), we must find the number x such 
that f(x) = y. In other words, we must solve the equation 


2x+3=y 


for x. The solution to this equation is x = ye. Thus f (BS) = y, and hence 
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The inverse function is not defined If f is a one-to-one function, then for each y in the range of f we have a uniquely 
for a function that is not defined number f~!(y). Thus f~! is itself a function. 
one-to-one. f fo 
as -1 = 
Think of f~! as undoing whatever f f(x) =x+2 | f(y) =y-2 
does. This list gives some examples of a F(x) = 3x a lly) = , 
function f and its inverse f~!. f(x) =x fly) = V9 
f(xj=ve | ftyqr 


The first entry in the list above shows that if f is the function that adds 2 to a 
number, then f —1 is the function that subtracts 2 from a number. 

The second entry in the list above shows that if f is the function that multiplies a 
number by 3, then f~! is the function that divides a number by 3. 

Similarly, the third entry in the list above shows that if f is the function that 
squares a number, then f —1 is the function that takes the square root of a number 
(here the domain of f is assumed to be the nonnegative numbers, so that we have a 
one-to-one function). 

Finally, the fourth entry in the list above shows that if f is the function that takes 
the square root of a number, then f —1 is the function that squares a number (here 
the domain of f is assumed to be the nonnegative numbers, because the square root 
of a negative number is not defined as a real number). 

In Section 1.1 we saw that a function f can be thought of as a machine that takes 
an input x and produces an output f(x). Similarly, we can think of f~! as a machine 
that takes an input f(x) and produces an output x. 


Thought of as a machine, f+ 


reverses the action of f. f (x) x 


f —1 
[>_> 
output 


The procedure for finding a formula for an inverse function can be described as 
follows. 


Finding a formula for an inverse function 


Suppose f is a one-to-one function. To find a formula for f~!(y), solve the 
equation f(x) = y for x in terms of y. 


Example 4 a Ax +5 
f(x) = 


~ 2x+3 
for every x 4 —3. Find a formula for f~1. 
solution To find a formula for f—!(y), we need to solve the equation 


4Ax+5 
2x +3 ~Y 


for x in terms of y. This can be done be multiplying both sides of the equation 
above by 2x + 3, getting 
4x +5 = 2xy + 3y, 


which can then be rewritten as 
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(4—2y)x = 3y —5, 


which can then be solved for x, getting 


— 3y—5 

ee TT 
Thus 3 5 
-1 a. a 


for every y A 2. 


The Domain and Range of an Inverse Function 


The domain and range of a one-to-one function are nicely related to the domain 
and range of its inverse. To understand this relationship, consider a one-to-one 
function f. Note that f~!(y) is defined precisely when y is in the range of f. Thus 
the domain of f~! equals the range of f. 

Similarly, because f~! reverses the action of f, a moment's thought shows that the 
range of f—! equals the domain of f. We can summarize the relationship between 
the domains and ranges of functions and their inverses as follows. 


Domain and range of an inverse function 


If f is a one-to-one function, then 
e the domain of f~! equals the range of f; 


e the range of f~! equals the domain of f. 


Suppose the domain of f is the interval [0,2], with f defined on this domain by the 
equation f(x) = x?. 


(a) What is the range of f? 
(b) Find a formula for the inverse function f—!. 
(c) What is the domain of the inverse function f~'? 


(d) What is the range of the inverse function f~!? 


solution 


(a) The range of f is the interval [0,4] because that interval is equal to the set of 
squares of numbers in the interval [0,2]. 


(b) Suppose y is in the range of f, which is the interval [0,4]. To find a formula 
for f~'(y), we have to solve for x in the equation f(x) = y. In other words, we 
have to solve the equation x? = y for x. The solution x must be in the domain 
of f, which is [0,2], and in particular x must be nonnegative. Thus we have 


x = ,/y. In other words, f~'(y) = \/¥. 


(c) The domain of the inverse function f~! is the interval [0,4], which is the range 
of f. 
The range of the inverse function f —1 is the interval [0,2], which is the domain 


of f. 


(d 


wa 


The equation f(x) = 2 has no 
solution (try to solve it to see why), 
and thus f—!(2) is not defined. 


This example illustrates how the 
inverse function interchanges the 
domain and range of the original 
function. 
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Example 6 


Example: 

(V9 =y 

Vx2 =x 
for all nonnegative numbers x 
and y. Here f is the function 


whose domain is the set of 
nonnegative numbers, f(x) = x*, 


and f~'(y) = /¥. 


Here we start with x as input and 
end with x as output. Thus this 
figure illustrates the equation 


f tef=tl 


The Composition of a Function and Its Inverse 


The following example will help motivate our next result. 


Suppose f is the function whose domain is the set of real numbers, with f defined 
by f(x) = 224-3. 
(a) Find a formula for fo f7!. (b) Find a formula for f~! 0 f. 


solution As we saw in Example 3, f~!(y) = = Thus we have the following: 


(a) (Fo f(y) = F(F1W)) = F(R) =2(4B) +3 = 


2x+3)—3 


b) (fo f)(x) = f-1( F(x) = f 22x +3) = CHE 


Similar equations hold for the composition of any one-to-one function and its 
inverse. 


The composition of a function and its inverse 


Suppose f is a one-to-one function. Then 


e f(f '(y)) =y for every y in the range of f; 


e f-!( f(x) ) =x for every x in the domain of f. 


To see why these results hold, first suppose y is a number in the range of f. Let 
x = f(y). Then f(x) = y. Thus 


fF") =f@) =y 


as claimed above. 
To verify the second conclusion in the box above, suppose x is a number in the 
domain of f. Let y = f(x). Then f~!(y) = x. Thus 


f"(F(x)) =f) =%, 


as claimed. 

Recall that I is the identity function defined by I(x) = x (where we have left the 
domain vague), or we could equally well define I by the equation I(y) = y. The 
results in the box above could be expressed by the equations 


fof sl and pf of=t 


Here the J in the first equation above has domain equal to the range of f (which 
equals the domain of f =F), and the I in the second equation above has the same 
domain as f. The equations above explain why the terminology “inverse” is used 
for the inverse function: f—! is the inverse of f under composition in the sense that 
the composition of f and f~! in either order gives the identity function. 

The figure below illustrates the equation f—! 0 f = I, thinking of f and f~! as 
machines. 


x (x) 2 - 
| f ee £ ; -—___ > 
input output 


We start with x as the input. The first machine produces output f(x), 
which then becomes the input for the second machine. 
When f (x) is input into the second machine, the output is x because the 
second machine, which is based on f—', reverses the action of f. 
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Suppose you need to compute the inverse of a function f. As discussed earlier, 
to find a formula for f~! you need to solve the equation f(x) = y for x in terms of 
y. Once you have obtained a formula for f~!, a good way to check your result is to 
verify one or both of the equations in the box above. 


Suppose 
f(x) = 2x + 32, 


which is the formula for converting the Celsius temperature scale to the Fahrenheit 
scale. We computed earlier that the inverse to this function is given by the formula 


f(y) = 3(y— 32). 


Check that this formula is correct by verifying that f(f~!(y) ) = y for every real 
number y. 


solution To check that we have the right formula for f~!, we compute as follows: 


= §(3(y —32)) +32 
= (y — 32) +32 
=Yy. 


Thus f(f~'(y)) = y, which means that our formula for f~' is correct. If our 
computation of f( f~'(y) ) had simplified to anything other than y, we would know 
that we had made a mistake in computing f—!. 


Comments About Notation 


The notation y = f(x) leads naturally to the notation f—!(y). Recall, however, that 
in defining a function the variable is simply a placeholder. Thus we could use other 
letters, including x, as the variable for the inverse function. For example, consider 
the function f, with domain equal to the set of positive numbers, defined by the 
equation 


However, the inverse function could also be characterized by the formula 


f(x) = Vx. 


Other letters could also be used as the placeholder. For example, we might also 


characterize the inverse function by the formula f~'(t) = V4. 
The notation f~! for the inverse of a function (which means the inverse under 


composition) should not be confused with the multiplicative inverse i In other 


words, f-! # a However, if the exponent —1 is placed anywhere other than 


immediately after a function symbol, then it should probably be interpreted as a 
multiplicative inverse. 


Example 7 


To be doubly sure that we are not 
making an algebraic manipulation 
error, we could also verify that 


f"(F(#)) =* 
for every real number x. However, 
one check is usually good enough. 


Do not confuse f—'(y) with 
(Fly) 
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Example 8 


Notice that the answers to (a), (b), 
and (c) differ from one another. 


Example 9 


Philippides giving news to the 
people of Athens in 490 Bc of the 
Greek victory over Persia at the 
Battle of Marathon. According to 
legend, Philippides ran the 26 
miles from Marathon to Athens, 
leading to our modern term for a 
race of that length. 


Suppose f(x) = x* — 1, with the domain of f being the set of positive numbers. 
(a) Evaluate f~1(8). 


(b) Evaluate (f(8)) 
(c) Evaluate f(8~'). 


-1 


solution 


(a) To evaluate f—!(8), we must find a positive number x such that f(x) = 8. 
In other words, we must solve the equation x? — 1 = 8. The solution to this 
equation is x = 3. Thus f(3) = 8, and hence f—!(8) = 3. 


(b) 


(c) 


1)2 1 63 
=(3) t= gt se 


When dealing with real-world problems, you may want to choose the notation 
to reflect the context. The next example illustrates this idea, with the use of the 
variable d to denote distance and ft to denote time. 


Suppose you ran a marathon (26.2 miles) in exactly 4 hours. Let f be the function 
with domain [0, 26.2] such that f(d) is the number of minutes since the start of the 
race at which you reached distance d miles from the starting line. 


(a) What is the range of f? 
(b) What is the domain of the inverse function f—!? 


(c) What is the meaning of f~!(t) for a number t in the domain of f~!? 


solution 
(a) Because 4 hours equals 240 minutes, the range of f is the interval [0,240]. 


(b) As usual, the domain of f~! is the range of f. Thus the domain of f~! is the 
interval [0,240]. 


(c) The function f~! reverses the roles of the input and the output as compared 
to the function f. Thus f~1(t) is the distance in miles you had run from the 
starting line at time ¢ minutes after the start of the race. 


Exercises 


For Exercises 1-8, check your answer by evaluating the ap- 
propriate function at your answer. 

1 Suppose f(x) = 4x +6. Evaluate f~1(5). 

2 Suppose f(x) = 7x — 5. Evaluate f—!(—3). 


3 Suppose g(x) = te Evaluate g~!(3). 


4 Suppose ¢(x) = x3 . Evaluate ¢~!(2). 
5 Suppose f(x) = 3x +2. Find a formula for f~!. 
6 Suppose f(x) = 8x — 9. Find a formula for a . 
7 Suppose h(t) = jit Find a formula for h~ 

_ 2=3t 1 
8 Suppose h(t) = 7757. Find a formula for h~ 
9 Suppose f(x) =2+ — 


(a) Evaluate f—!(4). 
(b) Evaluate (f(4)) — 
(c) Evaluate f(4~'). 


x+4 
3- pe 2 


(a) Evaluate h—!(9). 
(b) Evaluate (h(9))~’. 
(c) Evaluate h(97!). 


10 Suppose h(x) = 


11 Suppose g(x) = x* +4, with the domain of ¢g being the 
set of positive numbers. Evaluate g~!(7). 


12 Suppose g(x) = 3x? — 5, with the domain of g being the 
set of positive numbers. Evaluate g~!(8). 


13 Suppose h(x) = 5x? +7, where the domain of h is the set 
of positive numbers. Find a formula for h~!. 


14 Suppose h(x) = 3x? — 4, where the domain of h is the set 
of positive numbers. Find a formula for h7!. 


For each of the functions f given in Exercises 15-24: 


(a) Find the domain of f. 
(b) Find the range of f. 

(c) Find a formula for f—1. 
(d) Find the domain of f—'. 
(e) Find the range of f—'. 


You can check your solutions to part (c) by verifying that 
f-10 f =I and fo f—! = I (recall that I is the function 
defined by I(x) = x). 

15 f(x) =3x+5 

16 f(x) =2x-7 


17 fC) =o. 05 
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4 
18 = 
fC) = 53 
2x 
19 = 
F(x) x+3 
3x —2 
ae 4x +5 
if 
21 f(x) = 3x ; x<0 
4x if x>0 
2x if x<0 
22 = 
F(x) fe if x >0 
23 f(x) =x? +8, where the domain of f equals (0,0). 
24 f(x) = 2x? +5, where the domain of f equals (0,00). 


25 @ Suppose f(x) = x° + 2x°. Which of the numbers listed 
below equals f—'(8.10693)? 


Hl; 12, 113; 1A 


[For this particular function, it is not possible to find a formula 
for f-*(y).] 

26 @ Suppose f(x) = 3x° +4x3. Which of the numbers 
listed below equals f—! (0.28672)? 


0.2, 0.3, 0.4, 0.5 


[For this particular function, it is not possible to find a formula 


for f-*(y).] 


For Exercises 27-28, use the U.S. 2016 federal income tax func- 
tion for a single person as defined in Example 2 of Section 1.1. 


27 @ What is the taxable income of a single person who 
paid $10,000 in federal taxes for 2016? 


28 @ What is the taxable income of a single person who 
paid $20,000 in federal taxes for 2016? 


29 Suppose F(x) = x® + 5x”. Evaluate 


(F-1(3))° +5(E-1(3))7. 
30 Suppose G(x) = 9x° — 4x. Evaluate 
9(G-1(6))’ 46-16). 
31 Suppose g(x) = x7 + x3. Evaluate 
(g-1(4))” + (g-1(4))? +1. 
32 Suppose g(x) = 8x? +7x°. Evaluate 


8(g-1(5))? +7(¢-1(5))° 


—3. 


l(y) = 2y +3. Evaluate F(4). 
l(y) = 3y —5. Evaluate F(2). 


33 Suppose F~ 
34 Suppose F~ 
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Problems 


35 


36 


37 


38 


39 


40 


41 


42 


The exact number of meters in y yards is f(y), where f is 
the function defined by 


fly) =0.9144y. 
(a) Find a formula for f~'(m). 
(b) What is the meaning of f—!(m)? 


The exact number of kilometers in M miles is f(M), 
where f is the function defined by 


f(M) = 1.609344M. 


(a) Find a formula for f~'(k). 
(b) What is the meaning of f—!(k)? 


A temperature F degrees Fahrenheit corresponds to g(F) 
degrees on the Kelvin temperature scale, where 


g(F) = 3F + 255.37. 


(a) Find a formula for g~!(K). 
(b) What is the meaning of g~!(K)? 


(c) Evaluate ¢~!(0). (This is absolute zero, the lowest 
possible temperature, because all molecular activity 
stops at 0 degrees Kelvin.) 


Suppose g is the federal income tax function given by 
Example 2 of Section 1.1. What is the meaning of the 
function g ? 


Suppose f is the function whose domain is the set of real 
numbers, with f defined on this domain by the formula 
f(x) = |x +4]. 

Explain why f is not a one-to-one function. 

Suppose g is the function whose domain is the interval 

[—2,2], with g defined on this domain by the formula 
g(x) = (5x7 +3)”, 


Explain why g is not a one-to-one function. 


Show that if f is the function defined by f(x) = mx + b, 
where m # 0, then f is a one-to-one function. 


Show that if f is the function defined by f(x) = mx + b, 
where m # 0, then the inverse function f —l is defined by 


the formula f~!(y) = 1y- o 


43 


44 


45 


46 


47 


48 


49 


50 


51 


52 


53 


Consider the function 4 whose domain is the interval 
[—4,4], with h defined on this domain by the formula 


n(x) = (242). 


Does h have an inverse? If so, find it, along with its 
domain and range. If not, explain why not. 


Consider the function i whose domain is the interval 
[—3,3], with h defined on this domain by the formula 


h(x) = (34x). 


Does ht have an inverse? If so, find it, along with its 
domain and range. If not, explain why not. 


Suppose f is a one-to-one function. Explain why the in- 
verse of the inverse of f equals f. In other words, explain 
why 

Cy =F 


The function f defined by 
fier +x 


is one-to-one (here the domain of f is the set of real num- 
bers). Compute f~'(y) for four different values of y of 
your choice. 

[For this particular function, it is not possible to find a formula 
for f-*(y).] 

Suppose f is a function whose domain equals {2,4,7,8,9} 
and whose range equals {—3,0,2,6,7}. Explain why f is 
a one-to-one function. 


Suppose f is a function whose domain equals {2,4,7,8,9} 
and whose range equals {—3,0,2,6}. Explain why f is 
not a one-to-one function. 


Show that the composition of two one-to-one functions is 
a one-to-one function. 


Give an example to show that the sum of two one-to-one 
functions is not necessarily a one-to-one function. 


Give an example to show that the product of two one-to- 
one functions is not necessarily a one-to-one function. 


Give an example of a function f such that the domain of 
f and the range of f both equal the set of integers, but f 
is not a one-to-one function. 


Give an example of a one-to-one function whose domain 
equals the set of integers and whose range equals the set 
of positive integers. 


Worked-Out Solutions to Odd-Numbered Exercises 


For Exercises 1-8, check your answer by evaluating the ap- 
propriate function at your answer. 


1 


Suppose f(x) = 4x +6. Evaluate f—1(5). 


solution We need to find a number x such that f(x) = 5. 
In other words, we need to solve the equation 


4x+6=5. 


3 


This equation has solution x = -}- Thus we have 
f6)=-7 
check To check that f~1(5) = —4, we need to verify 


that f(-4) = 5. We have 


f(-4) =4(-Z) +6=5, 


as desired. 


Suppose g(x) = ane Evaluate ¢~!(3). 


solution We need to find a number x such that ¢(x) = 3. 


In other words, we need to solve the equation 


x+2 3. 
x+1 


Multiplying both sides of this equation by x + 1 gives the 
equation 


x+2=3% 3, 

which has solution x = —}. Thus ¢~!(3) = —4. 
check To check that g~1(3) = -5, we need to verify 
that g(-3) = 3. We have 

1 3 

yee 
g( 2 ae a ae | = 3, 
2 2 


as desired. 
Suppose f(x) = 3x +2. Find a formula for f~!. 


solution For each number y, we need to find a number 
x such that f(x) = y. In other words, we need to solve 
the equation 

3x+2=y 


for x in terms of y. Subtracting 2 from both sides of the 
equation above and then dividing both sides by 3 gives 


Thus 


for every number y. 


—2 
check To check that f~!(y) = v=, we need to verify 
—2 
that F(5>) = y. We have 


BG) = 3G) +2 


= y, 
as desired. 


Suppose h(t) = ptt Find a formula for h7!. 
solution For each number y, we need to find a number 
t such that h(t) = y. In other words, we need to solve the 
equation 

1+t | 

2-14 
for t in terms of y. Multiplying both sides of this equation 
by 2—¢t and then collecting all the terms with t on one 
side gives 

t+yt=2y—1. 

Rewriting the left side as (1+ y)t and then dividing both 


2y—-1 
sides by 1+ y gives t = Ty Thus 


— 2y-1 


hy) =F 7 


for every number y 4 —1. 


(a) 


(b) 


(c) 


11 
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check To check that h~*(y) = Ty we need to verify 
that h ( ta) = y. We have 
2y—1 
=i 2 ay 
n( ) = : 

1+y 2_ 2y—1 
I+y 


Multiplying numerator and denominator of the expres- 
sion on the right by 1 + y gives 


ny) = 


l+yt+2y—-1 _ 3y 
2+2y—2y+1 3 


as desired. 


—5 
Suppose f(x) = 2+ paw 


(a) Evaluate f~1(4). 
(b) Evaluate (f(4))'. 
(c) Evaluate f(471). 
solution 


We need to find a number x such that f(x) = 4. In other 
words, we need to solve the equation 

x= 9 
x+6 


Subtracting 2 from both sides and then multiplying both 
sides by x + 6 gives the equation 


2+ 4. 


x-5=2x+12, 
which has solution x = —17. Thus f—'(4) = —17. 
Note that 


445 20 1 19 
f(4) =2+ G76 = 10-30 = 10° 


Suppose g(x) = x? +4, with the domain of g being the 
set of positive numbers. Evaluate g~!(7). 


solution We need to find a positive number x such that 
g(x) = 7. In other words, we need to find a positive 
solution to the equation 


P+4=7, 
which is equivalent to the equation 
x? =3. 
The equation above has solutions 
x=V3 and x=—-V3. 


Because the domain of g is the set of positive numbers, 
the value of x that we seek must be positive. The sec- 
ond solution above is negative; thus it can be discarded, 


giving ¢—!(7) = V3. 
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Suppose h(x) = 5x* +7, where the domain of hr is the set 
of positive numbers. Find a formula for hot. 


solution For each number y, we need to find a number 
x such that h(x) = y. In other words, we need to solve 
the equation 

5x7 4+7=y 
for x in terms of y. Subtracting 7 from both sides of the 
equation above and then dividing both sides by 5 and 
taking square roots gives 


where we chose the positive square root because x is 
required to be a positive number. Thus 


for every number y > 7 (the restriction that y > 7 is 
required to ensure that we get a positive number when 
evaluating the formula above). 


For each of the functions f given in Exercises 15-24: 


(a) Find the domain of f. 
(b) Find the range of f. 

(c) Find a formula for f—1. 
(d) Find the domain of f—'. 
(e) Find the range of f—1. 


You can check your solutions to part (c) by verifying that 


ff 


of =I1and fo f~1 = I (recall that I is the function 


defined by I(x) = x). 


15 f(x) =3x+5 


(a) 
(b) 


(c) 


(d) 
(e) 


17 f(x) = 


solution 


The expression 3x + 5 makes sense for all real numbers x. 
Thus the domain of f is the set of real numbers. 


To find the range of f, we need to find the numbers y 
such that 

y=3x+5 
for some x in the domain of f. In other words, we need 
to find the values of y such that the equation above can 
be solved for a real number x. Solving the equation above 
for x, we get 

y—5 

: +37 
The expression above on the right makes sense for every 
real number y. Thus the range of f is the set of real 
numbers. 


The expression above shows that f—! is given by the 
formula 


The domain of f~! equals the range of f. Thus the do- 
main of f—! is the set of real numbers. 


The range of f—! equals the domain of f. Thus the range 
of f—! is the set of real numbers. 


il 
3x+2 


(a) 


(b) 


(c) 


(d) 
(e) 


19 


(a) 


(b) 


solution 


The expression A makes sense except when 


3x +2 = 0. Solving this equation for x gives x = —3. 


Thus the domain of f is the set {x : x # —3}. 
To find the range of f, we need to find the numbers y 


such that , 


y= 3x +2 
for some x in the domain of f. In other words, we need to 
find the values of y such that the equation above can be 
solved for a real number x 4 — R. To solve this equation 
for x, multiply both sides by 3x + 2, getting 

3xy + 2y = 1. 

Now subtract 2y from both sides, then divide by 3y, 
getting 

x= pel ¢ 

3y 

The expression above on the right makes sense for ev- 
ery real number y # 0 and produces a number x # —3 


1-2 
(because the equation 3 — 7 leads to nonsense, as 


you can verify if you try to solve it for y). Thus the range 
of f is the set {y: y AO}. 

The expression above shows that f~! is given by the 
formula 


1-2 

-1/,,) — Y 

The domain of f~! equals the range of f. Thus the do- 
main of f—! is the set {y: y 4 0}. 

The range of f~! equals the domain of f. Thus the range 
of f-! is the set {x:x# —3 : 


solution 


The expression —~ makes sense except when x = —3. 
Thus the domain of f is the set {x : x A —3}. 


To find the range of f, we need to find the numbers y 


such that 
Dx 


4 543 
for some x in the domain of f. In other words, we need to 
find the values of y such that the equation above can be 
solved for a real number x 4 —3. To solve this equation 
for x, multiply both sides by x + 3, getting 


xy + 3y = 2x. 
Now subtract xy from both sides, getting 
3y = 2x — xy = x(2—y). 
Dividing by 2 — y gives 
3y 
x= a 
The expression above on the right makes sense for every 


real number y # 2 and produces a number x 4 —3 (be- 
3 
cause the equation —3 = = leads to nonsense, as you 


y 
can verify if you try to solve it for y). Thus the range of f 


is the set {y: y 2}. 


(d) 
(e) 


21 


(a) 


(b) 


(c) 


(b) 


(c) 
(d) 


(e) 


The expression above shows that f~! is given by the 
formula 4 

-1/,) — 

: Ss 7, 

The domain of f~! equals the range of f. Thus the do- 
main of f—! is the set {y: y 4 2}. 
The range of f~! equals the domain of f. Thus the range 
of f—1 is the set {x : x 4 —3}. 


fe) = Ve if x <0 


4x if x>0 


solution 


The expression defining f(x) makes sense for all real 
numbers x. Thus the domain of f is the set of real num- 
bers. 

To find the range of f, we need to find the numbers y 
such that y = f(x) for some real number x. From the 


definition of f, we see that if y < 0, then y = f (4), and 


if y > 0, then y = f (4). Thus every real number y is in 
the range of f. In other words, the range of f is the set of 
real numbers. 


From the paragraph above, we see that f~! is given by 


the formula 
y 
5 if y<0 
- a ey 
OSs 4 


The domain of f~! equals the range of f. Thus the do- 
main of f—! is the set of real numbers. 

The range of f—! equals the domain of f. Thus the range 
of f—! is the set of real numbers. 


f(x) = x* +8, where the domain of f equals (0,00). 
solution 


As part of the definition of the function f, the domain 
has been specified to be the interval (0,00), which is the 
set of positive numbers. 
To find the range of f, we need to find the numbers y 
such that 

y=x+8 
for some x in the domain of f. In other words, we need 
to find the values of y such that the equation above can 
be solved for a positive number x. To solve this equation 
for x, subtract 8 from both sides and then take square 
roots of both sides, getting 


x= /y—8, 
where we chose the positive square root of y — 8 because 
x is required to be a positive number. 
The expression above on the right makes sense and pro- 
duces a positive number x for every number y > 8. Thus 
the range of f is the interval (8,00). 
The expression above shows that f(y) = \/y— 8. 


The domain of f~! equals the range of f. Thus the do- 
main of f—! is the interval (8,0). 

The range of f~! equals the domain of f. Thus the range 
of f—! is the interval (0,00), which is the set of positive 
numbers. 


25 
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@ Suppose f(x) = x° + 2x°. Which of the numbers listed 
below equals f—'(8.10693)? 


V0, “122,. 2.3; 24 

solution First we test whether or not f—!(8.10693) 
equals 1.1 by checking whether or not f(1.1) equals 
8.10693. Using a calculator, we find that f(1.1) = 4.27251, 


which means that f~!(8.10693) 4 1.1. 


Next we test whether or not f~!(8.10693) equals 1.2 by 
checking whether or not f(1.2) equals 8.10693. Using a 
calculator, we find that f(1.2) = 5.94432, which means 
that f—!(8.10693) A 1.2. 


Next we test whether or not f~!(8.10693) equals 1.3 by 
checking whether or not f(1.3) equals 8.10693. Using a 
calculator, we find that 


f (1.3) = 8.10693, 
which means that f—!(8.10693) = 1.3. 


For Exercises 27-28, use the U.S. 2016 federal income tax func- 
tion for a single person as defined in Example 2 of Section 1.1. 


27 


29 


31 


33 


@ What is the taxable income of a single person who 
paid $10,000 in federal taxes for 2016? 


solution Let g be the income tax function as defined in 
Example 2 of Section 1.1. We need to evaluate g~' (10000). 
Letting t = g~!(10000), this means that we need to solve 
the equation g(t) = 10000 for t. 


Determining which formula to apply requires a bit of 
experimentation. Using the definition of g, we can cal- 
culate that ¢(9275) = 927.50, ¢(37650) = 5183.75, and 
(91150) = 18558.75. Because 10000 is between 5183.75 
and 18558.75, this means that t is between 37650 and 
91150. Thus g(t) = 0.25t — 4228.75. Solving the equation 


0.25t — 4228.75 = 10000 


for t, we get tf = 56915. Thus a single person whose fed- 
eral tax bill was $10,000 had a taxable income of $56,915. 


Suppose F(x) = x® + 5x*. Evaluate 
(F-1(3))° +5(E-1(3))7. 
solution The expression above equals F(F~!(3)), which 
equals 3. 
Suppose g(x) = x’ + x°. Evaluate 


(g-1(4))” + (¢-1(4)) 


ag) 


solution We are asked to evaluate g(g~1(4)) +1. Be- 
cause g(g¢-1(4)) = 4, the quantity above equals 5. 


Suppose F~!(y) = 2y + 3. Evaluate F(4). 
solution If F(4) = y, then 
4=F'y) =2y+3. 


Solving the equation above for y, we have y = A Thus 
F(4) = 4. 


106 Chapter 1 Functions and Their Graphs 


1 2 3 4 


The graphs of x* (orange) and its 
inverse \/x (blue) are symmetric 
about the line y = x (black). 


y 


Flipping (2,1) (orange) across the 
line y = x gives (1,2) (blue). 


Here we are assuming that we are 
working in the xy-plane and that 
the same scale is used on both axes. 


1.6 A Graphical Approach to Inverse Functions 


Learning Objectives 


By the end of this section you should be able to 
e sketch the graph of f~! from the graph of f; 
e use the horizontal line test to determine whether a function has an inverse; 
e recognize increasing functions and decreasing functions; 


e compute an inverse function for a function defined by a table. 


The Graph of an Inverse Function 


We begin with an example that illustrates how the graph of an inverse function is 
related to the graph of the original function. 


Suppose f is the function with domain [0,2] defined by 


f(x) =x. 
What is the relationship between the graph of f and the graph of f—!? 


solution The graph of f is part of the familiar parabola defined by y = x”. The 
range of f is the interval [0,4]. The inverse function f~! has domain [0,4], with 


fn) = ve. 


The graphs of f and f—!, shown here, are symmetric about the line y = x, mean- 
ing that we could obtain either graph by flipping the other graph across this line. 


The relationship above between the graphs of x* and its inverse \/x holds for 
the graphs of any one-to-one function and its inverse. For example, suppose the 
point (2,1) is on the graph of some one-to-one function f. This means that f (2) = 1, 
which is equivalent to the equation f~!(1) = 2, which means that (1,2) is on the 
graph of f—!. The point (1,2) can be obtained by flipping the point (2,1) across the 
line y = x. 

More generally, a point (a,b) is on the graph of a one-to-one function f if and 
only if (b,a) is on the graph of its inverse function f—!. In other words, the graph 
of f~! can be obtained by interchanging the first and second coordinates of each 
point on the graph of f. If we are working in the xy-plane, then interchanging first 
and second coordinates amounts to flipping across the line y = x. 


The graph of a one-to-one function and its inverse 


e A point (a,b) is on the graph of a one-to-one function if and only if (b, a) 
is on the graph of its inverse function. 


e The graph of a one-to-one function and the graph of its inverse are sym- 
metric about the line y = x. 


e Each graph can be obtained from the other by flipping across the line y = x. 


Sometimes an explicit formula cannot be found for f~! because the equation 
f(x) = y cannot be solved for x even though f is a one-to-one function. However, 
even in such cases we can obtain the graph of f—!. 
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Suppose f is the function with domain [0,1] defined by f(x) = }x° + 3x3. Sketch 
the graphs of f and f~!. 


solution The graph of f shown here (in orange) was produced by a computer 
program that can graph a function if given a formula for the function. 

Even though f is a one-to-one function, neither humans nor computers can solve 
the equation 


for x in terms of y. Thus in this case there is no formula for f~! that a computer 
can use to produce the graph of f—!. 

However, we can find the graph of f~! by flipping the graph of f across the line 
y = x (shown in black), producing the blue curve as the graph of f—'. Specifically, 
a typical point on the graph of f has the form (x, 5x° + 3x°) for x in the interval 
(0, 1]. Interchanging the coordinates, we thus see that a typical point on the graph 
of f-! has the form (4x° + 3x3, x) for x in the interval [0,1]. Hence the following 
command in WolframAlpha produces the graph of f~! (without a formula for f~!!). 


(ParametricPlot ( (1/2)x*5 + (3/2)x‘3, x ) from x = 0 to 1] 


Graphical Interpretation of One-to-One 


The graph of a function can be used to determine whether or not the function is 
one-to-one (and thus whether or not the function has an inverse). 


Suppose f is the function with domain [1,4] whose graph is shown here. Is f a 
one-to-one function? 


solution For f to be one-to-one, for each number y there must be at most one 
number x such that f(x) = y. Draw the line y = 2 on the same coordinate plane as 
the graph, as shown below. 


y 
3 L 
2 The line y = 2 intersects the graph of f in three 
points, as shown here. Thus there are three num- 
1+ bers x in the domain of f such that f(x) = 2. 


Hence f is not a one-to-one function. 


The method used above can be used with the graph of any function. 


Horizontal line test 


A function is one-to-one if and only if every horizontal line intersects the graph 
of the function in at most one point. 


If you find even one horizontal line that intersects the graph at more than one 
point, then the function is not one-to-one. However, finding one horizontal line that 
intersects the graph at most once does not imply anything concerning whether or 
not the function is one-to-one. For the function to be one-to-one, every horizontal 
line must intersect the graph at most once. 


1 2 * 
The graph of f— (blue) can be 


obtained by flipping the graph of f 
(orange) across the line y = x. 


The graph of f. 


The functions that have inverses 
are precisely the one-to-one 
functions. Thus the horizontal line 
test can be used to determine 
whether or not a function has an 
inverse. 
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Example 4 


y 
4 L 


R 


The graph of f. 


al 


1 3 
The graph of a function that is 


increasing on the interval [1,3], 
decreasing on the interval [3, 6}. 


Suppose f is the function with domain [—2,2] whose graph is shown here. Is f a 
one-to-one function? 


solution For f to be one-to-one, each horizontal line must intersect the graph 
of f in at most one point. The figure below shows the graph of f along with the 
horizontal lines y = 1 and y = 3. 


The line y = 1 intersects the graph of f at one y 
point, and the line y = 3 does not intersect the [ 
graph, as shown here. Furthermore, as can be seen 
from the figure, each horizontal line intersects the 2} 
graph at most once. Hence we conclude that f is a 
one-to-one function. 


—2 2 


Increasing and Decreasing Functions 


The domain of the function shown here is the interval [1,6]. On the interval [1,3], the 
graph of this function gets higher from left to right; thus we say that this function is 
increasing on the interval [1,3]. On the interval [3,6], the graph of this function gets 
lower from left to right; thus we say that this function is decreasing on the interval 
[3,6]. Here are the formal definitions. 


Increasing on an interval 


A function f is called increasing on an interval if f(a) < f(b) whenever a < b 
and a, b are in the interval. 


Decreasing on an interval 


A function f is called decreasing on an interval if f(a) > f(b) whenever a < b 
and a, b are in the interval. 


The function f whose graph is shown 
here has domain [—1, 6]. 


(a) Find the largest interval on which f is increasing. 
(b) Find the largest interval on which f is decreasing. 


(c) Find the largest interval containing 6 on which f is decreasing. 


solution 
(a) We see that [1,5] is the largest interval on which f is increasing. 
(b) We see that [—1,1] is the largest interval on which f is decreasing. 


(c) We see that [5, 6] is the largest interval containing 6 on which f is decreasing. 
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A function is called increasing if its graph gets higher from left to right on its 
entire domain. Here is the formal definition. 


Increasing function 


A function f is called increasing if f(a) < f(b) whenever a <banda,barein | Sometimes the terms “increasing” 
the domain of f and “decreasing” are used without 


referring to an interval, as 
explained here. 


Similarly, a function is called decreasing if its graph gets lower from left to right 
on its entire domain, as defined below. 


Decreasing function 


A function f is called decreasing if f(a) > f(b) whenever a < b and a, b are in 
the domain of f. 


Shown below are the graphs of three functions; each function is graphed on its E le6 
entire domain. xampie 


The graph of f. The graph of g. The graph of h. 


(a) Is f increasing, decreasing, or neither? 
(b) Is g increasing, decreasing, or neither? 


(c) Is h increasing, decreasing, or neither? 


solution 


(a) The graph of f gets lower from left to right on its entire domain. Thus f is 
decreasing. 


(b) The graph of g gets higher from left to right on its entire domain. Thus g is 
increasing. 


(c) The graph of h gets lower from left to right on part of its domain and gets higher Some functions are neither 
from left to right on another part of its domain. Thus h is neither increasing nor increasing nor decreasing. 
decreasing. 


Every horizontal line intersects the graph of an increasing function in at most 
one point, and similarly for the graph of a decreasing function. The horizontal line 
test thus implies the following result. 


Increasing and decreasing functions are one-to-one 


e Every increasing function is one-to-one. This result implies that a function 
that is either increasing or 


e Every decreasing function is one-to-one. decreasing has an inverse. 
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The graph of a one-to-one function 


ie 


that is neither increasing nor 
decreasing. 


Example 7 


The result above raises the question of whether every one-to-one function must be 
increasing or decreasing. The graph shown here answers this question. Specifically, 
this function is one-to-one because each horizontal line intersects the graph in at 
most one point. However, this function is neither increasing nor decreasing. 

The graph in the example shown here is not one connected piece—you cannot 
sketch it without lifting your pencil from the paper. A one-to-one function whose 
graph consists of just one connected piece must be either increasing or decreasing. 
However, a rigorous explanation of why this result holds requires tools from 
calculus. 

Suppose f is an increasing function and a and b are numbers in the domain of f 
with a < b. Thus f(a) < f(b). Recall that f(a) and f(b) are numbers in the domain 
of f—!. We have 


f"(f(a)) < f-'(F()) 


because f—'( f(a) ) =a and f~—'( f(b) ) = b. The inequality above shows that f~! 
is an increasing function. 

In other words, we have just shown that the inverse of an increasing function 
is increasing. The figure of a function and its inverse in Example 2 illustrates this 
result graphically. A similar result holds for decreasing functions. 


Inverses of increasing and decreasing functions 


e The inverse of an increasing function is increasing. 


e The inverse of a decreasing function is decreasing. 


Inverse Functions via Tables 


For functions whose domain consists of only finitely many numbers, tables provide 
good insight into the notion of an inverse function. 


Suppose f is the function whose domain is the set of four numbers {/2,8, 17,18}, 
with the values of f given in the table shown here. 


(a) What is the range of f? 
(b) Explain why f is a one-to-one function. 


(c) What is the table for the function f—!? 


solution 


(a) The range of f is the set of numbers appearing in the second column of the 
table defining f. Thus the range of f is the set {3, —5,6,1}. 


(b) A function is one-to-one if and only if each number in its range corresponds 
to only one number in the domain. This means that a function defined by a 
table is one-to-one if and only if no number is repeated in the second column of 
the table defining the function. Because the second column of the table above 
contains no repetitions, we conclude that f is a one-to-one function. 

(c) To evaluate f~!(3), we need to find a number x such that f(x) = 3. Looking 
in the table above at the column labeled f(x), we see that f(/2) = 3. Thus 
f-1(3) = V2, which means that in the table for f~! the positions of V2 and 3 
should be interchanged from their positions in the table for f. 

More generally, the table for f—! is obtained by interchanging the columns in 
the table for f, producing the table shown here. 
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The ideas used in the example above apply to any function defined by a table. 


Inverse functions via tables 


Suppose f is a function defined by a table. Then: Here we are assuming, as usual 


throughout this book, that the 
e f is one-to-one if and only if the table defining f has no repetitions in the iehane in the domain of f are 


second column. listed in the first column of the 


table, with the corresponding 


e If f is one-to-one, then the table for f—! is obtained by interchanging the values of f in the second column 


columns of the table defining f. 


Exercises ee 
For Exercises 1-12, use the following graphs: 14 Suppose f(x) = x* — 3x. Which of the following points 
is on the graph of f—!? 


(2,1), (-1,4), (4,-1) 
For Exercises 15-38 suppose f and g are functions, each with 


domain of four numbers, with f and g defined by the tables 
below: 


f(x) g(x) 


The graph of f. The graph of g. 


Here f has domain [0,4] and g has domain [—1,5]. 


x x 
1 2 
2 3 
3 4 
4 5 


wN UO 


1 What is the largest interval contained in the domain of f 
on which f is increasing? 

2 What is the largest interval contained in the domain of g 15 What is the domain of f? 
on which g is increasing? 16 What is the domain of g? 


3 Let F denote the function obtained from f by restricting 17 What is the range of f? 
the domain to the interval in Exercise 1. What is the 18 


4 in of E712 What is the range of g? 
omain o 2 


19 Sketch the graph of f. 


4 Let G denote the function obtained from g by restricting 20 Sketch the h of 
graph of g. 


the domain to the interval in Exercise 2. What is the 


domain of G~!? 21 Give the table of values for f—!. 
5 With F as in Exercise 3, what is the range of F~!? 22 Give the table of values for g~'. 
6 With G as in Exercise 4, what is the range of G~!? 23 What is the domain of f~'? 
7 What is the largest interval contained in the domain of f 24 What is the domain of g~!? 

on which f is decreasing? 25 What is the range of f—!? 


8 What is the largest interval contained in the domain of g 26 What is the range of gl? 


on which g is decreasing? 27 Sketch the graph of f7}. 
9 Let H denote the function obtained from f by restricting 28 Sketch the graph of g~!. 
the domain to the interval in Exercise 7. What is the . 4 
domain etn 29 Give the table of values for f~* o f. 


: -1 
10 Let J denote the function obtained from g by restricting ob) Give me table et values toro: 


the domain to the interval in Exercise 8. What is the 31 Give the table of values for f o f~!. 
domain of J~!? 32 Give the table of values for go g7!. 
11 With H as in Exercise 9, what is the range of H~!? 33 Give the table of values for fo g. 
12 With J as in Exercise 10, what is the range of J~!? 34 Give the table of values for go f. 
13 Suppose f(x) = x° + x. Which of the following points is 35 Give the table of values for (fo g)~1. 
on the graph of f~1? 36 Give the table of values for (go f)~1. 
(4,1), (2,10), (10,2) 37 Give the table of values for g~! 0 f~!. 


38 Give the table of values for f are) ae 
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Problems 


39 


40 


41 


42 


43 


44 


45 


46 


Suppose f is the function whose domain is the interval 
[—2,2], with f defined by the following formula: 


f(x)= =| if -2<%<0 
~ jax if O<x<2. 


(a) Sketch the graph of f. 


(b) Explain why the graph of f shows that f is not a 
one-to-one function. 


(c) Give an explicit example of two distinct numbers a 
and b such that f(a) = f(b). 


Draw the graph of a function that is increasing on the 
interval [—2,0] and decreasing on the interval [0,2]. 


Draw the graph of a function that is decreasing on the 
interval [—2, 1] and increasing on the interval [1,5]. 


Give an example of an increasing function whose domain 
is the interval [0,1] but whose range does not equal the 


interval [f(0), f(1)]. 


Show that the sum of two increasing functions is increas- 
ing. 

Give an example of two increasing functions whose prod- 
uct is not increasing. 

[Hint: There are no such examples where both functions 
are positive everywhere.] 


Give an example of two decreasing functions whose prod- 
uct is increasing. 

Show that the composition of two increasing functions is 
increasing. 


47 


48 


49 


50 


51 


Explain why it is important as a matter of social policy 
that the income tax function g in Example 2 of Section 1.1 
be an increasing function. 


Suppose the income tax function in Example 2 of Sec- 
tion 1.1 is changed so that 


g(x) =0.15x—500 if 9275 < x < 37650, 


with the other parts of the definition of ¢ left unchanged. 
Show that if this change is made, then the income tax 
function g would no longer be an increasing function. 


Suppose the income tax function in Example 2 of Sec- 
tion 1.1 is changed so that 


g(x) =0.14x — 463.75 if 9275 < x < 37650, 


with the other parts of the definition of ¢ left unchanged. 
Show that if this change is made, then the income tax 
function g would no longer be an increasing function. 


Explain why an even function whose domain contains a 
nonzero number cannot be a one-to-one function. 


The solutions to Exercises 35 and 37 are the same, sug- 
gesting that 


(fog) t=g tof. 
Explain why the equation above holds whenever f and g 


are one-to-one functions such that the range of g equals 
the domain of f. 


Worked-Out Solutions to Odd-Numbered Exercises 


For Exercises 1-12, use the following graphs: 


The graph of f. 


The graph of g. 


Here f has domain [0,4] and g has domain [—1,5]. 


1 


What is the largest interval contained in the domain of f 
on which f is increasing? 


solution As can be seen from the graph, [3,4] is the 
largest interval on which f is increasing. 


As usual when obtaining information solely from graphs, 
this answer (as well as the answers to the other parts of 
this exercise) should be considered an approximation. An 
expanded graph at a finer scale might show that [2.99, 4] 
or [3.01,4] would be a more accurate answer than [3,4]. 


Let F denote the function obtained from f by restricting 
the domain to the interval in Exercise 1. What is the 
domain of F~!? 


11 


solution The domain of F~! equals the range of F. Be- 
cause F is the function f with domain restricted to the 
interval [3, 4], we see from the graph above that the range 
of F is the interval [—3, —2]. Thus the domain of F~! is 
the interval [—3, —2]. 


With F as in Exercise 3, what is the range of F —19 


solution The range of Fo} equals the domain of F. Thus 
the range of F ~1 is the interval [3,4]. 


What is the largest interval contained in the domain of f 
on which f is decreasing? 


solution As can be seen from the graph, [0,3] is the 
largest interval on which f is decreasing. 


Let H denote the function obtained from f by restricting 
the domain to the interval in Exercise 7. What is the 
domain of H~!? 


solution The domain of H~! equals the range of H. Be- 
cause H is the function f with domain restricted to the 
interval [0,3], we see from the graph above that the range 
of H is the interval [—3,1]. Thus the domain of H~! is 
the interval [—3, 1]. 


With H as in Exercise 9, what is the range of H —19 


13 


solution The range of H-1 equals the domain of H. 
Thus the range of H~! is the interval [0,3]. 


Suppose f(x) = x° + x. Which of the following points is 
on the graph of f~!? 


(4,1), (2, 10), (10, 2) 
solution A point (c,d) is on the graph of | if and only 


if f-'(c) = d, which happens if and only if f(d) = c. 
Thus to check whether (4,1) is on the graph of f~!, we 
ask whether f(1) equals 4. However, f(1) = 2; thus (4,1) 
is not on the graph of f—!. Similarly, f(10) = 1010; thus 
(2,10) is not on the graph of f~!. However, f(2) = 10; 
thus (10,2) is on the graph of fos 


For Exercises 15-38 suppose f and g are functions, each with 
domain of four numbers, with f and g defined by the tables 
below: 


15 


17 


19 


21 


f(x) 


x 
1 
2 
3 
4 


What is the domain of f? 


solution The domain of f equals the set of numbers in 
the left column of the table defining f. Thus the domain 
of f equals {1,2,3,4}. 


What is the range of f? 


solution The range of f equals the set of numbers in the 
right column of the table defining f. Thus the range of f 
equals {2,3,4,5}. 


Sketch the graph of f. 


solution The graph of f consists of all points of the form 
(x, f(x)) as x varies over the domain of f. Thus the graph 
of f, shown below, consists of the four points (1,4), (2,5), 
(3,2), and (4,3). 


Give the table of values for f =i, 


solution The table for the inverse of a function is ob- 
tained by interchanging the two columns of the table for 
the function (after which one can, if desired, reorder the 
rows, as has been done below): 
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23 


25 


27 


29 


31 


113 


What is the domain of f~!? 


solution The domain of f~! equals the range of f. Thus 
the domain of f~! is the set {2,3,4,5}. 


What is the range of f—!? 


solution The range of f—! equals the domain of f. Thus 
the range of f ‘is the set {1,2,3,4}. 


Sketch the graph of f ae 


solution The graph of f~! consists of all points of the 
form (x, f-!(x)) as x varies over the domain of f~!. Thus 


the graph of f —! shown below, consists of the four points 
(4,1), (5,2), (2,3), and (3,4). 


Give the table of values for f—! 0 f. 


solution We know that f—!o f is the identity function 
on the domain of f; thus no computations are neces- 
sary. However, because this function f has only four 
numbers in its domain, it may be instructive to compute 
(f-!o f)(x) for each value of x in the domain of f. Here 
is that computation: 


(f *of)() =f *(F0 
(f-*0 fy) =F (F 
(f- 0 f)(3) = f-*(F( 
(fto f)(4) =f (F(A 


Thus, as expected, the table of 
values for f—! 0 f is as shown 
here. 


Give the table of values for f o f a1 


solution We know that f o f~! is the identity function 
on the range of f (which equals the domain of f 1); thus 
no computations are necessary. However, because this 
function f has only four numbers in its range, it may be 
instructive to compute (f o f~')(y) for each value of y in 
the range of f. Here is that computation: 
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Ger 2)=f(F '"@) =76 
(fof—")(3) = f(f-'(3)) = f(4 

(fof ")(4) =f(F- (4) =f 

(fof )®) =f(f'®)) =fe 

Yl 

Thus, as expected, the table of 2 
values for f o f~! is as shown 3 
here. 4 
5 


Give the table of values for f o g. 


solution We need to compute (f o g)(x) for every x in 


the domain of g. Here is that computation 


(f o8)(2) = f(g(2)) 


Thus the table of values for f o g is 
as shown here. 


f(3) =2 


35 


37 


Give the table of values for (fo g)~!. 


solution The table of values for (f 0 g)~! is obtained 
by interchanging the two columns of the table for (f o g) 
(after which one can, if desired, reorder the rows, as has 


been done below). 


Thus the table for (f o g)~! is as 
shown here. 


Give the table of values for ¢~! 0 f—!. 


solution We need to compute (g~! 0 f~ 


) 


y) for every 


y in the domain of f—!. Here is that computation: 


(g tof )(2)=s (f"2)) =8 
(g of ")3)=s 1 (f'(8)) =¢7 
(g tof )4) =e (f74) =87 
(g tof ")(6)=s (f"6)) =" 
| (g 


3 


4 


2 
=4 
5 
3 


) 
) 
1) 
2) 


Thus the table of values for 
g-!o f—! is as shown here. 
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Chapter Summary 


To check that you have mastered the most important concepts and skills covered in this chapter, 
make sure that you can do each item in the following list: 


e Explain the concept of a function, including its 
domain. 


e Define the range of a function. 
e Locate points on the coordinate plane. 


e Explain the relationship between a function and 
its graph. 

e Determine the domain and range of a function 
from its graph. 


e Use the vertical line test to determine if a curve 
is the graph of some function. 


e Determine whether a function transformation 
shifts the graph up, down, left, or right. 


e Determine whether a function transformation 
stretches the graph vertically or horizontally. 


e Determine whether a function transformation 
flips the graph vertically or horizontally. 


e Determine the domain, range, and graph of a 
transformed function. 


Determine whether a function is even or odd or 
neither. 


Compute the composition of two functions. 


Write a complicated function as the composition 
of simpler functions. 


Explain the concept of an inverse function. 
Explain which functions have inverses. 


Find a formula for an inverse function (when 
possible). 


Sketch the graph of f~! from the graph of f. 


Use the horizontal line test to determine whether 
a function has an inverse. 


Construct a table of values of f~! from a table of 
values of f. 


Recognize from a graph whether a function 
is increasing or decreasing or neither on an 
interval. 


To review a chapter, go through the list above to find items that you do not know how to do, then reread the material in 
the chapter about those items. Then try to answer the chapter review questions below without looking back at the chapter. 


Chapter Review Questions 


1 


Suppose f is a function. Explain what it means to say 
that 3 is in the domain of f. 


Suppose f is a function. Explain what it means to say 
that 3 is in the range of f. 


Write the domain of 
x’ +4 
(x + 2)(x — 3) 
as a union of intervals. 
Give an example of a function whose domain consists of 


seven numbers and whose range consists of three num- 
bers. 


Give an example of a function whose domain is the set of 
real numbers and whose range is not an interval. 


6 


10 


Suppose f is defined by f(x) = x?. 


(a) What is the range of f if the domain of f is the 
interval [1,3]? 

What is the range of f if the domain of f is the 
interval [—2, 3]? 

What is the range of f if the domain of f is the set 
of positive numbers? 

What is the range of f if the domain of f is the set 
of negative numbers? 

What is the range of f if the domain of f is the set 
of real numbers? 


(d) 


(e) 


Explain how to find the domain of a function from its 
graph. 


Explain how to find the range of a function from its graph. 
Explain why no function has a graph that is a circle. 


Explain how to use the vertical line test to determine 
whether or not a curve in the plane is the graph of some 
function. 
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Sketch a curve in the coordinate plane that is not the 
graph of any function. 


For Questions 12-19, assume f is the function defined on the 
interval [1,3] by the formula 


1 


PO) = aaa pS" 


The domain of f is the interval [1,3], the range of f is the 


interval [}, 3], and the graph of f is shown below. 
y 
4/37 
1 L 
The graph 
1/3 of f. 


bp 
Ni wr 
Les) 


For each function g described below: 


12 


13 


14 


15 


16 


17 


18 


19 


20 


(a) Sketch the graph of g. 


(b) Find the domain of g (the endpoints of this inter- 
val should be shown on the horizontal axis of your 
sketch of the graph of g). 


(c) Give a formula for g. 


(d) Find the range of g (the endpoints of this interval 
should be shown on the vertical axis of your sketch 


of the graph of g). 


The graph of g is obtained by shifting the graph of f up 
2 units. 

The graph of g is obtained by shifting the graph of f 
down 2 units. 

The graph of g is obtained by shifting the graph of f left 
2 units. 

The graph of g is obtained by shifting the graph of f right 
2 units. 


The graph of g is obtained by vertically stretching the 
graph of f by a factor of 3. 


The graph of g is obtained by horizontally stretching the 
graph of f by a factor of 2. 

The graph of g is obtained by flipping the graph of f 
across the horizontal axis. 

The graph of g is obtained by flipping the graph of f 
across the vertical axis. 


Suppose f is a one-to-one function with domain [1,3] and 
range [2,5]. Define functions g and h by 


g(t) =3f(t) and h(t) = f(4t). 
What is the domain of g? 
What is the range of g? 
(c) What is the domain of h? 
(d) What is the range of h? 
(e) What is the domain of f le 
(f) What is the range of f =19 


21 


22 


23 


24 


25 


26 


27 


28 


29 


30 


31 


32 


33 


Suppose f is a one-to-one function such that the point 
(3,2) is on the graph of f. Which two of the following 
statements must be true? 


(a) f(2)=3 
(b) (3) =2 
(c) f-i(2) =3 
(d) f-7(3) =2 


Suppose the domain of f is the set of four numbers 
{1,2,3,4}, with f defined by the table shown here. Draw 
the graph of f. 


Show that the sum of two odd functions is also an odd 
function. 


Explain why the product of two odd functions is an even 
function. 


Define the composition of two functions. 


Suppose f and g are functions. Explain why the domain 
of f og is contained in the domain of g. 


Suppose f and g are functions. Explain why the range of 
f°g is contained in the range of f. 


Suppose f is a function and ¢ is a linear function. Explain 
why the domain of go f is the same as the domain of f. 


Suppose 


(a) Find a function f such that h = fog. 
(b) Find a function f such that h = go f. 


Suppose 
x2 +43 
f(x) = Sas: 


Find two functions g and h, each simpler than f, such 
that f = goh. 


Find a number c such that the function g defined by 
g(t) =2t+c 
has the property that (go g)(3) = 17. 


Explain how to use the horizontal line test to determine 
whether or not a function is one-to-one. 


Draw the graph of a function that is decreasing on the 
interval [1,2] and increasing on the interval [2,5]. 


For Questions 34-39, suppose 


34 


35 


36 


37 


38 


39 


40 


41 


42 


43 


44 


h(x) = |2x+3|+27 and f(x) =3x—5. 


Evaluate (F)(-2). 

Find a formula for (f + )(4+f). 
Evaluate (ho f)(3). 

Evaluate (f 0 h)(—4). 

Find a formula for ho f. 


Find a formula for f oh. 


Suppose a, 
fe) Fae 
Evaluate f—1!(—5). 
Suppose 
g(x) =34+ ae 


Find a formula for g~!. 


Suppose f is a one-to-one function. Explain the relation- 
ship between the graph of f and the graph of f—!. 


Suppose f is a one-to-one function. Explain the relation- 
ship between the domain and range of f and the domain 
and range of f—!. 


Explain the different meanings of the notations f~!(x), 


(f(x), and fix"). 
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The function f defined by 
f(x) = 42x°42 


is an increasing function and thus is one-to-one (here the 
domain of f is the set of real numbers). 


(a) Evaluate f~( f(1) ) 

(b) Evaluate f( f~1(4)). 

(c) Compute f~'(y) for four different values of y of your 
choice. 


Make up a table that defines a one-to-one function g 
whose domain consists of five numbers. 

(a) Sketch the graph of g. 

(b) Give the table for g~!. 

(c) Sketch the graph of got, 

The exact number of yards in c centimeters is f(c), where 
f is the function defined by 


ie) = nae 


(a) Find a formula for f~'(y). 
(b) What is the meaning of f~!(y)? 


A sign at the currency exchange booth in the Rome air- 
port states that if you exchange d dollars you will receive 
f(d) Euros, where f is the function defined by 


f(d) = 0.88d — 3. 


Here 0.88 represents the exchange rate and the subtraction 
of 3 represents the commission of the currency exchange 
booth. Suppose you want to end up with 200 Euros. 


(a) Explain why you should compute f~'(200). 
(b) Evaluate f—'(200). 


- 
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Linear, Quadratic, Polynomial, 
and Rational Functions 


In this chapter we focus on four important special classes of functions. 

Linear functions form our first special class of functions. Lines and their slopes, 
although simple concepts, have immense importance. 

We then turn to quadratic functions, our second class of special functions. We 
will see how to complete the square and solve quadratic equations. Quadratic 
expressions will lead us to the conic sections: parabolas, ellipses, and hyperbolas. 
We will learn how to find the vertex of a parabola, and we will see the geometric 
properties of ellipses and hyperbolas. 

Then we will take a brief diversion to study exponents. We will see why x° is 
defined to be 1, why x~" is defined to be at, and why x1/™ is defined to be the 
number whose m'" power equals x. 

Our work with exponents will allow us to deal with the polynomial functions, 
our third special class of functions. We will see how to determine the behavior of a 
polynomial near =oo. 

From polynomials we will move on to rational functions, our fourth special class 
of functions. We will learn how to divide polynomials, and we will see that the 
graph of a rational function can have asymptotes. 
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Chapter 
2 


Statue of the Persian 
mathematician and poet Omar 
Khayyam, whose algebra book 
written in 1070 contained the first 
serious study of cubic polynomials. 
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Similar triangles. 


“When I was young I liked 
mathematics. When this became 
too difficult for me I took to 
philosophy and when philosophy 
became too difficult I took to 
politics.” 
—BERTRAND RUSSELL (winner of 
Nobel Prize in Literature, 1950) 


2.1 Lines and Linear Functions 


Learning Objectives 


By the end of this section you should be able to 
e find the slope of a line; 
e find the equation of a line given its slope and a point on it; 
e find the equation of a line given two points on it; 


e find the equation of a line parallel to a given line and containing a given 
point; 


e find the equation of a line perpendicular to a given line and containing a 
given point. 


Slope 


Consider a line in the xy-plane, along with four points (x1, 41), (%2,Y2), (x3,y3), and 
(x4,y4) on the line. Draw two right triangles with horizontal and vertical edges as 
below. 

y 


(x4, Ya) 


Ya — y3 


(x1,41) 


x2 — X41 


x 


The two right triangles in the figure above are similar because their angles are 
equal. Thus the ratios of the corresponding sides of the two triangles are equal. 
Taking the ratio of the vertical side and horizontal side for each triangle, we have 


Y2-¥1 _ Ya — 3 
x2 — X1 x4 — X3 


Y27V1 
x2—-xX 
does not depend on the particular pair of points chosen on the line. If we choose 
another pair of points on the line, say (x3,y3) and (x4,y4) instead of (x1,y1) and 
(X2,Y2), then the difference of second coordinates divided by the difference of first 
coordinates remains the same. 
We have shown that the ratio 


Thus for any pair of points (x1,y1) and (x2,y2) on the line, the ratio 


yo27"1 
x2—-xX 
not on the particular points (x1, 41) and (x2, y2) chosen on the line. This number is 
called the slope of the line. 


is anumber depending only on the line and 


If (x1,y1) and (x2,y2) are any two points on a line with x; # x2, then the slope 


of the line is 
Yo— 91 
0 
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Find the slope of the line containing the points (2,1) and (5,3). 


solution The line containing (2,1) and (5,3) is shown here. The slope of this line 
is =, which equals Z. 


A line with positive slope slants up from left to right; a line with negative slope 
slants down from left to right. Lines whose slopes have larger absolute value are 
steeper than lines whose slopes have smaller absolute value. The figure below shows 
some lines and their slopes; the same scale has been used on both axes. 


slope = 2 
slope = 
1 
slope = 5 
1 
slope = -5 
slope = —1 
slope = —2 


The horizontal axis has slope 0, as does every horizontal line. Vertical lines, 
including the vertical axis, do not have a slope, because a vertical line does not 
contain two points (x1, 1) and (x2,y2) with x; A x2. 


The Equation of a Line 


Consider a line with slope m, and suppose (x1,¥1) is a point on this line. Let (x,y) 
denote any other point on the line, as shown here. 
Because this line has slope m, we have 


xX — XxX 


Multiplying both sides of the equation above by x — x1, we get the following formula. 


The equation of a line, given its slope and one point on it 


The line in the xy-plane that has slope m and contains the point (x1, y1) is given 
by the equation 


VV — ieee 


The equation above can be solved for y to get an equation of the line in the form 
y = mx + b, as shown in the next example. 
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1 2 3 4 5 6 


. . 2: 
This line has slope 3. 


(x14) 


122 Chapter 2 Linear, Quadratic, Polynomial, and Rational Functions 


The line with slope : that contains 
the point (4,1). 


The point where a line intersects 
the y-axis is often called the 
y-intercept. 


Line containing (2,4) and (5,1). 


Find the equation of the line in the xy-plane that has slope 4 and contains (4,1). 


solution In this case the equation above becomes y — 1 = 4(x — 4). Adding 1 to 
both sides and simplifying, we get 


y=gx-1 


As a special case of finding the equation of a line when given its slope and one 
point on it, suppose we want to find the equation of the line in the xy-plane with 
slope m that intersects the y-axis at the point (0,0). In this case, the formula above 
becomes 

y—b=m(x—0). 


Solving this equation for y, we have the following result. 


The equation of a line, given its slope and y-intercept 


The line in the xy-plane with slope m that intersects the y-axis at (0,b) is given 
by the equation 
OF = tile +E 


Suppose that we want to find the equation of the line containing two specific 
points. We can reduce this problem to a problem we have already solved by 
computing the slope of the line and then using a previous result. 

Specifically, suppose we want to find the equation of the line containing the 
points (x1,¥ ) and (x2,y2), where x; 4 X2. This line has slope 


y2— 1 
x2 — x1 


Thus our formula for the equation of a line when given its slope and one point on it 
gives the following result. 


The equation of a line, given two points on it 


The line in the xy-plane that contains the points (x1,y1) and (x2,y2), where 


x1 # Xo, is given by the equation 


yon = (22) em, 


Find the equation of the line in the xy-plane that contains the points (2,4) and (5,1). 


solution In this case the equation above becomes 


Solving this equation for y, we get 


y=—-x+6. 


check If we take x = 2 in the equation above, we get y = 4, and if we take x =5 
in the equation above, we get y = 1. Thus the points (2,4) and (5,1) are indeed on 
this line. 


Section 2.1 


We have seen that a line in the xy-plane with slope m is characterized by the 
equation y = mx + b, where b is some number. To restate this conclusion in terms 
of functions, let f be the function defined by 


f(x) =mx +b, 


where m and b are numbers. Then the graph of f is a line with slope m. Functions 
of this form are so important that they have a name—linear functions. Although we 
gave this definition in Section 1.4, it is sufficiently important to be worth repeating 
here. 


Linear function 


A linear function is a function f of the form 
f(x) = mx + b, 
where m and b are numbers. 


Conversion between different units of measurement is usually done by a linear 
function, as shown in the next two examples. 


A pound is officially defined to be exactly 0.45359237 kilograms. 


(a) Find a function f such that f(p) is the weight in kilograms of an object weighing 
p pounds. 


(b) What is the interpretation of the inverse function f~!? 


(c) Find a formula for the inverse function f aa 


solution 


(a) Start with the equation 
1 pound = 0.45359237 kilograms. 
Multiply both sides by p, getting 
p pounds = 0.45359237p kilograms. 
Thus the desired function is given by the formula 


f (p) = 0.45359237p. 


(b) The function f converts pounds to kilograms. Thus the inverse function f~! 
converts kilograms to pounds. Specifically, f~!(k) is the weight in pounds of 
an object weighing k kilograms. 


(c) Solving the equation k = 0.45359237p for p, we get p = masses: Thus 


k 
-1 

————————— 
P= dag350037 


Lines and Linear Functions 


Differential calculus focuses on 
approximating an arbitrary 
function on a small part of its 
domain by a linear function. 


Example 4 


Because 


1 
045359237 ~ 2.20462, 
the approximate formula 
f \(k) = 2.2k is often used to 
convert kilograms to pounds in 
place of the exact formula given 
here. 
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The Celsius temperature scale is 
named in honor of the 18'"-century 
Swedish astronomer Anders 
Celsius, who originally proposed a 
temperature scale with 0 as the 
boiling point of water and 100 as 
the freezing point. Later this was 
reversed, giving us the familiar 
scale in which higher numbers 
correspond to hotter temperatures. 


212 fF 


32 


x 


100 
The graph of the function f that 
converts Celsius to Fahrenheit. 


Notice that f (0) = 32 and 
f(100) = 212. 


Most quantities such as weights, lengths, and currency have the same zero point 
regardless of the units used. For example, without knowing the conversion rate, 
you know that 0 centimeters is the same length as 0 inches. Conversion between 
temperature scales is unusual because the zero temperature on one scale does not 
correspond to the zero temperature on another scale. 

The next example shows how to find a formula for converting from Celsius 
temperatures to Fahrenheit temperatures. 


Find the function f such that f(x) equals the temperature on the Fahrenheit scale 
corresponding to temperature x on the Celsius scale. 


solution Changing from one system of units to another system of units is modeled 
by a linear function. Thus f has the form 


f(x) =mx +b 


for some numbers m and b. 

To find m and 5, recall that the freezing temperature of water equals 0 degrees 
Celsius and 32 degrees Fahrenheit; also, the boiling point of water equals 100 
degrees Celsius and 212 degrees Fahrenheit. Thus 


f(0) =32 and f(100) = 212. 


But f(0) = b, and thus b = 32. Now we know that f(x) = mx +32. Hence 
f (100) = 100m + 32. Setting this last quantity equal to 212 and then solving for m 
shows that m = 2. Thus 


f(x) = 2x +32. 


A special type of linear function is obtained when considering functions of the 
form f(x) = mx +b with m = 0. 


Constant function 


A constant function is a function f of the form 


where b is a number. 


The graph of a constant function is a horizontal line, which has slope 0. 


3r 


; : : es 

1 2 3 4 

The orange horizontal line is the graph of the constant 
function f defined by f(x) = 2 0n the interval [0,4]. 


Section 2.1 


Parallel Lines 


Consider two parallel lines in the coordinate plane, as shown here. Because the two 
lines are parallel, the corresponding angles in the two right triangles are equal, and 
thus the two right triangles are similar. This implies that 


Because zB is the slope of the top line and d is the slope of the bottom line, we 
conclude that these parallel lines have the same slope. 

The logic used in the paragraph above is reversible. Specifically, instead of 
starting with the assumption that the two lines in the figure above are parallel, 


suppose we start with the assumption that the two lines have the same slope. Thus 


bd are: ; ; ce 
a= which implies that the two right triangles in the figure above are similar. 


Hence the two lines make equal angles with the horizontal axis, which implies that 
the two lines are parallel. 

The figure and reasoning above do not work if both lines are horizontal or both 
lines are vertical. But horizontal lines all have slope 0, and slope is not defined for 
vertical lines. Thus we summarize our characterization of parallel lines as follows. 


For example, the lines 


y=4x—5 and y=4x+9 
are parallel (both have slope 4). As another example, the lines 
y=6x+5 and y=7x+5 


are not parallel (the first line has slope 6; the second line has slope 7). 


Find the equation of the line that contains the point (1,1) and that is parallel to the 
line containing the points (2,2) and (4,1). 


2-1 1 


solution The line containing (2,2) and (4,1) has slope 5=4, which equals —;. 


Thus the parallel line that contains (1,1) also has slope —5 and thus has equation 


y-1=~3(x-1), 


which can be rewritten as , 2 


Explain why two distinct nonvertical lines in the xy-plane are parallel if and only if 
they do not intersect. 


solution Suppose y = m,x +b; and y = mx + bp are the equations of two distinct 
nonvertical lines in the xy-plane. These lines intersect if and only if we can solve the 
ba—by 
m,—mMp9 
(which implies that the lines are not parallel) but has no solution if mm, = m2 (which 
implies the lines are parallel). 


equation mx + b; = mx + bz. This equation has solution x = ifm, A mp2 
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Parallel lines. 


The phrase “if and only if” 
connecting two statements means 
that the two statements are either 
both true or both false. For 
example, x + 1 > 6 if and only if 
x>5. 


Example 6 


The line containing (2,2) and 
(4,1) (orange), and the parallel 
line containing (1,1) (blue). 


Example 7 
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Numbers m, and mz such that 
mm = —1 are sometimes called 
negative reciprocals of each 
other. 


Perpendicular Lines 


Before beginning our treatment of perpendicular lines, we take a brief detour to 
make clear the geometry of a line with negative slope. A line with negative slope 
slants down from left to right. The figure below shows a line with negative slope; to 
avoid clutter the coordinate axes are not shown. 


(x1,91) : (x2, 91) 


A line with slope — = 


(x2, 2) 


In the figure above, a is the length of the horizontal line segment and c is the 
length of the vertical line segment. Of course a and c are positive numbers, because 
lengths are positive. In terms of the coordinates as shown in the figure above, we 
have a = x2 — x1 and c = yj — yp. The slope of this line equals (y2 — y1)/(x2 — x1), 
which equals — . 

The following result gives a useful characterization of perpendicular lines. 


To explain why the result above holds, consider two perpendicular lines as shown 
in orange in the figure here. In addition to the two perpendicular lines in orange, 
the figure shows the horizontal line segment PS and the vertical line segment QT, 
which intersect at S. 

We assume the angle PQT is 6 degrees. To check that the other three labeled 
angles in the figure are labeled correctly, first note that the two angles labeled 90 — 6 
are each the third angle in a right triangle (the right triangles are PSQ and QPT), 
one of whose angles is 6. Consideration of the right angle QPT now shows that 
angle TPS is 6 degrees, as labeled. 

Consider the right triangles PSQ and TSP in the figure. These triangles have the 
same angles, and thus they are similar. Thus the ratios of corresponding sides are 
equal. Specifically, we have 


Multiplying both sides of this equation by — a we get 


The figure shows that the line containing the points P and Q has slope . Our 
brief discussion of lines with negative slope shows that the line containing the points 
P and T has slope —£, Thus the equation above implies that the product of the 
slopes of these two perpendicular lines equals —1, as desired. 

The logic used above is reversible. Specifically, suppose instead of starting with 


the assumption that the two lines in orange are perpendicular, we start with the 


assumption that the product of their slopes equals —1. This implies that 2 = - 


which implies that the two right triangles PSQ and TSP are similar; thus these two 
triangles have the same angles. This implies that the angles are labeled correctly 
in the figure above (assuming that we start by declaring that angle PQS measures 
6 degrees). This then implies that angle QPT measures 90°. Thus the two lines in 
orange are perpendicular, as desired. 
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Show that the lines given by the following equations are perpendicular: 
y=4x—-5 and y= —Fxt18. 


solution The first line has slope 4; the second line has slope — i. The product of 
these slopes is 4- (—}), which equals —1. Because the product of the two slopes 
equals —1, the two lines are perpendicular. 


To show that two lines are perpendicular, we only need to know the slopes of the 
lines, not their full equations, as shown by the following example. 


Find a number ¢ such that the line containing the points (1,—2) and (3,3) is 
perpendicular to the line containing the points (9,—1) and (t,1). 


3—(—2) 


; 5 
3-1, Which equals 5. 


solution The line containing (1,—2) and (3,3) has slope 


The line containing (9, —1) and (t,1) has slope ae which equals 5. We want 


the product of these two slopes to equal —1. In other words, we want 


(3) (5) = +. 


Solving the equation above for t gives t = 4. 


Sometimes we use different scales on the two coordinate axes to keep the size of 
a figure within reasonable bounds. Using different scales distorts angles, as stated 
in the result below and as demonstrated in the example below. Use caution when 
dealing with coordinate axes with unequal scales. 


Angles are distorted by unequal scales on coordinate axes 


In graphs with unequal scales on the two coordinate axes, angles are not 
accurately represented. 


The figure here shows the lines y = 2x + 9 (orange) and y = —5x +12 (blue) for x 
in the interval [0,3]. Because 2 - (—4) = —1, these lines are perpendicular. However, 


they do not appear to be perpendicular in the figure. Explain why. 


solution The horizontal axis shown here goes from 0 to 3, while the vertical axis 
shown here goes from 0 to 15. Thus although the two coordinate axes shown in the 
figure have the same physical size, they have different scales. 

The differing scales on the horizontal and vertical axes causes distortion of angles. 
Thus the lines really are perpendicular, and they would indeed look perpendicular 
if we used the same scale on the vertical axis as on the horizontal axis. However, 
using the same scale would require a very tall figure that is five times as high as it 
is wide, which is why using different scales is sometimes more convenient. 

As another indication that angles are distorted in this figure, note that the orange 
line has slope 2, which means that it is steeper than the line y = x which makes a 
45° angle with the positive horizontal axis. However, because of the distortion here 
caused by the differing scales, the orange line appears to make an angle of less than 
45° with the horizontal axis. 
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Example 8 


Example 9 


The orange line containing (1, —2) 
and (3,3) is perpendicular to the 
blue line containing (9, —1) and 

(4,1). 


Example 10 


15/ 


107 


5 Fr 


1 2 3 
The perpendicular lines 


y = 2x +9 (orange) and 
y= 5x + 12 (blue). 
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Exercises 


1 What are the coordinates of the unlabeled vertex of the 


smaller of the two right triangles in the figure at the 
beginning of this section? 


What are the coordinates of the unlabeled vertex of the 
larger of the two right triangles in the figure at the begin- 
ning of this section? 


Find the slope of the line that contains the points (3,4) 
and (7,13). 

Find the slope of the line that contains the points (2, 11) 
and (6,—5). 

Find a number w such that the line containing the points 
(1,w) and (3,7) has slope 5. 

Find a number d such that the line containing the points 
(d,4) and (—2,9) has slope —3. 

Suppose the tuition per semester at Euphoria State Uni- 
versity is $525 plus $200 for each unit taken. 


(a) What is the tuition for a semester in which a student 
is taking 10 units? 
(b) Find a linear function ¢ such that (1) is the tuition 


in dollars for a semester in which a student is taking 
u units. 


(c) Find the total tuition for a student who takes 12 
semesters to accumulate the 120 units needed to 
graduate. 


(d) Find a linear function g such that g(s) is the to- 
tal tuition for a student who takes s semesters to 
accumulate the 120 units needed to graduate. 


8 Suppose the tuition per semester at Luxim University is 


$900 plus $850 for each unit taken. 


(a) What is the tuition for a semester in which a student 
is taking 15 units? 
(b) Find a linear function ¢ such that (1) is the tuition 


in dollars for a semester in which a student is taking 
u units. 


(c) Find the total tuition for a student who takes 8 
semesters to accumulate the 120 units needed to 
graduate. 


(d) Find a linear function g such that g(s) is the to- 
tal tuition for a student who takes s semesters to 
accumulate the 120 units needed to graduate. 


9 Suppose your cell phone company offers two calling 


plans. The pay-per-call plan charges $14 per month plus 3 
cents for each minute. The unlimited-calling plan charges 
a flat rate of $29 per month for unlimited calls. 


(a) What is your monthly cost in dollars for making 400 
minutes per month of calls on the pay-per-call plan? 


(b) Find a linear function c such that c(m) is your 
monthly cost in dollars for making m minutes of 
phone calls per month on the pay-per-call plan. 


(c) How many minutes per month must you use for 
the unlimited-calling plan to become cheaper? 


10 


11 


12 


13 


14 


15 


16 


17 


18 


19 
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Suppose your cell phone company offers two calling 
plans. The pay-per-call plan charges $11 per month plus 4 
cents for each minute. The unlimited-calling plan charges 
a flat rate of $25 per month for unlimited calls. 


(a) What is your monthly cost in dollars for making 600 
minutes per month of calls on the pay-per-call plan? 

(b) Find a linear function c such that c(m) is your 
monthly cost in dollars for making m minutes of 
phone calls per month on the pay-per-call plan. 

(c) How many minutes per month must you use for 
the unlimited-calling plan to become cheaper? 


Find the equation of the line in the xy-plane with slope 2 
that contains the point (7,3). 

Find the equation of the line in the xy-plane with slope 
—4 that contains the point (—5,—2). 

Find the equation of the line that contains the points 
(2,—1) and (4,9). 

Find the equation of the line that contains the points 
(—3,2) and (—5,7). 

Find a number f such that the point (3, t) is on the line 
containing the points (7,6) and (14, 10). 

Find a number ft such that the point (—2, ft) is on the line 
containing the points (5,—2) and (10, —8). 

Find a function s such that s(d) is the number of seconds 
in d days. 

Find a function s such that s(w) is the number of seconds 
in w weeks. 

Find a function f such that f(m) is the number of inches 
in m miles. 

Find a function m such that m(f) is the number of miles 
in f feet. 


The exact conversion between the English measurement sys- 
tem and the metric system for length is given by the equation 
1 inch = 2.54 centimeters. 
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27 


28 
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Find a function k such that k(m) is the number of kilome- 
ters in m miles. 


Find a function M such that M(m) is the number of miles 
in m meters. 

Find a function f such that f(c) is the number of inches 
in c centimeters. 

Find a function m such that m(f) is the number of meters 
in f feet. 

Find a number c such that the point (c, 13) is on the line 
containing the points (—4,—17) and (6,33). 

Find a number c such that the point (c,—19) is on the 
line containing the points (2,1) and (4,9). 

Find a number f such that the point (t,2t) is on the line 
containing the points (3,—7) and (5,—15). 

Find a number ¢ such that the point (t, 5) is on the line 
containing the points (2,—4) and (—3,—11). 

Find the equation of the line in the xy-plane that contains 
the point (3,2) and that is parallel to the line y = 4x — 1. 
Find the equation of the line in the xy-plane that con- 
tains the point (—4,—5) and that is parallel to the line 
y = —2x +3. 
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Find the equation of the line that contains the point (2,3) 
and that is parallel to the line containing the points (7,1) 
and (5,6). 

Find the equation of the line that contains the point 
—4,3) and that is parallel to the line containing the 
points (3,—7) and (6,—9). 

Find a number ¢ such that the line containing the points 
t,2) and (3,5) is parallel to the line containing the points 
—1,4) and (—3, —2). 

Find a number ¢ such that the line containing the points 
—3,t) and (2,—A4) is parallel to the line containing the 
points (5,6) and (—2,4). 

Find the intersection in the xy-plane of the lines 
y=5x+3and y = —2x +1. 

Find the intersection in the xy-plane of the lines 
y = —4x +5 and y = 5x — 2. 


Find a number b such that the three lines in the xy-plane 
given by the equations y = 2x +b, y = 3x —5, and 
y = —4x + 6 have a common intersection point. 


Find a number m such that the three lines in the xy- 
plane given by the equations y = mx +3, y = 4x + 1, and 
y =5x +7 have a common intersection point. 

Find a number m such that the line y = mx + 7t does not 
intersect the line in the xy-plane containing the points 
(3,1) and (5,4). 


Problems 


Some problems require considerably more thought than the exercises. 
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53 


54 
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56 


Find the equation of the line in the xy-plane that has 
slope m and intersects the x-axis at (c,0). 

Show that the composition of two linear functions is a 
linear function. 

Show that if f and g are linear functions, then the graphs 
of fog and go f have the same slope. 

Show that a linear function is increasing if and only if the 
slope of its graph is positive. 

Show that a linear function is decreasing if and only if 
the slope of its graph is negative. 

Show that every nonconstant linear function is a one-to- 
one function. 

Show that if f is the linear function defined by 


f(x) = mx +b, where m 4 0, then the inverse function 
f | is defined by the formula f~!(y) = ly _ o 
Show that the linear function f defined by f(x) = mx 4 
is an odd function if and only if b = 0. 

Show that the linear function f defined by f(x) = mx +b 
is an even function if and only if m = 0. 


T 
> 


Let g denote the income tax function given in Example 2 
of Section 1.1. The graph of g consists of parts of seven 
different lines corresponding to the seven tax brackets. 


(a) List the slopes of the seven lines that are used to 
construct the graph of g, in order as income moves 
from a lower amount to a higher amount. 

(b) What is the social policy behind the increase in 
slopes in the list in part (a) as income moves from a 
lower amount to a higher amount? 
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Find a number m such that the line y = mx + V7 does 
not intersect the line in the xy-plane containing the points 
(2,—1) and (—3,7). 

Find the equation of the line in the xy-plane that con- 
tains the point (4,1) and that is perpendicular to the line 
y = 3x +5. 


Find the equation of the line in the xy-plane that contains 
the point (—3,2) and that is perpendicular to the line 
y=—d5x+1. 


Find a number t such that the line in the xy-plane con- 
taining the points (t,4) and (2,—1) is perpendicular to 
the line y = 6x — 7. 

Find a number t such that the line in the xy-plane con- 
taining the points (—3,t) and (4,3) is perpendicular to 
the line y = —5x + 999. 

Find a number t such that the line containing the points 
(4,£) and (—1,6) is perpendicular to the line that contains 
the points (3,5) and (1,—2). 

Find a number t such that the line containing the points 
(t, -2) and (—3,5) is perpendicular to the line that con- 
tains the points (4,7) and (1,11). 


Suppose a and b are nonzero numbers. Where does the 
line in the xy-plane given by the equation 


x sy 
ee ee | 
a 


intersect the coordinate axes? 

Show that the points (—84, —14), (21,1), and (98,12) lie 
on a line. 

Show that the points (—8,—65), (1,52), and (3,77) do 
not lie on a line. 


Change just one of the six numbers in the problem above 
so that the resulting three points lie on a line. 


Show that for every number t, the point (5 — 3t,7 — 4t) is 
on the line containing the points (2,3) and (5,7). 


Suppose (x1, 141) and (x2,¥2) are the endpoints of a line 
segment. 


(a) Show that the line containing the point 
(Age Ae) and the endpoint (x1,y,) has 
yo-¥1 
slope X=" 
(b) Show that the line containing the point 
(ae and the endpoint (x2,y2) has 
yo-¥1 
slope XX" 


(c) Explain why parts (a) and (b) of this problem im- 
ply that the point (A, rye) lies on the line 


containing the endpoints (x1, 41) and (x2, 2). 


130 Chapter2 Linear, Quadratic, Polynomial, and Rational Functions 


63 The Kelvin temperature scale is defined by K = 
C + 273.15, where K is the temperature on the Kelvin 
scale and C is the temperature on the Celsius scale. (Thus 
—273.15 degrees Celsius, which is the temperature at 
which all atomic movement ceases and thus is the low- 
est possible temperature, corresponds to 0 on the Kelvin 
scale.) 


(a) Find a function F such that F(x) equals the tem- 
perature on the Fahrenheit scale corresponding to 
temperature x on the Kelvin scale. 

(b) Explain why the graph of the function F from 
part (a) is parallel to the graph of the function f 
obtained in Example 5. 


64 We used similar triangles to show that the product of the 
slopes of two perpendicular lines equals —1. The steps 
below outline an alternative proof that avoids the use of 
similar triangles but uses more algebra instead. Use the 
figure below, which is the same as the figure used earlier 
except that there is now no need to label the angles. 


rT 


QP is perpendicular to PT. 


(a) Apply the Pythagorean Theorem to triangle PSQ to 
find the length of the line segment PQ in terms of a 
and b. 


(b) Apply the Pythagorean Theorem to triangle PST to 
find the length of the line segment PT in terms of a 
and c. 


(c) Apply the Pythagorean Theorem to triangle QPT 
to find the length of the line segment QT in terms 
of the lengths of the line segments of PQ and PT 
calculated in the first two parts of this problem. 


(d) As can be seen from the figure, the length of the 
line segment QT equals b + c. Thus set the formula 
for the length of the line segment QT, as calculated 
in the previous part of this problem, equal to b +c, 
and solve the resulting equation for c in terms of a 
and b. 


(e) Use the result in the previous part of this problem 
to show that the slope of the line containing P and 
Q times the slope of the line containing P and T 
equals —1. 


Worked-Out Solutions to Odd-Numbered Exercises 


Do not read these worked-out solutions before attempting to do the 
exercises yourself. Otherwise you may mimic the techniques shown 
here without understanding the ideas. 


1 What are the coordinates of the unlabeled vertex of the 
smaller of the two right triangles in the figure at the 
beginning of this section? 


solution Drawing vertical and horizontal lines from the 
point in question to the coordinate axes shows that the 
coordinates of the point are (x2,1). 


3 Find the slope of the line that contains the points (3,4) 
and (7,13). 


solution The line containing the points (3,4) and (7,13) 


has slope 
13—4 


3 y 


Best way to learn: Carefully read the section of the textbook, then do 
all the odd-numbered exercises and check your answers here. If you 
get stuck on an exercise, then look at the worked-out solution here. 


which equals 7 ‘ 


Find a number w such that the line containing the points 
(1,w) and (3,7) has slope 5. 


solution The slope of the line containing the points 
(1,w) and (3,7) equals 


which equals re. We want this slope to equal 5. Thus 


we must find a number w such that 
7—w 
—— =5. 
2 


Solving this equation for w, we get w = —3. 


7 Suppose the tuition per semester at Euphoria State Uni- 


(a) 


(b) 


(c) 


(a) 


(b) 


(c) 


versity is $525 plus $200 for each unit taken. 


(a) What is the tuition for a semester in which a student 
is taking 10 units? 

(b) Find a linear function ¢ such that ¢(1) is the tuition 
in dollars for a semester in which a student is taking 
u units. 


(c) Find the total tuition for a student who takes 12 
semesters to accumulate the 120 units needed to 
graduate. 


(d) Find a linear function g such that g(s) is the to- 
tal tuition for a student who takes s semesters to 
accumulate the 120 units needed to graduate. 


solution 

For a semester in which a student is taking 10 units, the 
tuition is 200 x 10 + 525, which equals $2525. 

The desired function f is defined by 


t(u) = 200u + 525. 


Taking 120 units over 12 semesters will cost 
525 x 12 + 200 x 120 dollars, which equals $30,300. 


The desired function g is defined by 


g(s) = 525s + 24000. 


Suppose your cell phone company offers two calling 
plans. The pay-per-call plan charges $14 per month plus 3 
cents for each minute. The unlimited-calling plan charges 
a flat rate of $29 per month for unlimited calls. 


(a) What is your monthly cost in dollars for making 400 
minutes per month of calls on the pay-per-call plan? 


(b) Find a linear function c such that c(m) is your 
monthly cost in dollars for making m minutes of 
phone calls per month on the pay-per-call plan. 


(c) How many minutes per month must you use for 
the unlimited-calling plan to become cheaper? 


solution 


Converting 3 cents to $0.03, we see that 400 minutes per 
month of calls costs (0.03) (400) + 14 dollars, which equals 
$26. 


The desired function c is defined by 


c(m) = 0.03m + 14. 


The two plans cost the same amount for m minutes if 
c(m) = 29. To find this value of m, solve the equation 
0.03m + 14 = 29, getting 


29-14 15 
m="003 — 0.03 — 
Thus the two plans cost the same amount if 500 minutes 
per month are used. If more than 500 minutes per month 
are used, then the unlimited-calling plan is cheaper. 


1500 
3 = 900. 


11 


13 


15 


17 
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Find the equation of the line in the xy-plane with slope 2 
that contains the point (7,3). 


solution If (x,y) denotes a typical point on the line with 
slope 2 that contains the point (7,3), then 


ys _ 

x—-7 
Multiplying both sides of this equation by x — 7 and then 
adding 3 to both sides gives the equation 


y = 2x —11. 


check The line y = 2x — 11 has slope 2. We should also 
check that the point (7,3) is on this line. In other words, 
we need to verify the alleged equation 


657 = 11. 
Simple arithmetic shows that this is indeed true. 


Find the equation of the line that contains the points 
(2,—1) and (4,9). 


solution The line that contains the points (2,—1) and 
(4,9) has slope 


which equals 5. Thus if (x,y) denotes a typical point on 
this line, then 


aa 

=. 5. 
Multiplying both sides of this equation by x — 4 and then 
adding 9 to both sides gives the equation 


y =5x —11. 


check We need to check that both (2,—1) and (4,9) are 
on the line y = 5x — 11. In other words, we need to verify 
the alleged equations 


4269-11 aad 62 5.40— 1 


Simple arithmetic shows that both alleged equations are 
indeed true. 


Find a number f such that the point (3, t) is on the line 
containing the points (7,6) and (14, 10). 


solution The line containing (7,6) and (14,10) has slope 
is, which equals ;. Thus for the point (3,t) to be on 
this line, the slope of the line containing (3, t) and (7,6) 
must equal s In other words, we must have 

f-6 4 

3-7 7 
Solving this equation for ¢ gives t = = 


Find a function s such that s(d) is the number of seconds 
in d days. 


solution Each minute has 60 seconds, and each hour 
has 60 minutes. Thus each hour has 60 x 60 seconds, or 
3600 seconds. Each day has 24 hours; thus each day has 
24 x 3600 seconds, or 86400 seconds. Thus 


s(d) = 86400d. 
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19 


Find a function f such that f (1m) is the number of inches 
in m miles. 


solution Each foot has 12 inches, and each mile has 5280 
feet. Thus each mile has 5280 x 12 inches, or 63360 inches. 
Thus 

f(m) = 63360m. 


The exact conversion between the English measurement sys- 
tem and the metric system for length is given by the equation 
1 inch = 2.54 centimeters. 


21 


23 


25 


Find a function k such that k(1m) is the number of kilome- 
ters in m miles. 


solution Multiplying both sides of the equation 
1 inch = 2.54 centimeters 
by 12 gives 
1 foot = 12 x 2.54 centimeters 
= 30.48 centimeters. 


Multiplying both sides of the equation above by 5280 
gives 


1 mile = 5280 x 30.48 centimeters 
= 160934.4 centimeters 
= 1609.344 meters 
= 1.609344 kilometers. 


Multiplying both sides of the equation above by a number 
m shows that m miles = 1.609344m kilometers. In other 
words, 

k(m) = 1.609344m. 


remark The formula above is exact. However, the ap- 
proximation k(m) = 1.61m, or the slightly less accurate 


approximation k(m) = 5m, is often used. 


Find a function f such that f(c) is the number of inches 
in c centimeters. 


solution Dividing both sides of the equation 
1 inch = 2.54 centimeters by 2.54 gives 


1 centimeter = sey inches. 


Multiplying both sides of the equation above by a number 
c shows that c centimeters = Ted inches. In other words, 


fl) = say 


Find a number c such that the point (c,13) is on the line 
containing the points (—4, —17) and (6,33). 


solution First we find the equation of the line containing 
the points (—4, —17) and (6,33). To do this, note that the 
line containing those two points has slope 


27 


s6=(=17) 
6—(—4) ’ 


which equals 5. Thus if (x,y) denotes a typical point on 


this line, then 
y — 33 


x—6 
Multiplying both sides of this equation by x — 6 and then 
adding 33 gives the equation 


y = 9x +3. 


Now we can find a number c such that the point (c, 13) 
is on the line given by the equation above. To do this, in 
the equation above replace x by c and y by 13, getting 


13 =5c+3. 
Solving this equation for c, we get c = 2. 


check We should check that the three points (—4,—17), 
(6,33), and (2,13) are all on the line y = 5x + 3. In other 
words, we need to verify the alleged equations 


bd ? ? 
-17=5-(-4)+3, 3325-643, 1325-243. 


Simple arithmetic shows that all three alleged equations 
are indeed true. 


Find a number f such that the point (t,2t) is on the line 
containing the points (3,—7) and (5,—15). 


solution First we find the equation of the line containing 
the points (3,—7) and (5,—15). To do this, note that the 
line containing those two points has slope 


~7—(-15) 
3-5” 
which equals —4. Thus if (x,y) denotes a point on this 
line, then 
y—(-7) 
“W-_- = —4, 
x-3 


Multiplying both sides of this equation by x — 3 and then 
subtracting 7 gives the equation 


y= —4x +5. 


Now we can find a number ¢ such that the point (t, 2t) is 
on the line given by the equation above. To do this, in the 
equation above replace x by t and y by 2t, getting 


2t = —4t+5. 
Solving this equation for t, we get t = 2. 
check We should check that the three points (3,—7), 


(5,15), and (?,2- 2) are all on the line y = —4x +5. In 
other words, we need to verify the alleged equations 


? ? 
l= 15= 


4-3+5, 


Simple arithmetic shows that all three alleged equations 
are indeed true. 
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Find the equation of the line in the xy-plane that contains 


the point (3,2) and that is parallel to the line y = 4x — 1. 


solution The line in the xy-plane whose equation is 
y = 4x — 1 has slope 4. Thus each line parallel to it also 
has slope 4 and hence has the form 


y=4x+b 


for some number b. 


Thus we need to find a number b such that the point (3,2) 
is on the line given by the equation above. Replacing x 
by 3 and replacing y by 2 in the equation above, we have 


2=4-3+0. 


Solving this equation for b, we get b = —10. Thus the line 
that we seek is described by the equation 


y = 4x — 10. 


Find the equation of the line that contains the point (2,3) 
and that is parallel to the line containing the points (7, 1) 
and (5,6). 


solution The line containing the points (7,1) and (5,6) 
has slope 

6-1 

5-7’ 
which equals — 3. Thus each line parallel to it also has 
slope — 3 and hence has the form 


y=—3x+4b 


for some number b. 

Thus we need to find a number b such that the point (2,3) 
is on the line given by the equation above. Replacing x 
by 2 and replacing y by 3 in the equation above, we have 

5 
3=- 5° 2+5. 

Solving this equation for b, we get b = 8. Thus the line 
that we seek is described by the equation 


y= 3x48, 


Find a number ¢ such that the line containing the points 
(t,2) and (3,5) is parallel to the line containing the points 
(—1,4) and (—3, —2). 


solution The line containing the points (—1,4) and 
(—3, —2) has slope 

4=(=2) 

—1-—(-3)’ 
which equals 3. Thus each line parallel to it also has slope 
3. 
The line containing the points (t,2) and (3,5) has slope 


5-2 


3-t’ 


35 
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which equals a From the paragraph above, we want 
this slope to equal 3. In other words, we need to solve 


the equation 
3 


= a 
Dividing both sides of the equation above by 3 and 


then multiplying both sides by 3 — t gives the equation 
1=3-t. Thust =2. 


3. 


Find the intersection in the xy-plane of the lines 
y =5x+3 and y= —2x +1. 


solution Setting the two right sides of the equations 
above equal to each other, we get 


5x+3 = —-2x+1. 


To solve this equation for x, add 2x to both sides and 
then subtract 3 from both sides, getting 7x = —2. Thus 


ae 
x= 7. 
To find the value of y at the intersection point, we can plug 
the value x = -3 into either of the equations of the two 
lines. Choosing the first equation, we have y = —5- 7 +3, 
which implies that y = o. Thus the two lines intersect at 
the point (-3, RY. 
check We can substitute the value x = 3 into the 


equation for the second line to see if that also gives the 
value y = u. In other words, we need to verify the 
alleged equation 

11 ? 2: 

ey oe —2(- 7) +1. 
Simple arithmetic shows that this is true. Thus we indeed 
have the correct solution. 


Find a number D such that the three lines in the xy-plane 
given by the equations y = 2x +b, y = 3x —5, and 
y = —4x + 6 have a common intersection point. 


solution The unknown b appears in the first equation; 
thus our first step will be to find the point of intersection 
of the last two lines. To do this, we set the right sides of 
the last two equations equal to each other, getting 


3x -—5 = —4x4+ 6. 


To solve this equation for x, add 4x to both sides and 
then add 5 to both sides, getting 7x = 11. Thus x = D, 
Substituting this value of x into the equation y = 3x — 5, 
we get 

y=3-9-5. 
Thus y = —3. 


At this stage, we have shown that the lines given by the 


equations y = 3x —5 and y = —4x + 6 intersect at the 
point (4, = 2). We want the line given by the equation 


y = 2x + b also to contain this point. Thus we set x = yu 


and y = -3 in this equation, getting 
2: 11 
ya 2: wa +b. 
Solving this equation for b, we get b = — a. 
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39 


41 


check As a check that the line given by the equation 
y = —4x + 6 contains the point (3, = 2), we can substi- 
tute the value x = into the equation for that line and 
see if it gives the value y = — 2. In other words, we need 
to verify the alleged equation 


22 1 
-7= —4. a 6. 
Simple arithmetic shows that this is true. Thus we indeed 
found the correct point of intersection. 


We chose the line y = —4x + 6 for this check because the 
other two lines had been used in direct calculations in 
our solution. 


Find a number m such that the line y = mx + 7t does not 
intersect the line in the xy-plane containing the points 
(3,1) and (5,4). 


solution The line containing the points (3,1) and (5,4) 
has slope —? which equals 3. Thus we take m = 3, so 
that the line y = oe + 7 is parallel to the line containing 
the points (3,1) and (5,4). The line y = 3x + 7 does not 
contain the point (3,1) because 1 # 3 -3+ 7. Thus the 
line y = 3x + 7 and the line containing the points (3, 1) 
and (5,4) are parallel but not the same line. Thus the two 
lines do not intersect. 


Find the equation of the line in the xy-plane that con- 
tains the point (4,1) and that is perpendicular to the line 
y = 3x +5. 


solution The line in the xy-plane whose equation is 
y = 3x +5 has slope 3. Thus every line perpendicular to 
it has slope —}. Hence the equation of the line that we 
seek has the form 


y=—gxth 


for some number b. We want the point (4,1) to be on 
this line. Substituting x = 4 and y = 1 into the equation 
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above, we have 
1 


1=- 3° 4+). 
Solving this equation for b, we get b = f. Thus the 
equation of the line that we seek is 


y= —gxt 


Find a number t such that the line in the xy-plane con- 
taining the points (t,4) and (2,—1) is perpendicular to 
the line y = 6x — 7. 


solution The line in the xy-plane whose equation is 
y = 6x —7 has slope 6. Thus every line perpendicular to 
it has slope -%. Thus we want the line containing the 
points (t,4) and (2,—1) to have slope — E. In other words, 
we want 

4—(-1) 1 


are 
Solving this equation for t, we get tf = —28. 


Find a number t such that the line containing the points 
(4,t) and (—1,6) is perpendicular to the line that contains 
the points (3,5) and (1,—2). 


solution The line containing the points (3,5) and (1, —2) 
has slope 
5 — (—2) 
3-1 ’ 

which equals z. Thus every line perpendicular to it has 
slope —3. Thus we want the line containing the points 
(4,t) and (—1,6) to have slope —3. In other words, we 
want 


£—(-1) 
32 


Solving this equation for t, we get t = >. 


5. 
t=6 2 
= 
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2.2 Quadratic Functions and Conics 


Learning Objectives 


By the end of this section you should be able to 
e use the completing-the-square technique; 
e use the quadratic formula; 
e find the vertex of a parabola; 
e find the center and radius of a circle from its equation; 


e recognize and use equations of ellipses and hyperbolas. 


Completing the Square and the Quadratic Formula 


Consider the problem of finding the numbers x such that 
x? +6x-4=0. 
Nothing obvious works here. 


However, a technique called completing the square can be used to deal with 
equations such as the one above. The key to this technique is the identity 


(r+) = +0r+(5) 


which can be rewritten as the following identity. 


Completing the square 


For example, if b = 6, then 


f+te= (49) -() 


The next example illustrates the technique of completing the square. 


x? 4 6x = (x+3)?-9. 


135 


Find the numbers x such that [ = Example1 


x27 +6x-4=0. 


solution Taking b = 6 in the completing-the-square identity, we can replace 
x* + 6x in the equation above by (x + 3)* — 9, getting 


(x43) —9—4=0. 


Now add 13 to both sides of the equation above, getting (x +3)? = 13, which 
implies that Here + indicates that we can 


Le IS. choose either the plus sign or the 


Minus Sign. 


Finally, add —3 to both sides, concluding that x = —3 + J/13. 


You do not necessarily need to memorize the completing-the-square identity. You 
only need to remember that the coefficient of x (or whatever variable) will need to 
be divided by 2, and then the appropriate number will need to be subtracted to get 
a correct identity. 
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[ —Example2 Write the expression 3x* — 30x + 1 in the form a(x —h)* +k. 


solution 
3x" = 30x + 1= 3(x* = 10x) +1 
2 
Note that the term that is =3((e=o)- = 25) 4 
sila ee 8G 5)2 7541 
because (5)° is positive regardless 
of whether b is positive or negative. = 3(x— 5) _ 74 


In the next example, we complete the square to derive the quadratic formula. 


[ = Example3— Suppose a, b, and c are numbers with a # 0. Find all real numbers x such that 


ax? ++bx+c=0. 


solution Factor out a from the first two terms and then complete the square: 


ax? +x te=a (22+ 2x) +c 


~ a(x =) - ras 


Setting the last expression equal to 0 and then dividing both sides by a gives 


(x | a) = ae 


Regardless of the value of x, the left side of the last equation is a positive number 
or 0. Thus if the right side is negative, the equation does not hold for any real 
number x. In other words, if b? — 4ac < 0, then the equation ax? + bx +c =0 has 
no real solutions. 

If b? — 4ac > 0, then we can take the square root of both sides of the last equation, 


getting 
b Vb? — 4ac 
Xf =o ; 
2a 2a 
Adding — a to both sides gives 
The quadratic formula first 
appeared in the year 628 in a book _pa./p2Aan 
written by the Indian x= lee a — 
a 


mathematician Brahmagupta. 
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Summarizing the result in the last example, we have the following. 


Quadratic formula 


Consider the equation 
ax? +bx+c=0, 


where a, b, and c are real numbers with a # 0. 
e If b* — 4ac < 0, then the equation above has no (real) solutions. 


e If b* — 4ac = 0, then the equation above has one solution: 


e If b* — 4ac > 0, then the equation above has two solutions: 


t /b2 — 4ac 


2a 


The following example illustrates the use of the quadratic formula. 


Find two numbers whose sum equals 7 and whose product equals 8. 
solution Let's call the two numbers s and t. We want 
s+t=7 and st=8. 


Solving the first equation for s, we have s = 7 — t. Substituting this expression for s 
into the second equation gives (7 — t)f = 8, which is equivalent to the equation 


? —7t+8=0. 


Using the quadratic formula to solve this equation for t gives 


pee FeV 72 =4-8 744/17 
2 2 
Let’s choose the solution t = ea aa Plugging this value of t into the equation 
7-V17 


s =7—t then gives s = —} 
7-V17 
2 


Thus two numbers whose sum equals 7 and whose product equals 8 are 
7+V17 
and “4. 


check To check that this solution is correct, note that 


7—-V17__7+V17 _ 14 
2-8 2 


i 


and 
(2-40 FAT Poi 0-7 32 


2 2 4 4 ii 
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Example 4 


The Babylonians were able to solve 
this problem about four thousand 
years ago. 


You should verify that if we had 
chosen 
_ 7-17 
t= mn 
then we would have ended up with 
the same pair of numbers. 
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“I'm very well acquainted too with 
matters mathematical, 
I understand equations, both the 
simple and quadratical.” 
—GILBERT AND SULLIVAN, 
THE PIRATES OF PENZANCE 


\ 
: i. 
—1 


The graph of f(x) = x? 
on the interval |—1,1]. 


The vertex of the parabola shown 
above is the origin. 


The ancient Greeks discovered that 


the intersection of a cone and an 
appropriately positioned plane is a 
parabola. 


Parabolas and Quadratic Functions 


Section 2.1 dealt with linear functions. Now we move up one level of complexity to 
deal with quadratic functions. We begin with the definition. 


Quadratic function 


A quadratic function is a function f of the form 


fe) ier Ono 


where a, b, and c are numbers, with a # 0. 


The simplest quadratic function is the function f defined by f(x) = x?; this 
function arises by taking a = 1, b = 0, and c = 0 in the definition above. 

Parabolas can be defined geometrically, but for our purposes it is simpler to 
define a parabola algebraically. 


Parabola 


A parabola is the graph of a quadratic function. 


For example, the graph of the quadratic function f defined by f(x) = x? is the 
familiar parabola shown here. This parabola is symmetric about the vertical axis, 
meaning that the parabola is unchanged if it is flipped across the vertical axis. Note 
that this line of symmetry intersects this parabola at the origin, which is the lowest 
point on this parabola. 

Every parabola is symmetric about some line. The point where this line of 
symmetry intersects the parabola is sufficiently important to deserve a name. 


The vertex of a parabola is the point where the line of symmetry of the parabola 
intersects the parabola. 


Suppose f(x) = x* + 6x +11. 

(a) For what value of x does f(x) attain its minimum value? 
(b) What is the minimum value of f(x)? 

(c) Sketch the graph of f. 

(d) Find the vertex of the graph of f. 

solution 


(a) First complete the square, as follows: 


f(x) =? +6x411 
= (+3) =9-4441 


= (¢3)* +2, 
Because (x +3)? equals 0 when x = —3 and is positive for all other values of x, 
the last expression shows that f(x) takes on its minimum value when x = —3. 
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(b) From the expression above, we see that f(—3) = 2. Thus the minimum value of 
f(x) is 2. 


(c) The expression found for f(x) in part (a) shows that the graph of f is obtained 
by shifting the graph of x? left 3 units and up 2 units, giving the graph shown 
here. The line of symmetry for this graph is x = —3, which is shown in blue. 


(d) The vertex of the graph of f is the point (—3,2), obtained by shifting the origin 
(which is the vertex of the graph of x”) left 3 units and up 2 units, as can be 
seen in the graph shown here. 


The procedure used in the example above can be summarized as follows. 


Parabola 


Suppose f is a quadratic function. Complete the square to write f in the form 


f(x) =a —h)? +k. 


e Ifa > 0, then f(x) attains its minimum value k when x = h, and the graph 
of f is a parabola that opens upward. 


e Ifa <0, then f(x) attains its maximum value k when x = h, and the graph 
of f is a parabola that opens downward. 


e The vertex of the graph of f is the point (h,k). 


The next example illustrates the use of the procedure above when a < 0. 


Suppose f(x) = —3x* +12x — 8. 

(a) For what value of x does f(x) attain its maximum value? 
(b) What is the maximum value of f(x)? 

(c) Sketch the graph of f. 

(d) Find the vertex of the graph of f. 


solution 


(a) First complete the square, as follows: 


fix ==-30 +12c=8 


= -3(x?-4x) —8 
= 3 ((x 2) 4) 8 
= -3(x —2)? +4. 


Because —3(x — 2)? equals 0 when x = 2 and is negative for all other values of 


x, the last expression shows that f(x) takes on its maximum value when x = 2. 


(b) From the expression above, we see that the maximum value of f(x) is 4. 

(c) The expression found for f(x) in part (a) shows that the graph of f is obtained 
by shifting the graph of —3x? right 2 units and up 4 units, giving the graph 
shown here. 


(d) The vertex of the graph of f is the point (2,4), obtained by shifting the origin 
(which is the vertex of the graph of —3x?) right 2 units and up 4 units. 


: ; x 
=5 —3 —1 
The graph of f(x) =x?+6x+11 
on the interval [—5, —1]. 


Example 6 


The graph of 
f(x) = —3x* + 12x —8 
on the interval [0,4]. 
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Example 7 


| 6,6) 
5 L 
4 L 
5 

3 L 
2 L 
ra 3 

(2,1) (5,1) 


As a special case of this formula, 
the distance between a point (x,y) 
and the origin is \/x2 + y2. 


Example 8 


Circles 


We start with a concrete example before getting to the formula for the distance 
between two points. 


Find the distance between the points (5,6) and (2,1). 


solution The distance between the points (5,6) and (2,1) is the length of the 
hypotenuse in the right triangle shown here. The horizontal side of this triangle has 
length 5 — 2, which equals 3, and the vertical side of this triangle has length 6 — 1, 
which equals 5. By the Pythagorean Theorem, the hypotenuse has length 3 + 52, 
which equals 34. 


More generally, to find the formula for the distance between two points (x1, 11) 
and (x2, 2), consider the right triangle in the figure below. 


(x2,92) 


y2-Y1 The length of the hypotenuse equals the 
distance between (x,y) and (x2, Y2). 


(x1,41) %2— *4 (x2,Y1) 


Starting with the points (x1, ) and (x2,y2) in the figure above, make sure you 
understand why the third point in the triangle (the vertex at the right angle) has 
coordinates (x2, 1). Also, verify that the horizontal side of the triangle has length 
X2 — Xx; and the vertical side of the triangle has length y2 — yj, as indicated in the 
figure above. The Pythagorean Theorem then gives the length of the hypotenuse, 
leading to the following formula. 


Distance between two points 


The distance between the points (x1, 1) and (x2, yz) is 


Ve Sree ari Vibe. 


Using the formula above, we can now find the distance between two points 
without drawing a figure. 


Find the distance between the points (3,1) and (—4, —99). 


solution The distance between these two points is 


/(G—(-4)2 + (1— (-99))? = V7 + 1002 
= V49 + 10000 
V10049. 


The set of points that have distance 3 from the origin in a coordinate plane is the 
circle with radius 3 centered at the origin. The next example shows how to find an 
equation that describes this circle. 
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Find an equation that describes the circle with radius 3 centered at the origin in the 
xy-plane. 


solution Recall that the distance from a point (x,y) to the origin is \/x? + y?. 
Hence a point (x,y) has distance 3 from the origin if and only if \/x?2 +4? = 3. 


Squaring both sides, we get 
P+y =9. 


More generally, suppose r is a positive number. Using the same reasoning as 


above, we see that 


is the equation of the circle with radius r centered at the origin in the xy-plane. 
We can also consider circles centered at points other than the origin. 


Find the equation of the circle in the xy-plane centered at (2,1) with radius 5. 


solution This circle is the set of points whose distance from (2,1) equals 5. Thus 
this circle is the set of points (x,y) satisfying the equation 


(e- 22 + (y- 2 =5. 
Squaring both sides, we can more conveniently describe this circle as the set of 
points (x,y) such that 

(x= 2)? + (y= 1)? = 25. 


Using the same reasoning as in the example above, we get the following result. 


Equation of a circle 


The circle with center (h,k) and radius r is the set of points (x,y) satisfying the 
equation 


Cc—) Ga iae =r, 


Sometimes the equation of a circle may be in a form in which the radius and 
center are not obvious. You may then need to complete the square to find the radius 
and center. The next example illustrates this procedure. 


Find the radius and center of the circle described by x* + 4x + y”? — 6y = 12. 


solution Completing the square, we have 


1227 +4047 = by 
= (x +2)?—4+ (y—3)°-9 
= (x +2)? + (y—3)? — 13. 


Adding 13 to the first and last sides of the equation above shows that 
(62)? 4 (y= 3)? = 25. 


Thus we have a circle with radius 5 centered at (—2,3). 


= 1002 


Example 9 
y 
3 


—3 
The circle with radius 3 
centered at the origin. 


Example 10 
y 
6 rs 


The circle centered at (2,1) 
with radius 5. 


For example, the equation 
(x-3)° + (y+5)? =7 
describes the circle in the xy-plane 


with radius \/7 centered at 
(3,—5). 


Here the completing-the-square 
technique has been applied 
separately to the x and y variables. 


142 Chapter2 Linear, Quadratic, Polynomial, and Rational Functions 


The German mathematician 


Johannes Kepler, who in 1609 
published his discovery that orbits 
of the planets are ellipses, not 
circles or combinations of circles as 
previously thought. 


Viewing an ellipse as a stretched 
circle leads to the formula for the 
area inside an ellipse, as shown in 
the Appendix. 


As we will see in the next example, 
2 2 
the foci of the ellipse 35 rae 


=1 
9 
are the points (—4,0) and (4,0). 


Ellipses 


Ellipse 


Stretching a circle horizontally and/or vertically produces a curve called an 
ellipse. 


Find the equation of the ellipse produced by stretching a circle with radius 1 centered 
at the origin horizontally by a factor of 5 and vertically by a factor of 3. 


solution The equation of the circle with radius 1 centered at the origin in the 
uv-plane is u? + v? = 1. 


¢ y 


Stretching horizontally by a factor of 5 and vertically by a factor of 3 
transforms the circle on the left into the ellipse on the right. 


Stretching horizontally by a factor of 5 and stretching vertically by a factor of 3 
transforms a point (u,v) to the point (x,y), where x = 5u and y = 3v. Thus u = 5 


and v = . Rewriting the equation u* + v* = 1 in terms of x and y gives 
2 2 
a ey 
Zp. 9 


which is the equation of the ellipse shown above. The points (5,0) and (0, +3) 
satisfy this equation and thus lie on the ellipse, as can also be seen from the figure. 


More generally, suppose a and b are positive numbers. Suppose the circle with 
radius 1 centered at the origin is stretched horizontally by a factor of a and stretched 
vertically by a factor of b. Using the same reasoning as above (replace 5 by a and 
replace 3 by b), we see that the equation of the resulting ellipse in the xy-plane is 
42 
oe =I, 


mt Rp 


The points (+a,0) and (0, £b) satisfy this equation and lie on the ellipse. 

Planets have orbits that are ellipses. You may be surprised to learn that the sun is 
not located at the center of those orbits. Instead, the sun is located at what is called 
a focus of each elliptical orbit. The plural of focus is foci, which we now define. 


Foci of an ellipse 


The foci of an ellipse are two points with the property that the sum of the 
distances from the foci to a point on the ellipse is a constant independent of the 
point on the ellipse. 


(a) 


(b) 


(c) 
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Find a formula in terms of x for the distance from a typical point (x,y) on the 
2 2 
ellipse 55 + - = 1 to the point (4,0). 


Find a formula in terms of x for the distance from a typical point (x,y) on the 


2 2 
ellipse 55 + oS = 1 to the point (—4,0). 


bs} 2 
Show that (4,0) and (—4,0) are foci of the ellipse 55 + - =1. 


solution 


(a) 


(c) 


The distance from (x,y) to the point (4,0) (the length of the shorter blue line 
segment in the figure below) is \/(x — 4)? + y2, which equals 


V2 —8x+16+y?. 
We want an answer solely in terms of x, assuming that (x,y) lies on the ellipse 
a + x = 1. Solving the ellipse equation for y?, we have 
va = o> sex. 


Substituting this expression for y” into the expression above shows that the 
distance from (x,y) to (4,0) equals 


25 — 8x + sex, 


which equals J (= 4x), which equals 5 — $x. 


The distance from (x,y) to the point (—4,0) (the length of the longer blue line 
segment in the figure below) is \/(x + 4)? + y2, which equals 


V2 + 8x4 16+ 92, 
Now proceed as in the solution to part (a), with —8x replaced by 8x, concluding 
that the distance from (x,y) to (—4,0) is 5 + $x. 
The previous parts of this example show that if (x,y) is a point on the ellipse 
ae 
35 + 9 = 1, then 
distance from (x,y) to (4,0) is 5 — 5x 


and 
distance from (x,y) to (—4,0) is 5+ 5X. 


Adding these distances, we see that the sum equals 10, which is a constant 
independent of the point (x,y) on the ellipse. Thus (4,0) and (—4,0) are foci of 
this ellipse. 


y 
3 (x,y) 


For every point (x,y) on the ellipse 
2 


2 
55 + _ = 1, the sum of the lengths 

x of the two blue line segments equals 
10. 
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Isaac Newton showed that the 
equations of gravity imply that a 
planet's orbit around a star is an 
ellipse with the star at one of the 
foci. For example, if units are 
chosen so that the orbit of a planet 


2 2. 
is the ellipse 5 + a 1, then 


the star must be located at either 
(4,0) or (—4,0). 


“The universe cannot be read until 
we have learned the language and 
become familiar with the characters 
in which it is written. It is written 
in mathematical language, and the 
letters are triangles, circles and 
other geometrical figures, without 
which means it is humanly 
impossible to comprehend a single 
word.” 

—GALILEO 


No pair of points other than (4,0) 
and (—4,0) has the property that 
the sum of the distances to points 
on this ellipse is constant. 
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The next result generalizes the example above. Problems 107-112 outline the 
verification of this result using the ideas from the example above. 


Formula for the foci of an ellipse 


2 2, 
e Ifa >b >0, then the foci of the ellipse a ar tn = 1 are the points 


(Va2—0?,0) and (—Va2— 82,0). 


; ; ; ; 2 2 
The ancient Gr eeks discovered that e If b >a>0, then the foci of the ellipse + & = 1 are the points 
the intersection of a cone and an a b 


appropriately positioned plane is 


an ellipse. (0, V/ b2 — a) and (0, — Jb a), 


Hyperbolas 


Some comets and all planets travel in orbits that are ellipses. However, many comets 
have orbits that are not ellipses but instead lie on hyperbolas. 

Hyperbolas can be defined geometrically, but we will restrict our attention to 
hyperbolas in the xy-plane that can be defined in the following simple fashion. 


Hyperbola 


The graph of an equation of the form 


where a, b, and c are nonzero numbers, is called a hyperbola. 


A comet whose orbit lies on a 


hyperbola will come near Earth at 2 2 
most once. A comet whose orbit is The figure below shows the graph of the hyperbola — — > = 1 in orange for 
an ellipse will return periodically. —6 <x < 6. Note that this hyperbola consists of two branches rather than the single 


curve we get for ellipses and parabolas. Some key properties of this graph, which 
are typical of hyperbolas, are discussed in the next example. 


Consider the hyperbola 
Example 14 , ae 


y 16 9 


Explain why points (x,y) on the hyperbola for large values of x and y are near the 
line y = qx or the line y = — 3x. 


solution If x and y are large, then the number 1 is insignificant in comparison to 


2 2 
' x the size of - and oe Thus if x and y are large, then the equation above implies that 


y? 7 x2 
a eo" 
é yY cites ‘ , ‘ 44 
~ 2 Taking square roots then shows that 7 ~ +3, which implies that y + +3x. 
The hyperbola 7¢ — “y = lin 
orange for —6 <x < a along Each branch of a hyperbola looks a bit like a parabola, but these curves are not 


with the bi y= 3% and parabolas—a parabola cannot have the behavior described in the example above. 
y = —3x in blue. 
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Compare the following definition of the foci of a hyperbola with the definition 
earlier in this section of the foci of an ellipse. 


Foci of a hyperbola 


The foci of a hyperbola are two points with the property that the difference of 
the distances from the foci to a point on the hyperbola is a constant independent 
of the point on the hyperbola. 


2 
As we will see in the next example, the foci of the hyperbola - - 
points (0,—5) and (0,5). 


(a) Find a formula in terms of y for the distance from a typical point (x,y) with 
2 2 
y > 0 on the hyperbola — = > = 1 to the point (0, —5). 
(b) Find a formula in terms of y for the distance from a typical point (x,y) with 
2 
x 


2 
> 0 on the hyperbola 4 — © = 1 to the point 0,5). 
y yp 1 9 


2 2 
(c) Show that (0,—5) and (0,5) are foci of the hyperbola - =F =1 


solution 


(a) The distance from (x,y) to the point (0, —5) is \/x* + (y+5)*, which equals 


V2 + y? + 10y + 25. 


We want an answer solely in terms of y, assuming that (x,y) lies on the hy- 
2 2 
perbola ns = 7 = 1and y > 0. Solving the hyperbola equation for x”, we 


have 


D - 199 
x = 7gy — 9. 


Substituting this expression for x? into the expression above shows that the dis- 


tance from (x,y) to (0,—5) equals, / By? + 10y + 16, which equals \/ (3y + 4), 


which equals 3y +4. 
The distance from (x,y) to the point (0,5) is \/x2 + (y —5)2, which equals 


x2 + y? — Oy +25. 


Now proceed as in the solution to part (a), with 10y replaced by —10y, conclud- 
ing that the distance from (x,y) to (0,5) is fy —4. 


(c) As we know from the previous two parts of this example, if (x,y) is a point on 


2 2 
the hyperbola ~ = a = land y > 0, then 


distance from (x,y) to (0,—5) is Sy +4 


and 
distance from (x,y) to (0,5) is 3y — 4, 


Subtracting these distances, we see that the difference equals 8, which is a 
constant independent of the point (x,y) on the hyperbola. Thus (0,—5) and 
(0,5) are foci of this hyperbola. 
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Problems 116-119 show why the 


graph of y= i is also called a 
hyperbola. 


(x,¥) 


For every point (x,y) on the 


ae 
hyperbola 7% — “> =1, the 
difference of the lengths of the two 
blue line segments equals 8. 


The ancient Greeks discovered that 


the intersection of a cone and an 
appropriately positioned plane is a 
hyperbola. 
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Isaac Newton showed that a 
comet’s orbit around a star lies 
either on an ellipse or on a parabola 


(rare) or on a hyperbola with the 


star at one of the foci. For example, 
if units are chosen so that the orbit 
of a comet is the upper branch of 


yo x? 
the hyperbola 7% — “9 = 1, then 
the star must be located at (0,5). 


the points 


The next result generalizes the example above. The verification of this result is 
outlined in Problems 113-115. To do this verification, simply use the ideas from the 
example above. 


Formula for the foci of a hyperbola 


2 D 
If a and b are nonzero numbers, then the foci of the hyperbola a = 7 = 1 are 


(O22 = 2) and) (0) Ja + be) 


Sometimes when a new comet is discovered, there are not enough observations 
to determine whether the comet is in an elliptical orbit or in a hyperbolic orbit. The 
distinction is important, because a comet in a hyperbolic orbit will disappear and 
never again be visible from Earth. 


Exercises 


For Exercises 1-12, use the following information: If an ob- 
ject is thrown straight up into the air from height H feet at 
time 0 with initial velocity V feet per second, then at time t 
seconds the height of the object is h(t) feet, where 


h(t) = —16.17 + Vt+ H. 


This formula uses only gravitational force, ignoring air fric- 
tion. It is valid only until the object hits the ground or some 
other object. 


1 


N 


@ Suppose a ball is tossed straight up into the air from 
height 5 feet with initial velocity 20 feet per second. 


(a) How long before the ball hits the ground? 

(b) How long before the ball reaches its maximum 
height? 

(c) What is the ball’s maximum height? 


@ Suppose a ball is tossed straight up into the air from 
height 4 feet with initial velocity 40 feet per second. 


(a) How long before the ball hits the ground? 


(b) How long before the ball reaches its maximum 
height? 


(c) What is the ball’s maximum height? 


@ Suppose a ball is tossed straight up into the air from 
height 5 feet. What should be the initial velocity to have 
the ball stay in the air for 4 seconds? 


@ Suppose a ball is tossed straight up into the air from 
height 4 feet. What should be the initial velocity to have 
the ball stay in the air for 3 seconds? 


g Suppose a ball is tossed straight up into the air from 
height 5 feet. What should be the initial velocity to have 
the ball reach its maximum height after 1 second? 


g Suppose a ball is tossed straight up into the air from 
height 4 feet. What should be the initial velocity to have 
the ball reach its maximum height after 2 seconds? 


@ Suppose a ball is tossed straight up into the air from 
height 5 feet. What should be the initial velocity to have 
the ball reach a height of 50 feet? 


8 


10 


@ Suppose a ball is tossed straight up into the air from 
height 4 feet. What should be the initial velocity to have 
the ball reach a height of 70 feet? 

@ Suppose a notebook computer is accidentally knocked 
off a shelf that is six feet high. How long before the 
computer hits the ground? 

@ Suppose a notebook computer is accidentally knocked 
off a desk that is three feet high. How long before the 
computer hits the ground? 


Some notebook computers have a sensor that detects sudden 
changes in motion and stops the notebook’s hard drive, pro- 
tecting it from damage. 


11 


12 


13 


14 


15 


16 


Suppose the motion detection/protection mechanism of 
a notebook computer takes 0.3 seconds to work after the 
computer starts to fall. What is the minimum height 
from which the notebook computer can fall and have the 
protection mechanism work? 
Suppose the motion detection/protection mechanism of 
a notebook computer takes 0.4 seconds to work after the 
computer starts to fall. What is the minimum height 
from which the notebook computer can fall and have the 
protection mechanism work? 
Find all numbers x such that 

x—-1  2x-1 

x43 x+2° 


Find all numbers x such that 

3x+2  2x—1 

x-2° x-1° 
Find two numbers w such that the points (3,1), (w,4), 
and (5,7w) all lie on a straight line. 


Find two numbers r such that the points (—1,4), (r,2r), 
and (1,1) all lie on a straight line. 


For Exercises 17-22, find the vertex of the graph of the given 


function f. 

17 f(x) = 7x? —12 20 f(x) = (x+3)?+4 
18 f(x) = —9x2 —5 21 f(x) = (2x—5)*+6 
19 f(x) =(x—2)?-3 22 f(x) = (7x+3)7+5 


23 


24 


25 


26 


27 


28 


29 


30 


Find a quadratic function f such that the graph of f 
contains the point (1,4) and has vertex at (3,2). 


Find a quadratic function F such that the graph of F 
contains the point (2,—3) and has vertex at (—1,—4). 


Find the only numbers x and y such that 


x? — 6x +9? + 8y = —25. 
Find the only numbers x and y such that 


2 3y = ve 


Find the point on the line y = 3x + 1 in the xy-plane that 
is closest to the point (2,4). 

Find the point on the line y = 2x — 3 in the xy-plane that 
is closest to the point (5,1). 

Find a number t such that the distance between (2,3) and 
(t,2t) is as small as possible. 


Find a number f such that the distance between (—2,1) 
and (3t,2t) is as small as possible. 


For Exercises 31-34, for the given function f: 


31 
32 
33 
34 
35 


36 


37 


38 


39 


40 


41 
42 
43 
44 
45 


46 


(a) Write f(x) in the form a(x —h)? +k. 
(b) Find the value of x where f(x) attains its mini- 


mum value or its maximum value. 


(c) Sketch the graph of f on an interval of length 2 cen- 
tered at the number where f attains its minimum 
or maximum value. 


(d) Find the vertex of the graph of f. 
f(x) =x? +7x+12 
f(x) =5x2+2x41 
f(x) = —2x* + 5x—2 
f(x) = —3x*+5x-1 


Find a number c such that the graph of y = x7 +6x +c 
has its vertex on the x-axis. 


Find a number c such that the graph of y = x7 +5x+c 
in the xy-plane has its vertex on the line y = x. 

Find two numbers whose sum equals 10 and whose prod- 
uct equals 7. 

Find two numbers whose sum equals 6 and whose prod- 
uct equals 4. 

Find two positive numbers whose difference equals 3 and 
whose product equals 20. 

Find two positive numbers whose difference equals 4 and 
whose product equals 15. 

Find the minimum value of x? — 6x + 2. 

Find the minimum value of 3x2 + 5x +1. 

Find the maximum value of 7 — 2x — x?. 

Find the maximum value of 9 + 5x — 4x2. 

Suppose the graph of f is a parabola with vertex at (3,2). 
Suppose g(x) = 4x +5. What are the coordinates of the 
vertex of the graph of f 0 ¢? 


Suppose the graph of f is a parabola with vertex at 
(—5,4). Suppose g(x) = 3x —1. What are the coordi- 
nates of the vertex of the graph of f 0 ¢? 
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Suppose the graph of f is a parabola with vertex at (3,2). 
Suppose g(x) = 4x +5. What are the coordinates of the 
vertex of the graph of go f? 


Suppose the graph of f is a parabola with vertex at 
(—5,4). Suppose g(x) = 3x —1. What are the coordi- 
nates of the vertex of the graph of go f? 


Suppose the graph of f is a parabola with vertex at (t,s). 
Suppose 9(x) = ax + b, where a and b are numbers with 
a #0. What are the coordinates of the vertex of the graph 
of f 0g? 

Suppose the graph of f is a parabola with vertex at (t,s). 
Suppose ¢(x) = ax + b, where a and b are numbers with 
a #0. What are the coordinates of the vertex of the graph 
of go f? 
Suppose h(x) = x* + 3x +4, with the domain of h being 
the set of positive numbers. Evaluate h~1(7). 


Suppose h(x) = x* + 2x — 5, with the domain of h being 


the set of positive numbers. Evaluate h~1(4). 


Suppose f is the function whose domain is the interval 
[1,00) with 
f(x) =x? 43x45. 
(a) What is the range of f? 
(b) Find a formula for f~!. 
(c) What is the domain of f =19 
(d) What is the range of f =? 
Suppose g is the function whose domain is the interval 
[1,00) with 
g(x) =x? 4+4x4+7. 
(a) What is the range of g? 
(b) Find a formula for g~!. 
(c) What is the domain of gl? 
(d) What is the range of gl? 
Suppose F(x) = x* — 2x — 1, with the domain of F being 
the interval [0,3]. Find the range of F. 


Suppose F(x) = x? — 4x + 1, with the domain of F being 
the interval [0,6]. Find the range of F. 


Find all numbers t such that |f? — 2t — 4| = 3. 
Find all numbers y such that |y* — 3y — 5| = 4. 
Suppose 
f(x) =<? — 6x +11. 
Find the smallest number b such that f is increasing on 
the interval [b, 00). 


Suppose 
f(x) =x? +8x45. 


Find the smallest number b such that f is increasing on 
the interval [b, 00). 

Find the distance between the points (3,—2) and (—1,4). 
Find the distance between the points (—4,—7) and 
(-8, —5 ) 7 

Find two choices for f such that the distance between 
(2,—1) and (t,3) equals 7. 


Find two choices for tf such that the distance between 
(3,2) and (1,t) equals 5. 
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Find two choices for b such that (4,b) has distance 5 from 
(3,6). 

Find two choices for b such that (b,—1) has distance 4 
from (3,2). 

Find two points on the horizontal axis whose distance 
from (3,2) equals 7. 


Find two points on the horizontal axis whose distance 
from (1,4) equals 6. 

Find two points on the vertical axis whose distance from 
(5,1) equals 8. 

Find two points on the vertical axis whose distance from 
(2,4) equals 5. 

A ship sails north for 2 miles and then west for 5 miles. 
How far is the ship from its starting point? 


A ship sails east for 7 miles and then south for 3 miles. 
How far is the ship from its starting point? 


Find the equation of the circle in the xy-plane centered at 
(3, —2) with radius 7. 


Find the equation of the circle in the xy-plane centered at 
(—4,5) with radius 6. 


Find two choices for b such that (5,b) is on the circle with 
radius 4 centered at (3,6). 


Find two choices for b such that (b,4) is on the circle with 
radius 3 centered at (—1,6). 


Find the center and radius of the circle 


al 8x +y* +2y = 14. 


Find the center and radius of the circle 
x 4+5x+y — by =3. 
Find the two points where the circle with radius 2 cen- 


tered at the origin intersects the circle with radius 3 cen- 
tered at (3,0). 


Problems 
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Show that 

(a+b)* =a +b 
if and only if a = 0 or b = 0. 
Explain why 


x? +4x+y* —10y > —29 


for all real numbers x and y. 
Show that a quadratic function f defined by 
f(x) = ax? + bx +c is an even function if and only if 
b=0. 
Show that if f is a nonconstant linear function and g is a 
quadratic function, then f o g and go f are both quadratic 
functions. 
Suppose 

2x7 +3x+¢>0 
for every real number x. Show that c > z. 
Suppose 

3x7 + bx +7 >0 
for every real number x. Show that |b| < 2/21. 
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Find the two points where the circle with radius 3 cen- 
tered at the origin intersects the circle with radius 4 cen- 
tered at (5,0). 


Find the intersection of the line containing the points 
(2,3) and (4,7) and the circle with radius 15 centered 
at (3,—3). 

Find the intersection of the line containing the points 


(3,4) and (1,8) and the circle with radius 3 centered at 
(2,9). 


Suppose units are chosen so that the orbit of a planet 
around a star is the ellipse 

Ax? + 5y* = 1. 
What is the location of the star? (Assume that the first 
coordinate of the star is positive.) 
Suppose units are chosen so that the orbit of a planet 
around a star is the ellipse 

3x7 + 7y" = 1. 
What is the location of the star? (Assume that the first 
coordinate of the star is positive.) 
Suppose units are chosen so that the orbit of a comet 
around a star is the upper branch of the hyperbola 

By? = 2x7 = 5. 


What is the location of the star? 


Suppose units are chosen so that the orbit of a comet 
around a star is the upper branch of the hyperbola 


Ay” — 5x? = 7. 


What is the location of the star? 


Suppose 
at? +5t+4>0 


for every real number t. Show that a > #. 


Suppose a 4 0 and b? > 4ac. Verify by direct substitution 
that if 
= —b+ Vb? — 4ac 
2a : 


then ax? + bx +c =0. 


Suppose a 4 0 and b? > Aac. Verify by direct calculation 
that 
ax? +bx+ce= 
—b+ Vb? — 4ac : —b— Ve? =a 
: (x 2a ) ( 2a : 


Suppose f(x) = ax* + bx +c, where a 4 0. Show that 


_ 72 
the vertex of the graph of f is the point (- 2, Jac r LE ) 
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Suppose b and c are numbers such that the equation 
x*+bx+c=0 

has no real solutions. Explain why the equation 
x7 +bx-—c=0 


has two real solutions. 


Find a number ¢ such that in the figure below, the yellow 
rectangle is similar to the large rectangle formed by the 
union of the orange square and the yellow rectangle. 


1 g-1 


1 g-1 


[The number ¢ that solves this problem is called the golden 
ratio (the symbol @ is the Greek letter phi). Rectangles whose 
ratio between the length of the long side and the length of the 
short side equals ~ are supposedly the most aesthetically pleas- 
ing rectangles. The large rectangle formed by the union of the 
orange square and the yellow rectangle has the golden ratio, as 
does the yellow rectangle. Many works of art feature rectangles 
with the golden ratio.] 


Show that there do not exist two real numbers whose 
sum is 7 and whose product is 13. 


Suppose f is a quadratic function such that the equation 
f(x) = 0 has exactly one solution. Show that this solution 
is the first coordinate of the vertex of the graph of f and 
that the second coordinate of the vertex equals 0. 


Suppose f is a quadratic function such that the equation 
f(x) =0 has two real solutions. Show that the average of 
these two solutions is the first coordinate of the vertex of 
the graph of f. 

Find two points, one on the horizontal axis and one on 
the vertical axis, such that the distance between these two 
points equals 15. 


Explain why there does not exist a point on the horizontal 
axis whose distance from (5,4) equals 3. 


g Find the distance between the points (—21,—15) and 
(17,28). 

[In WolframAlpha, you can do this by typing 
{distance from (-21, -15) to (17, 28)] in an entry box. 
Note that in addition to the distance in both exact and ap- 
proximate form, you get a figure showing the two points. 
Experiment with finding the distance between other pairs of 
points. ] 


Find six distinct points whose distance from the origin 
equals 3. 


Find six distinct points whose distance from (3,1) equals 
4. 


Suppose a > b > 0. Find a formula in terms of x for 
the distance from a typical point (x,y) on the ellipse 


2 as] 
az + pz = 1 to the point (Va? — 2,0). 
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Suppose a > b > 0. Find a formula in terms of x for 
the distance from a typical point (x,y) on the ellipse 
i) 2 
x + i = 1 to the point (— Va? — b2,0). 
Suppose a > b > 0. Use the results of the two previous 
problems to show that (Va? — b?,0) and (—Va? — b?, 0) 
are foci of the ellipse 
2 
atgah 
Suppose b > a > 0. Find a formula in terms of y for 
the distance from a typical point (x,y) on the ellipse 
2 2 
az + i = 1 to the point (0, Vb? — a”). 
Suppose b > a > 0. Find a formula in terms of y for 
the distance from a typical point (x,y) on the ellipse 
2 2 —— 
2 - i = 1 to the point (0, Vb? — a). 
Suppose b > a > 0. Use the results of the two previous 
problems to show that (0, Jb? = a’) and (0, Vi? = a) 
are foci of the ellipse 
2 
atgah 


Suppose a and b are nonzero numbers. Find a formula 
in terms of y for the distance from a typical point (x,y) 


2 2 
with y > 0 on the hyperbola a — az = 1 to the point 
(0,-—Va? + b?). 
Suppose a and b are nonzero numbers. Find a formula 


in terms of y for the distance from a typical point (x,y) 
2 


with y > 0 on the hyperbola o 
(0, Va2 + b?). 

Suppose a and b are nonzero numbers. Use the results of 
the two previous problems to show that (0, Va + b?) 


and (0, Va* + b*) are foci of the hyperbola 


x2 : 
= = 1 to the point 


Suppose x > 0. Show that the distance from (x, 1) to the 
point (—V/2,—V/2) is x + 1 + V2. 
[See Example 6 in Section 2.3 for a graph of y = 1) 


Suppose x > 0. Show that the distance from (x, *) to the 
point (V2, V2) is x + 1 — 72. 


Suppose x > 0. Show that the distance from (x, 1) to 
(—V2,—-V2) minus the distance from (x, +) to (V2, V2) 
equals 2\/2. 

Explain why the result of the previous problem justi- 
fies calling the curve y = 1 a hyperbola with foci at 
(-V2, —V2) and (V2, V2). 

Show that the right triangle with sides of length 3, 4, and 
5 is the only right triangle in which the side lengths differ 


by 1 (meaning that the sides have length d, d+ 1, and 
d-+ 2 for some number d). 
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Worked-Out Solutions to Odd-Numbered Exercises 


For Exercises 1-12, use the following information: If an ob- 
ject is thrown straight up into the air from height H feet at 
time 0 with initial velocity V feet per second, then at time t 
seconds the height of the object is h(t) feet, where 


h(t) = —16.1#? + Vt+ H. 


This formula uses only gravitational force, ignoring air fric- 
tion. It is valid only until the object hits the ground or some 
other object. 


1 @ Suppose a ball is tossed straight up into the air from 


(a) 


(b) 


(c) 


height 5 feet with initial velocity 20 feet per second. 


(a) How long before the ball hits the ground? 


(b) How long before the ball reaches its maximum 
height? 


(c) What is the ball’s maximum height? 
solution 
Here we have 
h(t) = —16.127 + 208 +5. 


The ball hits the ground when h(t) = 0; the quadratic 
formula shows that this happens when ft ~ 1.46 seconds 
(the other solution produced by the quadratic formula 
has been discarded because it is negative). 


Completing the square, we have 
h(t) = —16.1#7 + 20¢ +5 


= -161(P — yt) +5 


= -16. ((1 ot) (rex) ) +5 


= 16.1(¢ i) + ae +5. 


Thus the ball reaches its maximum height when 


t= we 0.62 seconds. 


The solution to part (b) shows that the maximum height 
of the ball is 725 +5 © 11.2 feet. 


@ Suppose a ball is tossed straight up into the air from 
height 5 feet. What should be the initial velocity to have 
the ball stay in the air for 4 seconds? 


solution Suppose the initial velocity of the ball is V feet 
per second. Then the height (tf) of the ball at time t is 
given by the formula 


h(t) = —16.17 + Vt+5. 


We want (4) = 0, because the ball hits the ground when 
its height is 0. In other words, we want 


—16.1x 44*+4V+5=0. 


Solving this equation for V gives V = 63.15 feet per 
second. 


5 @ Suppose a ball is tossed straight up into the air from 


height 5 feet. What should be the initial velocity to have 
the ball reach its maximum height after 1 second? 


solution Suppose the initial velocity of the ball is V feet 
per second. Then the height of the ball at time t is 


h(t) = -16.1° + Vt+5 


—16.1 (e- uy ) +5 


16.1 
V \2 V \2 
= ne ((: oo) oo) ) re 
V\2. V2 
= 16.1(¢ =0) Pela @ 
Thus the ball reaches its maximum height when 


t— ao = 0. We want this to happen when t = 1. In 


other words, we want 1 — ne = 0, which implies that 
V = 32.2 feet per second. ~~ 


@ Suppose a ball is tossed straight up into the air from 
height 5 feet. What should be the initial velocity to have 
the ball reach a height of 50 feet? 


solution Suppose the initial velocity of the ball is V feet 
per second. As can be seen from the solution to Exercise 


2 
5, the maximum height of the ball is “nt +5, which we 
want to equal 50. Solving the equation , 


2 
64.4 
for V gives V = 53.83 feet per second. 


+5 =50 


@ Suppose a notebook computer is accidentally knocked 
off a shelf that is six feet high. How long before the 
computer hits the ground? 


solution In this case, we have V = 0 and H = 6, and 
thus the height /(f) at time f is given by the formula 


h(t) = —16.1t7 +6. 


We want to know the time t at which h(t) = 0. In other 
words, we need to solve the equation 


—16.17+6=0. 


The solutions to the equation are t = Bed aes 
The negative value makes no sense here, and thus 


Some notebook computers have a sensor that detects sudden 
changes in motion and stops the notebook’s hard drive, pro- 
tecting it from damage. 


11 Suppose the motion detection/protection mechanism of 


a notebook computer takes 0.3 seconds to work after the 
computer starts to fall. What is the minimum height 
from which the notebook computer can fall and have the 
protection mechanism work? 


13 


15 


solution We want to find the initial height H such that 
the notebook computer will hit the ground (meaning have 
height 0) after 0.3 seconds. In other words, we want 


—16.1x0.3° +H =0. 
Thus H = 16.1 x 0.3% = 1.449 feet. 


Find all numbers x such that 
x—-1  2x-1 
x+3 x4+2° 


solution The equation above is equivalent to the equa- 
tion 
(x —1)(x+2) = (2x —1)(x+3). 
Expanding and then collecting all terms on one side leads 
to the equation 
x7 4+4x—-1=0. 
The quadratic formula now shows that x = —2 + J5. 


Find two numbers w such that the points (3,1), (w,4), 
and (5,w) all lie on a straight line. 


solution The slope of the line containing (3,1) and (w,4) 


is 77—3- The slope of the line containing (3,1) and (5, w) 
is wel We need these two slopes to be equal, which 


means that 
3.  w-l 


w-3 2 
Thus 2-3 = (w—1)(w — 3), which means that 


w? —4w —3 =0. 


The quadratic formula now shows that w = 2+ V7. 


For Exercises 17-22, find the vertex of the graph of the given 
function f. 


17 


19 


21 


23 


f(x) = 7x? —12 


solution The value of 7x? — 12 is minimized when x = 0. 
The value of f (0) is —12. Thus the vertex of the graph of 
f is (0,—12). 

f(x) =(x-2)?-3 


solution The value of (x — 2)* — 3 is minimized when 
x = 2. The value of f(2) is —3. Thus the vertex of the 
graph of f is (2,—3). 

f(x) = (2x-5)? +6 

solution The value of (2x — 5)? + 6 is minimized when 
2x —5 = 0. This happens when x = 3. The value of f (3) 
is 6. Thus the vertex of the graph of f is Gy 6). 


Find a quadratic function f such that the graph of f 
contains the point (1,4) and has vertex at (3,2). 


solution Because (3,2) is the vertex of the graph of f, 
we know that 


for some number a. Thus 


25 


27 


29 
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4= f(1) =a(1—3)? +2 =4a+2. 


Solving for a, we have a = A Thus 


f(x) = 5 (2-3) +2. 


Find the only numbers x and y such that 


x? — 6x + y* + 8y = —25. 


solution We complete the square to rewrite the equation 
above: 


—25 = x* —6x+y" + 8y 
ce 


9+ (y+4)* — 16 
= (x—3)° + (y+4)? —25. 


Thus the original equation can be rewritten as 
(x —3)*+ (y+4)? = 0. The only solution to this equation 
is x = 3 and y = —4. Thus (3, —4) is the only point on 
the graph of this equation. 


Find the point on the line y = 3x + 1 in the xy-plane that 
is closest to the point (2,4). 


solution A typical point on the line y = 3x + 1 in the xy- 
plane has coordinates (x,3x +1). The distance between 
this point and (2,4) equals 


((e-2)2 + Gx 41-4), 
which with a bit of algebra can be rewritten as 


V 10x2 — 22x +13. 


We want to make the quantity above as small as possible, 
which means that we need to make 10x? — 22x as small 
as possible. This can be done by completing the square: 


10x? — 22x = 10 (? = Br) 


4G ((- 10) ~100) 


The last quantity will be as small as possible when x = io: 
Plugging x = i into the equation y = 3x +1 gives 
y = 44. Thus (4, 7g) is the point on the line y = 3x +1 
that is closest to the point (2,4). 

Find a number ¢ such that the distance between (2,3) and 


(t,2t) is as small as possible. 


solution The distance between (2,3) and (t,2t) equals 


(t-2)2 + (2-3). 


We want to make this as small as possible, which happens 
when 
(t 2)? + (2t-3)? 


is as small as possible. Note that 


(¢— 2)? + (2t — 3)? = 52 — 16+ 13. 
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This will be as small as possible when 5t? — 16t is as small 
as possible. To find when that happens, we complete the 
square: 


52 —16t =5 (? = Pr) 
- 8)’ 
-8) 


-( 


This quantity is made smallest when t = 


i) 


For Exercises 31-34, for the given function f: 


(a) Write f(x) in the form a(x —h)? +k. 


(b) Find the value of x where f(x) attains its mini- 


mum value or its maximum value. 

(c) Sketch the graph of f on an interval of length 2 cen- 
tered at the number where f attains its minimum 
or maximum value. 


(d) Find the vertex of the graph of f. 


31 f(x) =x2+7x+12 


(a) 


(b) 


(c) 


(d) 


solution 


By completing the square, we can write 


f(x) =2?+7x412 


7\2 49 
=(x+5)-F+12 
av a 

= (x+95) ~ 4 


The expression above shows that the value of f(x) is 


minimized when x = — z. 


The expression above for f implies that the graph of f is 
obtained from the graph of x? by shifting left z units and 
then shifting down } units. This produces the following 
graph on the interval [—3, —3], which is the interval of 


length 2 centered at — 5. 


Clee) 


ap 
r 


The figure above enews that the vertex of the graph of f 
is the point (— 5, —}). We could have computed this even 
without the igure by nd) that ae ie on its minimum 
value at —5 7 and that fi . Or we could have 
noted that the gr a of f i c es from the graph of 

x2 x* by shifting left 5 units and then shifting down i units, 
which moves the onein (which is the vertex of the graph 
of x) to the point (—3, —4). 


33 


(a) 


(b) 
(c) 


35 


37 


f(x) = —2x* -+5x—2 
solution 
By completing the square, we can write 


f(x) = 2x7 +5x—2 


| 
N 
es 
R 
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The expression above shows that the value of f(x) is 
maximized when x = 3. 

The expression in part (a) implies that the graph of f is 
obtained from the graph of x? by shifting right 3 units, 
then stretching vertically by a factor of 2, then peTEctng 
through the horizontal axis, and then shifting up g 2 units. 


This produces the following graph on the uewel [4,4], 
which is the interval of length 2 centered at 3. 


9 
8 


| 
oN 
r 


The figure above shows that the vertex of the graph of 
f is the point 3, 3): We could have computed this even 
without the figure by outs that f takes on its maximum 
value at ? and that f(}) = 3. Or we could have noted 
that the aapk of f is obtained from the graph of x” by 
shifting right 3 units, then stretching vertically by a factor 
of 2, then reflecting through the horizontal axis, and then 
shifting up 3 units, which moves the origin (which is the 


vertex of the graph of x?) to the point (3, 3): 


Find a number c such that the graph of y = x7 + 6x +c 
has its vertex on the x-axis. 


solution First we find the vertex of the graph of 
y =x? +6x+c. To do this, complete the square: 


x? 4+6x-+e=(x+3)* 


9+. 


Thus the value of x? + 6x +c is minimized when x = —3. 
When x = —3, the value of x7+6x+c equals —9 +c. 
Thus the vertex of y = x* + 6x +c is (—3,-—9 +c). 


The x-axis consists of the points whose second coordinate 
equals 0. Thus the vertex of the graph of y = +6x+e 
will be on the x-axis when —9 + c = 0, or equivalently 
when c = 9. 


Find two numbers whose sum equals 10 and whose prod- 
uct equals 7. 


solution Let’s call the two numbers s and f. We want 


s+ft=10 and st=7. 


39 


41 


Solving the first equation for s, we have s = 10 — t. Sub- 
stituting this expression for s into the second equation 
gives (10 — t)t = 7, which is equivalent to the equation 


 —10t+7=0. 


Using the quadratic formula to solve this equation for t 
gives 


,_ Weve -4-7 _ 10+ /72 
2 2 
102 = = 543V2. 


Let’s choose the solution t = 5 +372. Plugging this value 
of t into the equation s = 10 — t then gives s = 5 — 372. 

Thus two numbers whose sum equals 10 and whose prod- 
uct equals 7 are 5 — 3/2 and5+3yv2. 


Find two positive numbers whose difference equals 3 and 

whose product equals 20. 

solution Let’s call the two numbers s and ft. We want 
s—t=3 and st=20. 


Solving the first equation for s, we have s = t + 3. Substi- 
tuting this expression for s into the second equation gives 
(t + 3)t = 20, which is equivalent to the equation 


t? + 3t— 20 =0. 
Using the quadratic formula to solve this equation for t 
gives _ 
pa DoE VI +4-20 _ -34 V'89 
2 2 , 


Choosing the minus sign in the plus-or-minus expression 
above would lead to a negative value for t. Because this 


exercise requires that t be positive, we choose f = aa 
Plugging this value of t into the equation s = t +3 fick 
gives s = a 


Thus two numbers whose difference equals 3 and whose 


product equals 20 are a8? and meen LL 
check To check that this solution is correct, note that 
3+V89_ -3+V89_6_, 
2 2 2 
and 
3+ 89 -3+ 89  /89+3 89-3 
2 2 2 2 
We =F 80s, 
4 4 . 


Find the minimum value of x? — 6x +2. 


solution By completing the square, we can write 


3)? -942 


x? —6x +2 = (x 


= (x-—3) -7. 


The expression above shows that the minimum value of 
x? — 6x +2 is —7 (and that this minimum value occurs 
when x = 3). 


43 


45 


47 


49 
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Find the maximum value of 7 — 2x — x?. 


solution By completing the square, we can write 


7—2x—x% = (x*4 


—((x+1??-1) +7 


2x) +7 


= —(x+1)7+8. 


The expression above shows that the maximum value of 
7 — 2x — x? is 8 (and that this maximum value occurs 
when x = —1). 


Suppose the graph of f is a parabola with vertex at (3,2). 
Suppose g(x) = 4x +5. What are the coordinates of the 
vertex of the graph of f 0 9? 


solution Note that 


(fog)(x) = f(g(x)) = f(4x +5). 
Because f(x) attains its minimum or maximum value 
when x = 3, we see from the equation above that 


(f 0 g)(x) attains its minimum or maximum value when 
4x +5 = 3. Solving this equation for x, we see that 
(f 0 g)(x) attains its minimum or maximum value when 
x = —5. The equation displayed above shows that this 
minimum or maximum value of (f © ¢)(x) is the same as 
the minimum or maximum value of f, which equals 2. 
Thus the vertex of the graph of f 0 g is (—4,2). 


Suppose the graph of f is a parabola with vertex at (3,2). 
Suppose g(x) = 4x +5. What are the coordinates of the 
vertex of the graph of go f? 


solution Note that 


(go f)(x) = g( f(x) ) =4f(x) +5 


Because f(x) attains its minimum or maximum value 
(which equals 2) when x = 3, we see from the equa- 
tion above that (go f)(x) also attains its minimum or 
maximum value when x = 3. We have 


(go f)(3) = 9( f(3)) =4f(3) +5 =4-24+5 = 13. 


Thus the vertex of the graph of go f is (3,13). 


Suppose the graph of f is a parabola with vertex at (t,s). 
Suppose ¢(x) = ax + b, where a and b are numbers with 
a #0. What are the coordinates of the vertex of the graph 


of f 0g? 


solution Note that 


(fo g)(x) = flax +b). 
Because f(x) attains its minimum or maximum value 
when x = ft, we see from the equation above that 


(f 0 g)(x) attains its minimum or maximum value when 
ax +b =t. Thus (f 0 g)(x) attains its minimum or max- 


imum value when x = tab The equation displayed 


above shows that this minimum or maximum value of 
(fo g)(x) is the same as the minimum or maximum value 
of f, which equals s. Thus the vertex of the graph of f 0 ¢ 


is Garr 


154 Chapter2 Linear, Quadratic, Polynomial, and Rational Functions 


51 


53 


(a) 


Suppose h(x) = x? + 3x + 4, with the domain of h being 
the set of positive numbers. Evaluate h~!(7). 


solution We need to find a positive number x such that 
h(x) = 7. In other words, we need to find a positive solu- 
tion to the equation x? + 3x +4 = 7, which is equivalent 
to the equation 

x 43x—3=0. 


The quadratic formula shows that the equation above has 
solutions 


-34+ 21 -3-V21 
x = ——— and x= —W——. 
2 2 
Because the domain of hi is the set of positive numbers, 
the value of x that we seek must be positive. The sec- 
ond solution above is negative; thus it can be discarded, 


giving h—!(7) = scan ey 


check To check that h~1(7) = a, we must verify 
that h( 3421) = 7. We have 


nS — (=A) (HM) a 


15-3721 , —943V21 , 
ieee eae 2 +4 


=7, 
as desired. 
Suppose f is the function whose domain is the interval 
[1,c0) with 
f(x) = 27 +3x+5. 

(a) What is the range of f? 

(b) Find a formula for f~'. 

(c) What is the domain of f “12 

(d) What is the range of f =? 


solution 


To find the range of f, we need to find the numbers y 
such that 

y=x? 43x45 
for some x in the domain of f. In other words, we need 
to find the values of y such that the equation above can 
be solved for a number x > 1. To solve this equation for 
x, subtract y from both sides, getting the equation 


x? 43x+(5—y) =0. 


Using the quadratic equation to solve this equation for x, 
we get 


= EVP AG-y) _ 34 fH 


2 2 


Choosing the negative sign in the equation above would 
give a negative value for x, which is not possible be- 
cause x is required to be in the domain of f, which is the 
interval [1,00). Thus we must have 


—3+ \/4y—11 
x = A. 
2 


(c) 


(d) 
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Because x is required to be in the domain of f, which is 
the interval [1,00), we must have 
—3+ /4y—11 Sa 
—— _ 
Multiplying both sides of this inequality by 2 and then 
adding 3 to both sides gives the inequality 
V4y—11>5. 


Thus 4y — 11 > 25, which implies that 4y > 36, which 
implies that y > 9. Thus the range of f is the interval 
(9,0). 

The expression derived in the solution to part (a) shows 
that f—! is given by the formula 


- -34,/H-11 
fly) =. 


The domain of f~! equals the range of f. Thus the do- 
main of f—! is the interval [9, 00). 


The range of f~! equals the domain of f. Thus the range 
of f—! is the interval [1, 0). 


Suppose F(x) = x* — 2x — 1, with the domain of F being 
the interval [0,3]. Find the range of F. 


solution By completing the square, we write 
F(x) =x? —2x-1 
=(g=17=1=1 
= (x—1)-2. 


Thus the vertex of F is (1,—2). We also note that 
F(O) = —1 and F(3) = 2. We now have enough in- 
formation to sketch the graph of F. 


From the figure above, we see that the range of F is the 
interval [—2, 2]. 


Find all numbers t such that |? — 2t — 4| = 3. 


solution A number tf satisfies the equation 
[2 — 2#- 4] = 3 if and only if #? —2t-—4 = 3 or 
tf? —2t-4 = —3. We will solve each of these equa- 
tions separately. 

The quadratic formula tells us that the equation 
(2 —2t-4=3is equivalent tot =1+ 2V2. 

The quadratic formula tells us that the equation 
(2 —2t-4= 3 is equivalent tof =1+ J/2. 


Thus our 
1+ 2,1 


original equation has four solutions: 


J2,1+2/2,1 — 22. 
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f(x) =x? —6x +11. 


Find the smallest number b such that f is increasing on 
the interval [b, 00). 


solution The graph of f is a parabola shaped like this: 


The largest interval on 
which f is increasing is 
[b, co), where b is the first 
coordinate of the vertex of 


b = the graph of f. 


As can be seen from the figure above, the smallest num- 
ber b such that f is increasing on the interval [b, 00) is the 
first coordinate of the vertex of the graph of f. To find 
this number, we complete the square: 


6x +11 = (e—3)7 -94 10 


= (x—3)7 42 


The equation above shows that the first coordinate of the 
vertex of the parabola is 3. Thus we take b = 3. 


Find the distance between the points (3, —2) and (—1,4). 


solution The distance between the points (3,—2) and 
(—1,4) equals 


Find two choices for f such that the distance between 
(2,—1) and (t,3) equals 7. 


solution The distance between (2,—1) and (t,3) equals 


(¢ — 2)? + 16. 
We want this to equal 7, which means that we must have 
(t— 2)? +16 = 49. 


Subtracting 16 from both sides of the equation above 
gives 

(t — 2)? = 33, 
which implies that f—- 2 = + /33. Thus t = 2+ 33 or 
t=2- 33. 


Find two choices for b such that (4,b) has distance 5 from 
(3,6). 


solution The distance between (4,b) and (3,6) equals 


67 


69 


71 
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\/1+ (6 — b)?2. 
We want this to equal 5, which means that we must have 
1+ (6—b)* =25. 
Subtracting 1 from both sides of the equation above gives 
(6—b)? = 24. 


Hence 6 — b = +V24. Thus b = 6— 24 = 6-26 or 
b=64+ /24=6+2V6. 


Find two points on the horizontal axis whose distance 
from (3,2) equals 7. 


solution A typical point on the horizontal axis has co- 
ordinates (x,0). The distance from this point to (3,2) is 
/ (x — 3)? + (0 — 2). Thus we need to solve the equation 


(x—3)2?+4=7. 


Squaring both sides of the equation above and then sub- 
tracting 4 from both sides gives 
(x—3)* = 45. 


Thus x —3 = +V/45 = +3V5. Thus x = 343¥V5. Hence 
the two points on the horizontal axis whose distance from 
(3,2) equals 7 are (3 + 3\/5,0) and (3 — 35,0). 


Find two points on the vertical axis whose distance from 
(5,—1) equals 8. 


solution A typical point on the vertical axis has coor- 
dinates (0,y). The distance from this point to (5,—1) 


is Vo = 5)? + (y= (-1))’. Thus we need to solve the 
equation 


25+ (y+1)? =8. 
Squaring both sides of the equation above, and then sub- 
tracting 25 from both sides gives 


(y+1)* = 39. 


Thus y + 1 = +V39. Thus y = —1 + 39. Hence the two 
points on the vertical axis whose distance from (5,—1) 
equals 8 are (0, -1+ 39) and (0, -1— 39). 


A ship sails north for 2 miles and then west for 5 miles. 
How far is the ship from its starting point? 


solution The figure below shows the path of the ship. 
The length of the blue line is the distance of the ship 
from its starting point. By the Pythagorean Theorem, this 
distance is /2? + 52 miles, which equals /29 miles. 


5 
< 


We have assumed that the surface of the earth is part of a 
plane rather than part of a sphere. For distances of less 
than a few hundred miles, this is a good approximation. 
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75 
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Find the equation of the circle in the xy-plane centered at 
(3, —2) with radius 7. 


solution The equation of this circle is 
(x — 3)? + (y+2)? = 49. 


Find two choices for b such that (5, b) is on the circle with 
radius 4 centered at (3,6). 


solution The equation of the circle with radius 4 cen- 
tered at (3,6) is 


(x — 3)? + (y—6)? = 16. 
The point (5,b) is on this circle if and only if 
(5-3)? + (b-6)? = 16, 
which is equivalent to the equation (b — 6)? = 12. Thus 
b-6=4V12=4V4-3=4V4V3 = 42v3. 


Thus b = 6 +2\/3 or b = 6 — 2V3. 
Find the center and radius of the circle 


x? — 8x+y2+2y = —-14. 


solution Completing the square, we can rewrite the left 
side of the equation above as follows: 


4)? 16+ (y4 


x? —8x+y" +2y = (x 


= (x-4)? + (y+1)?- 17. 


Substituting this expression into the left side of the origi- 
nal equation and then adding 17 to both sides shows that 
the original equation is equivalent to the equation 


(x—4)* + (y4+1)? =3. 
Thus this circle has center (4,—1) and radius V3. 
Find the two points where the circle with radius 2 cen- 


tered at the origin intersects the circle with radius 3 cen- 
tered at (3,0). 


solution The equations of these two circles are 
(x-3°% + =9. 


Subtracting the first equation from the second equation, 
we get 


xv4+y=4 and 


(x—3)* — x7 =5, 
which simplifies to the equation —6x +9 = 5, whose 


solution is x = 3. Plugging this value of x into either of 
p Ay 


the equations above and solving for y gives y 


2) and 


3 | 


Thus the two circles intersect at the points (2,4 


(3,-9?). 


Find the intersection of the line containing the points 
(2,3) and (4,7) and the circle with radius 15 centered 
at (3, —3). 


solution First we find the equation of the line containing 
the points (2,3) and (4,7). This line will have slope SS, 
which equals 2. Thus the equation of this line will have 
the form y = 2x + b. Because (2,3) is on this line, we can 
substitute x = 2 and y = 3 into the last equation and then 
solve for b, getting b = —1. Thus the equation of the line 
containing the points (2,3) and (4,7) is 


83 


85 


y = 2x —1. 
The equation of the circle with radius 15 centered at 


(3,3) is 

(x —3)*+ (y+3)? = 15. 
To find the intersection of the circle and the line, we 
replace y by 2x — 1 in the equation above, getting 


(x — 3)? + (2x +2)? = 15. 


Expanding the terms in the equation above and then 
collecting terms gives the equation 


5x? + 2x —2=0. 
Using the quadratic formula, we then find that 
-14+Vil -1-Vil 
Sige = - or .£= —s 


Substituting these values of x into the equation y = 2x — 1 
shows that the line intersects the circle at the points 


-14+V11l -74+2V11 
(SS) 


and 


-1- vil -7-2vii 
(“5 at 72 i 


Suppose units are chosen so that the orbit of a planet 
around a star is the ellipse 
Ax? + 5y* = 1. 


What is the location of the star? (Assume that the first 
coordinate of the star is positive.) 


solution To put the equation above in the standard form 
for an ellipse, rewrite it as 


N 


T 


2. 
x 
4% =1. 
q 5 


The star is located at a focus of the ellipse. The focus with 
a positive first coordinate is (Vt ad, 0), which equals 


(Vd. 0), which equals (#2. 0). 


Suppose units are chosen so that the orbit of a comet 
around a star is the upper branch of the hyperbola 


By? — 2x? =5. 
What is the location of the star? 


solution To put the equation above in the standard form 
for a hyperbola, rewrite it as 


The star is located at a focus of the hyperbola. The 
focus with a positive second coordinate (needed be- 
cause the orbit is on the upper branch of the hyperbola) 


is (0, 4/ 3 + 3), which equals (0, /2 i which equals 
(0, S78). 


2.3 Exponents 


Learning Objectives 


By the end of this section you should be able to 
e explain why x° is defined to equal 1 (for x 4 0); 


e explain why x” is defined to equal = 
(for m a positive integer and x # 0); 


e explain why x!/” is defined to equal a number whose m'" power equals x 


(for m a positive integer and x > 0 if m is even); 


e explain why xn/t is defined to equal (at/my” 


(for appropriate choices of m,n, and x); 


e manipulate and simplify expressions involving exponents. 


Positive Integer Exponents 


Multiplication by a positive integer is repeated addition, in the sense that if x is a 
real number and m is a positive integer, then mx equals the sum with x appearing 
m times: 
MAS Na RAR 
a 


X appears m times 


Just as multiplication by a positive integer is defined as repeated addition, positive 
integer exponents denote repeated multiplication. 


Positive integer exponent 


If x is a real number and m is a positive integer, then x” is defined to be the 
product with x appearing m times: 


aXe Kd Gee hie CeCe Gon on 
Se 
xX appears m times 


(a) Evaluate ( 1)? 


(b) Expand (x + 2)%. 


solution 

@ (3) =h-E Eda 8 

(b) (x +2)? = (x +2)(x +.2)(x +2) = ((x +.2)(x +2)) (x +2) 
= (a? 4p 4) (e492) So x9 4 On 4 10e +8 


If m is a positive integer, then we can define a function f by 


Ji) =a 


For m = 1, the graph of the function defined by f(x) = x is a line through the 
origin with slope 1. For m = 2, the graph of the function defined by f(x) = x? is 
the familiar parabola with vertex at the origin, as shown here. 
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The next section deals with 
polynomials. To understand 
polynomials, you will need a good 
understanding of the meaning of 
the expression x". 


The graphs of x (orange) and x* 
(blue) on [—1.5, 1.5]. 
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Although the graphs of x* and x® 
have a parabola-type shape, these 
graphs are not true parabolas. 


The expression x" is called the m'™ 
power of x. 


The graphs of x°, x+, x°, and x®° are shown next, separated into two groups 
according to their shape. Note that x? and x° are increasing functions, but x* and 


x® are decreasing on the interval (—co,0] and increasing on the interval [0, 00). 
y y 
aif 4 
1 be 
1 x pa L 
- 1 
—1Fr 
3h —f 1 x 
The graphs of x* (orange) and The graphs of x* (orange) and 
x° (blue) on [-1.3, 1.3]. x® (blue) on [-1.3, 1.3]. 


We have now seen graphs of x" for m = 1,2,3,4,5,6. For larger odd values of m, 
the graph of x’” has roughly the same shape as the graphs of x° and x°; for larger 
even values of m, the graph of x’ has roughly the same shape as the graphs of x?, 
x*, and x°®. 

The properties of positive integer exponents follow from the definition of x” as 
repeated multiplication. 


Suppose x is a real number and m and n are positive integers. Explain why 


xl yn = yn 
solution We have 
Ne, te Ne, ee 


x appears m times x appears n times 


Thus xx" = x""*" because x appears a total of m +n times in the product above. 


Taking n = m in the example above, we see that xx" = x"*™, which can be 
rewritten as (x”)* = x2", The next example generalizes this equation, replacing 2 


by any positive integer. 


Suppose x is a real number and m and n are positive integers. Explain why 


solution We have 
(er y" =x". y~M. LL. Ly, 


x” appears n times 
Each x” on the right side of the equation above equals the product with x appearing 


m times, and x” appears n times. Thus x appears a total of mn times in the product 
above, which shows that (x’”)" = x!™". 


The next example provides a formula for raising the product of two numbers to 
a power. 


Suppose x and y are real numbers and m is a positive integer. Explain why 


(oy) _ Fie aad 
solution We have 
(xy) = (xy) - (xy) +++ + (xy). 


(xy) appears m times 


Because of the associativity and commutativity of multiplication, the product above 
can be rearranged to show that 
m => . . ee . . . . ee . 
(xy)" = x-x xoyey y . 


xX appears MM times y appears m times 


Mm, ,Mm 


Thus we see that (xy) = xy". 

The three previous examples show that positive integer exponents obey the 
following rules. Soon we will extend these rules to exponents that are not necessarily 
positive integers. 


Properties of positive integer exponents 


Suppose x and y are numbers and m and n are positive integers. Then 


Defining x° 


We begin by considering how x° might be defined. Recall that if x is a real number 

and m and n are positive integers, then 
xy — tn 

We would like to choose the definition of x° so that the equation above holds even 

if m = 0. In other words, we would like to define x° so that 


Rewriting this equation as 


we see that if x 4 0, then we have no choice but to define x° to equal 1. 

The previous paragraph shows how we should define x° for x 4 0, but what 
happens when x = 0? Unfortunately, finding a definition for 0° that preserves other 
properties of exponents turns out to be impossible. Two conflicting considerations 
point to two possible definitions for 0°: 


e The equation x° = 1, valid for all x 4 0, suggests that we should define 0° to 
equal 1. 


e The equation 0” = 0, valid for all positive integers m, suggests that we should 
define 0° to equal 0. 
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Example 4 


We have defined x" as the product 
with x appearing m times. This 
definition makes sense only when 
m is a positive integer. To define 
x" for other values of m, we will 
choose definitions so that the 
properties listed here for positive 
integer exponents continue to hold. 


“The reasoning of mathematicians 
is founded on certain and infallible 
principles. Every word they use 
conveys a determinate idea, and by 
accurate definitions they excite the 
same ideas in the mind of the 
reader that were in the mind of the 
writer.” 


—JoHn ApaAms (second President 
of the United States) 
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Understanding that 0° is 
undefined will be important when 
you learn calculus. 


For example, 49 — J, 


As with the definition of a zero 
exponent, we will let consistency 
with previous algebraic properties 
force upon us the meaning of 
negative integer exponents. 


To avoid division by 0, we cannot 
allow x to equal 0 in this 
definition. Thus if m is a positive 
integer, then 0~" is undefined. 


If we choose to define 0° to equal 1, as suggested by the first point above, then we 
violate the equation 0’ = 0 suggested by the second point. If we choose to define 
0° to equal 0, as suggested by the second point above, then we violate the equation 
x° = 1 suggested by the first point. Either way, we cannot maintain the consistency 
of our algebraic properties involving exponents. 

To solve this dilemma, mathematicians leave 0° undefined rather than choose a 
definition that will violate some of our algebraic properties. Mathematicians take a 


similar position with respect to division by 0: The equations x - u =yand0- v =0 
cannot both be satisfied if x = 0 and y = 1, regardless of how we define t Thus i 
is left undefined. 


In summary, here is our definition of x9. 


« ite 7 O0vthens” — 1, 


e The expression 0° is undefined. 


Negative Integer Exponents 


At this stage, we have defined x” whenever x 4 0 and m is a positive integer or zero. 
We now turn our attention to defining the meaning of negative integer exponents. 
Recall that if x 4 0 and m and n are nonnegative integers, then 


We would like to choose the meaning of negative integer exponents so that the 
equation above holds whenever m and n are integers (including the possibility 
that one or both of m and n might be negative). In the equation above, if we take 
n = —Mm, we get 


Mam — ymt(—m)_ 


Because x9 = 1, this equation can be rewritten as 


Boies amie ale 


Thus we see that we have no choice but to define x~" to equal the multiplicative 


inverse of x”. 


Negative integer exponent 


If x £0 and m is a positive integer, then x~" is defined to be the multiplicative 
inverse of x”: 


Evaluate 372. 


a 


solution 37 = x 


\olF 


We can gain some insight into the behavior of the function x”, for m a negative 
integer, by looking at its graph. 


Compare the graphs of x~! and x~?. 


solution The figures here show that the absolute value of 1 and 4 are both large 


for values of x near 0. Conversely, 1 and 4. are both near 0 for x with large absolute 
value. 

Both 5 and a are decreasing on (0,00). 

However, 1 is decreasing on (—0oo,0), but J. is increasing on (—co,0). Another 


difference between these graphs is that the graph of Pe lies entirely above the x-axis. 


If m is a positive integer, then the graph of i behaves like the graph of 1 if 


m is odd and like the graph of * if m is even. Larger values of m correspond to 
functions whose graphs get closer to the x-axis more rapidly for large values of x 
and closer to the vertical axis more rapidly for values of x near 0. 


Roots 


Suppose x is a real number and 1 is a positive integer. How should we define x!/"? 
To answer this question, we will let the algebraic properties of exponents force the 


definition upon us, as we did in defining the meaning of negative integer exponents. 


Recall that if x is a real number and m and 1 are positive integers, then 
oe i = xnmn 


We would like the equation above to hold even when m and n are not positive 
integers. In particular, if we take n equal to 1/m, the equation above becomes 


(xl/my™ =x. 


1/m 


Thus we see that we should define x to be a number that when raised to the m'* 


power gives x. 


How should 8!/° be defined? 
solution Taking x = 8 and m = 3 in the equation above, we get 
(8/3) = 8, 


Thus 8!/% should be defined to be a number that when cubed gives 8. The only 
such number is 2; thus we should define 8!/3 to equal 2. 


Similarly, (—8)'/% should be defined to equal —2, because —2 is the only number 
that when cubed gives —8. The next example shows that special care must be used 
when defining x!/” if m is an even integer. 


How should 9'/* be defined? 
solution In the equation (x!/")"” = x, take x = 9 and m = 2 to get 
(91/2)° = 9, 
Thus 9!/2 should be defined to be a number that when squared gives 9. Both 3 and 


—3 have a square equal to 9; thus we have a choice. When this happens, we will 
always choose the positive possibility. Thus 91/2 is defined to equal 3. 
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Example 6 


y 
4e 


The graph of 1 on 
[-4,-4] ¥ [4-4]. 


: ; x 
—4 —2 2 4 


The graph of t. on 
[-4-3]u [3,4]. 


Example 7 


The expression x° is called the 
cube of x. 


Example 8 
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Example 9 


Complex numbers were invented 
so that meaning could be given to 
expressions such as (—9)!/2, but 
we restrict our attention here to 
real numbers. 


For example, the square root of 16 
equals 3, and the cube root of 125 
equals 5. 


The next example shows the problem that arises when trying to define x!/” if x 
is negative and m is an even integer. 


How should (—9)!/? be defined? 
solution In the equation (x!/")" = x, take x = —9 and m = 2 to get 
((-9)!/2)* = -9, 
Thus (—9)!/? should be defined to be a number that when squared gives —9. But 


no such real number exists, because no real number has a square that is negative. 
Hence we leave (—9)!/* undefined when working only with real numbers. 


With the experience of the previous examples, we are now ready to give the 
formal definition of x!/". 


If m is a positive integer and x is a real number, then x!/" is defined to be the 
real number satisfying the equation 


(alm = x, 


subject to the following conditions: 


1/m 


e If x <0 and m is an even integer, then x is undefined. 


e If x > 0 and m is an even integer, then x!/” 


number satisfying the equation above. 


is chosen to be the positive 


1/m 


The number x is called the m root of x. 


Thus the m'® root of x is the number that when raised to the m'" power gives 
x, with the understanding that if m is even and x is positive, then we choose the 
positive number with this property. 

The number x!/2 is called the square root of x, and x°’” is called the cube root 
of x. The notation ,/x denotes the square root of x, and the notation </x denotes 


1/3 


the cube root of x. For example, J/9 =3 and 4/ 1 = 4. More generally, the notation 


/x denotes the m'® root of x. 


Notation for roots 


The expression /2 cannot be simplified any further—there does not exist a 
rational number whose square equals 2 (see Section 0.1). Thus the expression V2 is 
usually left simply as V2, unless a numeric calculation is needed. The key property 


of /2 is that (2) =2. 


Suppose x and y are positive numbers. Then 


(Vev¥)” = (Vx)? (V9)? = xy. 


Thus ,/x,/Y is a positive number whose square equals xy. Our definition of square 
root now implies that ,/xy equals \/x,/y, so we have the following result. 


Square root of a product 


If x and y are positive numbers, then 
VEVI = VB. 


The last result is used twice in the next example, once in each direction. 


Simplify V2V6. 

solution V2V6 = V12 
= 74-3 
= V4V3 
=2V3 


The next example should help solidify your understanding of square roots. 


Show that /7 + 4/3 =24+ V3. 


solution No one knows a nice way to simplify an expression of the form \/a + bye. 


Thus we have no way to work with the left side of the equation above. However, to 
say that the square root of 7 + 4/3 equals 2 + V3 means that the square of 2+ V3 
equals 7 + 4\/3. Thus to verify the equation above, we will square the right side and 
see if we get 7 + 4/3. Here is the calculation: 


(24+ V3) =2242-2-V34+V3 
=4+4V/34+3 
=7+4/3. 


Thus /7+4V3 =2+ V3. 


The key point to understand in the definition of x!/” is that the m'* root function 
is simply the inverse function of the m'" power function. Although we did not 
use this language when we defined m'® roots, we could have done so, because we 


defined y!/™ as the number that makes the equation (y!/”)” = y hold, exactly as 
done in the definition of an inverse function (see Section 1.5). Here is a restatement 
of m roots in terms of inverse functions. 


m'" root as an inverse function 


Suppose mm is a positive integer and f is the function defined by 


f(x) =2™, 


with the domain of f being the set of real numbers if m is odd and the domain of 
f being [0, 00) if m is even. Then the inverse function f~! is given by the formula 


FQ) =y". 
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Never make the mistake of thinking 


that,/x + \/y equals \/x + y. 


Example 10 


If m is even, the domain of f is 
restricted to [0,00) to obtain a 
one-to-one function. 
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The graph of ¥/x (blue) is obtained 


by flipping the graph of x? 
(orange) across the line y = x. 


The phrase “whenever this makes 
sense” excludes the case where 

x < Oand m is even (because then 
x1/™ is undefined) and the case 
where x = Oand n < 0 (because 
then 0" is undefined). 


Because the function x!/™ is the inverse of the function x”, we can obtain the 


graph of x!/” by flipping the graph of x" across the line y = x, as is the case with 
any one-to-one function and its inverse. For the case when m = 2, we already did 
this, obtaining the graph of \/x by flipping the graph of x? across the line y = x; 
see Example 1 in Section 1.6. The corresponding graph for x° and its inverse /x is 
shown here. 

The inverse of an increasing function is increasing. Thus the function x 
increasing for every positive integer m. 


1/m is 


Rational Exponents 


Having defined the meaning of exponents of the form 1/m, where m is a positive 
integer, we will now find it easy to define the meaning of rational exponents. 
Recall from Example 3 that if m and p are positive integers, then 


yi ar" 


for every real number x. If we assume the equation above should hold even when p 
is not a positive integer, we are led to the meaning of rational exponents. Specifically, 
suppose m is a positive integer and we take p = 1/m in the equation above, getting 


yn/m = (xl/my” 


The left side of the equation above does not yet make sense, because we have not 
yet given meaning to a rational exponent. But the right side of the equation above 
does make sense, because we have defined x!/” and we have defined the n'* power 
of every number. Thus we can use the right side of the equation above to define the 
left side, which we now do. 


Rational exponent 


If n/m is a fraction in reduced form, where m and n are integers and m > 0, 
then x"/" is defined by the equation 


xn/m = Cs 


whenever this makes sense. 


(a) Evaluate 16°/2. (d) Evaluate 27~4/5, 

(b) Evaluate 277/3, (e) Simplify (8), 

(c) Evaluate 16~°/4. (f) Simplify (b1/5)?, 

solution 

(a) 163/2 = (16!/2)° = 43 = 64 Gs 67%) at ai at 
(b) 2723 = (27/3) = 32 =9 e ey" =e") =F 


3 


Oe ee ea () (BY)? = (OMY?) = BB 


Ie 
T 
lr 


Properties of Exponents 


The definition of x? when p is a rational number was chosen so that the key identities 
for integer exponents also hold for rational exponents, as shown below. 


Algebraic properties of exponents 


Suppose p, g are rational numbers and x, y are positive numbers. Then 


xP x = xP td 


xPyP = (xy)P, 


(xP)? = 


x0 


Simplify the expression (oe 


solution First we simplify the numerator inside the large parentheses. We have 
-3,4)? _ 6,8 
(xy) = ey’. 


The expression inside the large parentheses is thus equal to 


Thus the expression inside the large parentheses equals x*y°. Raising that expression 


to the power 2/5, we get 
2/5 
(x3y4)’ 3,,5\2/5 
yp = (xy) 


= 76/5y2, 


y 
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As an example of how these 
identities can fail if x is not 
positive, the equation 


(7)? = 
does not hold if x = —1. 


x 


To simplify fractions that involve 
exponents, keep in mind that an 
exponent changes sign when we 
move it from the numerator to the 
denominator or from the 
denominator to the numerator. 
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Exercises 


For Exercises 1-6, evaluate the given expression. Do not use 
a calculator. 


1 2-52 4 2 
2 45 — 34 
-4 
3-2 5 (3) 
es 5\-3 
6 (3) 


The numbers in Exercises 7-14 are too large to be handled by 
a calculator. These exercises require an understanding of the 
concepts. 


7 Write 99 as a power of 3. 
8 Write 2740 as a power of 3. 
9 Write 540 as a power of 25, 
10 Write 239 as a power of 8. 
11 Write 25 - 8100 as a power of 2. 
12 Write 5° - 2520 as a power of 5. 
13 Write 2100 . 4200 . g300 as g power of 2. 
14 Write 3900 . 9200 . 97100 as a power of 3. 


For Exercises 15-20, simplify the given expression by writing 
it as a power of a single variable. 


15 x5(x2)° 18 x(x4(x3))°/ 

16 y*(y3)° 19 #4(#3(¢-2)°)* 

17 yt (y2(y3))>”° 20 w3 (wt (w-3)°)* 
1000 


21 Write “95 as a power of 2. 


952000 
22 Write “5 
23 Find integers m and n such that 2” - 5” = 16000. 


24 Find integers m and n such that 2” - 5” = 0.0032. 


as a power of 5. 


For Exercises 25-32, simplify the given expression. 


yy 35 (x2ylFy" 
x5(y*) (x5y?) 
x11 3)? (x4y3/4) 
° yay ey? 
ti (= *)'y* a (‘= 2) 
mea (ey) 
eae) Gr) 
* Pw 7 (os 


For Exercises 33-44, find a formula for f © g given the indi- 
cated functions f and g. 


33 f(x) =27, 2x) =x" 
34. f(x) = 2°, e(x) =x? 
35 f(x) = 4x2, g(x) = 5x3 


36 f(x) =3x°, g(x) = 2x4 

37 f(x) = 4x72, ¢(x) = 5x3 

38 fi) = or, oa =a 

39 f(x) = 4x~2, g(x) = —5x73 

AO f(x) = 32°, o(x) 2x4 

41 f(x) = x1/2, 9(x) = 73/7 

42 f(x) =2°/9, g(x) = x4? 

43 f(x) =3+2°/4, g(x) = x2/7 

44 f(x) = 22/9 —7, g(x) = x9/16 

For Exercises 45-56, expand the expression. 

45 (2+ V3)? 49 (2+ \/3)4 53 (3— 2x)? 
46 (3+ 1/2)? (3+ /2)4 54 (5— 3x)? 
47 (2—3/5)? 51 (3+4/x)* 55 (1+2V3x)? 
48 (3-5/2)? 52 (5+4/x)? 56 (3+2V/5x)? 


For Exercises 57-64, find all real numbers x that satisfy the 
indicated equation. 


61 x7/9 — 6x1/3 = —8 
62 x2/3 +. 3x1/3 = 10 


57 x—5,/x+6=0 
58 x—7,/x+12=0 
59 x—/x=6 63 x*— 3x? = 10 
60 x-Yx=12 64 x*— 8x? = —15 
65 Evaluate 3~2* if x is a number such that 3* = 4. 
66 Evaluate 2~** if x is a number such that 2* = ; 
67 Evaluate 8* if x is a number such that 2* = 5. 


68 Evaluate (3) “ if x is a number such that 3* = 5. 


For Exercises 69-78, sketch the graph of the given function f 
on the interval [—1.3,1.3]. 


69 f(x) =2°4+1 74 f(x) = 3x* 
0 f(x) =xt4+2 75 f(x) = —2x4 
71 f(x) =x4-15 76 f(x) =—3x3 
2 fina a 77 f(x) =—2x4+3 
73 f(x)= 78 f(x) =—3x9+4 


For Exercises 79-88, evaluate the indicated quantities. Do 
not use a calculator—pushing buttons for these exercises will 
not help you understand rational powers. 


79 ORer? 82 8195/4 85 (—8)7/3 88 (21/3) 
80 8°/5 83 32-4/5 = 86: (—27)4/3 
81 27/8 84 8-5/3 7 a ta 


For Exercises 89-100, find a formula for the inverse function 
f—! of the indicated function f. 


89 f(x) =x 95 f(x) = 

90 f(x) =x" 96 f(x) = 32x 

91 f(x) = x0/7 97 f(x) =6+% 
92 f(x) =x 98 f(x) =x°—5 
93 f(x)=x 99 f(x) = 4x9/7 -1 
94 f(x)= a7 100 f(x) =7+8x5/9 


For Exercises 101-110, sketch the graph of the given function 
f on the domain [—3, —§] U [3,3]. 


101 


fe 4 


== 106 f(x) => 


107 f(x) =-— 
108 f(x) =—= 


109 f(x)=-3+3 


110 f(x)=-=+4 


Problems 


113 


114 


115 


116 


117 
118 
119 


120 


121 


122 


123 


124 


125 


Suppose 7m is a positive integer. Explain why 10’, when 
written out in the usual decimal notation, is the digit 1 
followed by m 0’s. 


Suppose m is an odd integer. Show that the function f 
defined by f(x) = x’” is an odd function. 


Suppose m is an even integer. Show that the function f 
defined by f(x) = x’” is an even function. 


(a) Verify that (22)? = 2(2”). 
(b) Show that if m is an integer greater than 2, then 


(m")" 
What is the domain of the function (3 + x)!/4? 
What is the domain of the function (1 + x*)!/8? 
Suppose p and q are rational numbers. Define functions 
f and g by f(x) = xP and g(x) = x7. Explain why 
(fog)(x) = xPt. 


Suppose x is a real number and m,n, and p are positive 
integers. Explain why 


(m™) 


yxnn+p = xy" yP. 


Suppose x is a real number and m,n, and p are positive 
integers. Explain why 


(ene = xp. 


Suppose x, y, and z are real numbers and m is a positive 
integer. Explain why 
m, mm 


xyz = (xyz)™. 


Show that if x 4 0, then 


Ix") = 


||" 


for all integers n. 


Sketch the graph of the functions \/x + 1 and x +1 on 
the interval [0,4]. 
Explain why the spoken phrase “the square root of x 


plus one” could be interpreted in two different ways that 
would not give the same result. 


111 


112 


126 


127 


128 


129 
130 
131 
132 


133 


134 


135 
136 
137 


138 
139 
140 


141 


142 


143 


144 
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Find an integer m such that 


((3 +275)? — m)° 


is an integer. 
Find an integer m such that 
2 


((5-2V3) —m) 


is an integer. 


Sketch the graphs of the functions 2x!/° and (2x)!/3 on 
the interval [0,8]. 


Sketch the graphs of the functions x!/4 and x!/5 on the 
interval [0,81]. 


Show that /5- 59/2 = 25. 
Show that /2° V8" = 64. 
Show that 3°/2129/2 = 216. 
Show that /3 + /48 = V75. 
Show that /2 + /72 = V98. 


Show that /2+ V3 = f3+ yf 
Show that \/2— 3 = /3- ne 


Show that /9 — 4/5 = V5 —2. 
Show that (23 — 8/7)!/2 = 4— V7. 


Make up a problem similar in form to the problem above, 
without duplicating anything in this book. 


Show that (99 + 70/2)!/3 = 3422. 
Show that (—37 + 30/3)!/3 = -1+2¥V3. 


Show that if x and y are positive numbers with x ¥ y, 
then 


sae ee Vx +./y. 
Explain why 

101 (./10200 + 1 — 191) 
is approximately 7 


Explain why the equation Vx2 = x is not valid for all 
real numbers x and should be replaced by the equation 


Vx? = |x|. 
Explain why the equation Vx8 = x4 is valid for all real 
numbers x, with no need to use absolute value. 


Show that if x and y are positive numbers, then 


Jxty < Vx+ Vy. 


[In particular, if x and y are positive numbers, then 


VEFYF Vxt+V/¥] 
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145 Show that if 0 < x < y, then 
Vo-VE< Joe. 
146 Explain why 
Jx< Vx if 0O<x<1 
and 
Vx >Wx if x>1. 


Sketch the graphs of the functions \/x and ¥/x on the 
interval [0,4]. 

147 Using the result that /2 is irrational (proved in Sec- 
tion 0.1), show that 2°/? is irrational. 

148 Using the result that \/2 is irrational, explain why 21/6 is 
irrational. 


149 Give an example of three irrational numbers x, y, and z 
such that xyz is a rational number. 


150 Suppose t is an irrational number. Explain why at least 
one of 2 and f° is an irrational number. 


151 Suppose t is an irrational number. Explain why at least 
one of f° and f° is an irrational number. 


152 Suppose you have a calculator that can only compute 
square roots. Explain how you could use this calculator 
to compute 71/8. 


153 Suppose you have a calculator that can only compute 
square roots and can multiply. Explain how you could 
use this calculator to compute 73/4. 


Fermat’s Last Theorem states that if n is an integer greater 
than 2, then there do not exist positive integers x, y, and z 
such that 

x" + y" = Zz", 
Fermat’s Last Theorem was not proved until 1994, although 
mathematicians had been trying to find a proof for centuries. 


154 Use Fermat’s Last Theorem to show that if 1 is an integer 
greater than 2, then there do not exist positive rational 
numbers x and y such that 


[Hint: Use proof by contradiction: Assume there exist 
rational numbers x = and y = 4 such that x" + y” = 1; 
then show that this assumption leads to a contradiction 


of Fermat’s Last Theorem.] 


155 Use Fermat’s Last Theorem to show that if 1 is an integer 
greater than 2, then there do not exist positive rational 
numbers x, y, and z such that 


xt +y" = gt 


[The equation 37 + 4* = 5? shows the necessity of the hypothe- 
sis that n > 2.] 


Worked-Out Solutions to Odd-Numbered Exercises 


For Exercises 1-6, evaluate the given expression. Do not use 
a calculator. 


1 25-52 


solution 2° — 52 = 32—25=7 


3-2 
3 9-3. 
ge Oe Pe 8 
solution oo eo 
2,4 
5 (3) 
‘ 2\-4_ /3\4_ 34 _ 81 
solution (3) = (5) == 16 


The numbers in Exercises 7-14 are too large to be handled by 
a calculator. These exercises require an understanding of the 
concepts. 


7 Write 990 as a power of 3. 
solution 93000 — (32)? _. 36000 
9 Write 54 as a power of 25. 


solution 54000 _ 52-2000 


11 Write 25 - 819 as a power of 2. 


25 . 1000 _ 95. (a3 


= 25 . 23000 


solution 


— 73005 


13 Write 2109 . 4290 . g300 a a power of 2. 


solution 


7100 , 4200 , g300 _ 9100 , (22). (23)° 
— 7100 , 7400 , 5900 


— 71400 


For Exercises 15-20, simplify the given expression by writing 
it as a power of a single variable. 


15 x5(x2)° 
solution x5(x2)° = 
17 Y (yyy) 


solution 


2) 3/5 3/5 
iy" (y*(y?) ) = y* (yy!) 
= (y? ye 
= yy 
8/5 


19 #4(15(¢-2)°)* 


solution 
(8 (4-2)°)4 #4 (13¢-10)4 
_ a CE 
(44-28 
— 4-24 
1000 
21 Write “95 as a power of 2. 
solution gi000 (23) 00 
Pr 
73000 
=o 
— 92995 


23 Find integers m and n such that 2” - 5” = 16000. 


solution Note that 


16000 = 16 - 1000 
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—2\3.8 
nce ie 
x5 (y*) 
solution 
_9\3 _ 
(x-2)?y8 _ x 6y8 
x5 (y4) 3 yx Sy-22 
7” yS+12 
~ “6-5 
a 
x 
Corded 
(x5y2) 4 
solution 


(x2y4/5)? x6 y12/5 


(x5y2) 4 


x 20y-8 


— 6+20,,12/5+8 


y 


= 2652/5 


31 ( (xy) * ‘ 
(x5y-2)° 


solution 
(x2y-8) 4)" 
(x5y-2)° (x5y-2)° 


__ x16 yA0 
x30 y12 


gay ty 


— 30-16,40—12 


y 


= 14,28 
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. ee For Exercises 33-44, find a formula for f 0 g given the indi- 
Thus if we want to find integers m and n such that cated functions f and g. 
2” . 5" = 16000, we should choose m = 7 and n = 3. 
33 f(x) = x2, g(x) = x9 


For Exercises 25-32, simplify the given expression. 


‘ solution 
2)3,8 
sey (Fo8)(s) = f(s) = f°) = (8) =! 
solution (x2)? 8 _ Bey? 
x5(y4)? x8 yl2 35 f(x) = 4x7, e(x) = 5x3 
6-5 solution 
= yi2-8 : 
(f og)(x) = f(9(x)) = fx) 
x 
=A = 4(5x3)” = 4.52(x3)" = 100x° 
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37. f(x) = 42" (x) =5x° 
solution 


(fog)(x) = f(g(x)) = f(Sx*) 


39 f(x) =4x~?, e(x) = —5x3 
solution 


(fog)(x) = f(9(x)) = f(-5x7*) 


ai f(x) =x'”, e(x) = 2°” 


solution 
(Fog)(x) = F(a(e)) = f(0/7) = 9/7)" 
= 3/14 
43 f(x) =3+42°/4, e(x) =x°/” 
solution 
(Fo g)(x) = f(g(x)) = f(a2/7) =3 + (2/7 
=340/" 
For Exercises 45-56, expand the expression. 
45 (2+ 3)" 
solution 
aver a2 rawsewa 
=444/343 
=7+4V3 
47 (2-3/5)? 
solution 
(2— 3/5)? = 22 -2.2.3-/5 432-5 
=4-12/5+9-5 
= 49-125 
49 (2+ \/3)4 


solution Note that 


(2+ V3)4 = ((2+ V3)2)". 


Thus first we need to compute (2+ V3). We already did 
that in Exercise 45, getting 


(24+ 73)? =7+4V3. 


Thus 
(2+ V3)t = ((2+ V3)*)" 
= (7+.4V3)" 
=P 42-7-4.73442./3° 
= 49 + 56V3+16-3 
=97+56V3. 
51 (3+ /x) 
solution 
(34 /x)? =324+2-3-Vxt Vx 
=94+6/x+x 
53 (3 — V2x)? 
solution 


(3 — 2x)? = 3? -2-3-/2x4+ 2x 


=9-—6V2x+2x 


55 (1+2V3x)? 
solution 
(14+ 2V3x)? = 1242-2-V3x4+22-V3x 


=1+4/3x+4-3x 


=14+4/3x + 12x 


For Exercises 57-64, find all real numbers x that satisfy the 
indicated equation. 


57 x—5/x+6=0 


solution This equation involves \/x; thus we make the 
substitution /x = y. Squaring both sides of the equa- 
tion /x = y gives x = y*. With these substitutions, the 
equation above becomes 


y? —5y+6=0. 


Factoring the left side gives 


(y—2)(y—3) =0. 
Thus y = 2 or y = 3 (as could also have been discovered 


by using the quadratic formula). 


Substituting \/x for y now shows that \/x = 2 or \/x = 3. 
Thus x =4orx=9. 


59 x—- Vx =6 


solution This equation involves \/x; thus we make the 
substitution /x = y. Squaring both sides of the equation 
Vx = y gives x = y*. Making these substitutions and 
subtracting 6 from both sides, we have 


y—y—6=0. 


The quadratic formula gives 


— 1lev1l+24 1245 

y 2 z 
Thus y = 3 or y = —2 (the same result could have been 
obtained by factoring). 


Substituting \/x for y now shows that 


Ye=2 Or Ve =ak 
The first possibility corresponds to the solution x = 9. 
There are no real numbers x such that \/x = —2. Thus 


x = 9 is the only solution to this equation. 
61 x7/3 — 6x1/3 = —8 


solution This equation involves x!/3 and x2/3; thus we 
make the substitution x!/ = y. Squaring both sides of 
the equation x!/3 = y gives x*/3 = y?. Making these 
substitutions and adding 8 to both sides, we have 


y? —6y+8=0. 


Factoring the left side gives 


(y—2)(y—4) =0. 


Thus y = 2 or y = 4 (as could also have been discovered 
by using the quadratic formula). 


Substituting x!/3 for y now shows that 
xV3 = 2 or x3 = 4, 
Thus x = 2° or x = 4°. In other words, x = 8 or x = 64. 
63 = 3x" =10 


solution This equation involves x? and x*; thus we make 
the substitution x? = y. Squaring both sides of the equa- 
tion x? = y gives x* = y*. Making these substitutions 
and subtracting 10 from both sides, we have 


y —3y—10=0. 
Factoring the left side gives 


(y—5)(y+2) =0. 
Thus y = 5 or y = —2 (as could also have been discovered 
by using the quadratic formula). 


Substituting x? for y now shows that x? = 5 or x? = —2. 
The first of these equations implies that 


x=V5 or x=—V5; 


the second equation is not satisfied by any real value of x. 
In other words, the original equation implies that x = J5 


orx=—¥V5. 
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65 Evaluate 3~2* if x is a number such that 3* = 4. 


solution 302% = 


67 Evaluate 8* if x is a number such that 2* = 5. 
solution 8* = (23)" 
= 3x 


= (ax? 


For Exercises 69-78, sketch the graph of the given function f 
on the interval [—1.3,1.3]. 


69 f(x) =2°4+1 


solution Shift the graph of x3 up 1 unit, getting this 
graph: 


The graph of x? +1. 


71 f(x) =x4*-15 


solution Shift the graph of x* down 1.5 units, getting 
this graph: 


The graph of 
= 15: 


R 


73 f(x) =2z° 


solution Vertically stretch the graph of x by a factor of 
2, getting this graph: 
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The graph of 2x°. 


75 f(x) = —2x4 


solution Vertically stretch the graph of x* by a factor of 
2 and then flip across the x-axis, getting this graph: 


The graph of —2x*. 


77 f(x) = —2x*+3 


solution Vertically stretch the graph of x* by a factor of 
2, then flip across the x-axis, and then shift up 3 units, 
getting this graph: 


The graph of 
—2x* +3. 


x 
\ 
For Exercises 79-88, evaluate the indicated quantities. Do 


not use a calculator—pushing buttons for these exercises will 
not help you understand rational powers. 


79 2539/2 
solution 253/2 = (251/2)° = 53 = 125 
81 323/5 


solution 323/5 = (321/5)° = 23 =8 


83 32-4/5 
i - a oe eee | 
solution 3274/° = (321/9) " = 2-4 = 53 = 76 
85 (—8)7/3 
solution (-8)’3 = ((—8)1/3)7 
=iey 
= —128 


87 (31/5)10 
solution (3!/5)10 — 310/5 — 32 —9 


For Exercises 89-100, find a formula for the inverse function 
f—' of the indicated function f. 


89 f(x) =x? 


solution By the definition of roots, the inverse of f is 
the function f—! defined by 


fyay”. 


91 f(x) =x)” 


solution By the definition of roots, f = g~', where 
g is the function defined by g(y) = y’. Thus 


ft=(gt) 


= g. In other words, 


i "Wey: 


93 f(x) =x 7/5 


solution To find a formula for f—', we solve the equa- 
tion x72/9 = y for x. Raising both sides of this equation 


to the power —3, we get x = y°/?. Hence 
fy) =y?. 
4 
95 f(x)= i 


solution To find a formula for f—', we solve the equa- 
tion x = y for x. Multiplying both sides by 81 and then 
raising both sides of this equation to the power 1, we get 
x = (81y)!/4 = 811/4y1/4 — 3y1/4. Hence 


Iya 


97 f(x) =6+2x° 


solution To find a formula for f~', we solve the equa- 
tion 6 + x° = y for x. Subtracting 6 from both sides and 
then raising both sides of this equation to the power 7 
we get x = (y—6)!/9. Hence 


fy) =(y-6)'”. 


99 f(x) =4x3/7 -1 


solution To find a formula for f—!, we solve the equa- 
tion 4x3/7 —1 = y for x. Adding 1 to both sides, then 
dividing both sides by 4, and then raising both sides 
: ‘ 7 y+1 7/3 

of this equation to the power 3, we get x = (+) ; 
Hence 1.7/3 

=I _(Y + 
fly) =(42)-. 


For Exercises 101-110, sketch the graph of the given function 
f on the domain [—3, —}] U [3,3]. 


1 
101 f(x)==+1 
solution Shift the graph of 1 up 1 unit, getting this 
graph: 


ye 
4t 


The graph of 1 +1. 


| 

w 
oP - 
w 


solution Shift the graph of = down 2 units, getting this 


graph: 
y 


The graph of A =); 


i 


i : 1 
solution Vertically stretch the graph of 2 by a factor of 
2, getting this graph: 


The graph of 2 


Qe Fr 


2 
107 f(x)=—-3 
solution Vertically stretch the graph of J. by a factor of 

2 and then flip across the x-axis, getting this graph: 


109 


111 
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The graph of 
2 


x2" 


-1 


fi) =-4543 


solution Vertically stretch the graph of J. by a factor 
of 2, then flip across the x-axis, and then shift up 3 units, 
getting this graph: 


The graph of 
2 
en ie 3. 


Find an integer m such that 
((3+2Vv5)* — m)” 
is an integer. 
solution First we evaluate (3 + 2/5): 
(3+2V5)2 = 32 +2-3-2-V54+22-V5 
=94+12V5+4-5 
= 29+ 12V5. 
Thus 
((3+2V5)2 —m)° = (29 + 125 — my’. 
If we choose m = 29, then we have 
((3++2V5)? — m)° = (12V5)? 
=12.75 
=o, 


which is an integer. Any integer other than m = 29 
will leave a term involving /5 when (29 + 12/5 — m)* 
is expanded. Thus m = 29 is the only solution to this 
exercise. 
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The expression defining a 
polynomial makes sense for every 
real number. Thus assume that the 
domain of a polynomial is the set of 
real numbers unless another 
domain has been specified. 


The numbers 
49,41,42,...,An 


are called the coefficients of the 
polynomial p. 


Polynomials of degree 0 are 
constant functions. 


2.4 Polynomials 


Learning Objectives 


By the end of this section you should be able to 
e recognize the degree of a polynomial; 
e manipulate polynomials algebraically; 
e explain the connection between factorization and the zeros of a polynomial; 


e determine the behavior of p(x) when p is a polynomial and |x| is large. 


We have previously looked at linear functions and quadratic functions, which are 
among the simplest polynomials. In this section we will deal with more general 
polynomials. We begin with the definition of a polynomial. 


Polynomial 


A polynomial is a function p such that 
p(x) = ag + aX + ax? at eae y 


where n is a nonnegative integer and ao, 41,42,...,@n are numbers. 


An example of a polynomial is the function p defined by 


p(t) = 3 = 7x? + 2x. 


Here, using the definition’s notation, 49 = 3,41 = az = 43 = 44 = 0,45 = —7,6 = 2. 


The Degree of a Polynomial 


The highest exponent in the expression defining a polynomial plays a key role in 
determining the behavior of the polynomial. Thus the following definition is useful. 


Degree of a polynomial 


Suppose p is a polynomial defined by 


p(x) = ay + ax + agx* +--+ + anx". 


If a, #4 0, then we say that p has degree n. The degree of p is denoted by deg p. 


(a) Give an example of a polynomial of degree 0. Describe its graph. 
(b) Give an example of a polynomial of degree 1. Describe its graph. 
(c) Give an example of a polynomial of degree 2. Describe its graph. 
(d) Give an example of a polynomial of degree 4. Use technology to graph it. 
solution 
(a) The function p defined by 
p(x) =4 


is a polynomial of degree 0. Its graph is a horizontal line. 
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(b) The function p defined by Polynomials of degree 1 are linear 
p(x) =2+ dy functions. 


is a polynomial of degree 1. Its graph is a nonhorizontal line. 


(c) The function p defined by Polynomials of degree 2 are 
p(x) = —3 + 5x quadratic functions. 


is a polynomial of degree 2. Its graph is a parabola. 


The graph of a polynomial of degree 0 (left), a polynomial call 
of degree 1 (center), and a polynomial of degree 2 (right). a8 | 
(d) The function p defined by 10 + / 
_ 44 2_ 434 4 pW je i Da 
pe) =4-262 = 78 =x Fx a AX. « 
is a polynomial of degree 4. To obtain a graph similar to the one shown —10 f 
here, enter | graph 4 + 6x — 7x*2 — x43 + x*4] in a WolframAlpha entry box, or The graph of 
use your favorite technology. A+ 6x — 7x2 — x3 + x4 


on the interval [—3,3]. 


The Algebra of Polynomials 


We saw in Section 1.4 that two functions can be added, subtracted, or multiplied, 
producing another function. Specifically, if p and q are functions, then the functions 
p+ q,p-—g,and pq are defined by 


(p+4)(x) = p(x) +4(x); 
(p —4)(x) = p(x) — q(x); 
(pq) (x) = p(x)q(x). 


When the two functions being added or subtracted or multiplied are both polyno- 
mials, then the result is also a polynomial, as illustrated by the next two examples. 


Suppose p and g are polynomials defined by [ —sExample2— 


p(x) =2—7x*+5x? and q(x) =1+9x+2x7 +5x°. 
(a) What is deg p? (d) What is deg(p + q)? 
(b) What is deg q? (e) Find a formula for p — q. 
(c) Find a formula for p + q. (f) What is deg(p — q)? 
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The constant polynomial p defined 
by p(x) = 0 for every number x 
has no nonzero coefficients. Thus 
the degree of this polynomial is 
undefined. Sometimes it is 
convenient to write deg0 = —oo 
to avoid trivial exceptions to 
various results. 


“Tat once gave up my former 
occupations, set down natural 
history and all its progeny as a 
deformed and abortive creation, 
and entertained the greatest 
disdain for a would-be science 
which could never even step within 
the threshold of real knowledge. In 
this mood I betook myself to the 
mathematics and the branches of 
study appertaining to that science 
as being built upon secure 
foundations, and so worthy of my 
consideration.” 


—FRANKENSTEIN, written by 
Mary SHELLEY 


solution 


(a) The term with highest exponent in the expression defining p is 5x°. Thus 
deg p = 3. 


(b) The term with highest exponent in the expression defining q is 5x°. Thus 
degq = 3. 


(c) Adding together the expressions defining p and q, we have 


(p +4)(x) =3+9x — 6x? + 10x°. 


(d) The term with highest exponent in the expression above for p + q is 10x°. Thus 
deg(p + 4) =3. 
(e) Subtracting the expression defining q from the expression defining p, we have 


(p —q)(x) =1— 9x — 8x". 


(f) The term with highest exponent in the expression above for p — q is —8x. Thus 
deg(p — 4) = 2. 


More generally, we have the following result. 


Degree of the sum and difference of two polynomials 


If p and q are nonzero polynomials, then 


deg(p + q) < maximum{deg p, deg q} 


deg(p — q) < maximum{deg p, deg q}. 


This result holds because neither p + q nor p — qg can contain an exponent larger 
than the largest exponent in p or q. 

Due to cancellation, the degree of p + q or the degree of p — q can be less than 
the maximum of the degree of p and the degree of g, as shown in part (f) of the 
example above. 


Suppose p and g are polynomials defined by 


p(x) =2—8x" and gix)=4x+ 72°. 
(c) Find a formula for pq. 
(d) What is deg(pq)? 


(a) What is deg p? 
(b) What is deg q? 


solution 


(a) The term with highest exponent in the expression defining p is —3x?. Thus 
deg p = 2. 


(b) The term with highest exponent in the expression defining q is 7x°. Thus 
degq =5. 


(c) (pq) (x) = (2 — 3x) (4x + 7x°) 
= 8x — 12x3 + 14x° — 21x” 


(d) The term with highest exponent in the expression above for pq is —21x’. Thus 
deg (pq) = 7. 


More generally, we have the following result. 


Degree of the product of two polynomials 


If p and q are nonzero polynomials, then 


deg (pq) = deg p + deg q. 


This equality holds because when the highest-exponent term in p is multiplied 
by the highest-exponent term in q, the exponents are added. 


Zeros and Factorization of Polynomials 


For example, if p(x) = x* — 5x +6, then 2 and 3 are zeros of p because 


p(2)=27-5-24+6=0 and p(3) =37-5-34+6=0. 


The quadratic formula (see Section 2.2) can be used to find the zeros of a poly- 
nomial of degree 2. There is a cubic formula to find the zeros of a polynomial of 
degree 3 and a quartic formula to find the zeros of a polynomial of degree 4. How- 
ever, these complicated formulas have little practical value—most mathematicians 
do not know these formulas. 

Remarkably, mathematicians have proved that no formula exists for the zeros of 
polynomials of degree 5 or higher. But computers and calculators can use clever 
numerical methods to find good approximations to the zeros of any polynomial, 
even when exact zeros cannot be found. For example, no one will ever be able to 
give an exact formula for a zero of the polynomial p defined by 


po) Se Se 6 17 a= 7, 


However, a computer or symbolic calculator that can find approximate zeros of 
polynomials will produce the following five approximate zeros of p: 


—1.87278 —0.737226 0.624418 1.47289 5.51270 


(for example, enter 


[solve x*5 —5 x44 —6 x48. 417 x42 44x-7=0 


in a WolframAlpha entry box, or use your favorite technology, to find the zeros of 
this polynomial). 

The zeros of a function have a nice graphical interpretation. Specifically, suppose 
p is a function and t is a zero of p. Then p(t) = 0 and thus (t,0) is on the graph 
of p; note that (t,0) is also on the horizontal axis. We conclude that each zero of p 
corresponds to a point where the graph of p intersects the horizontal axis. 


The function whose graph is shown here has two zeros, 
corresponding to the two points where the graph 
intersects the horizontal axis. 
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The zeros of a function are also 
sometimes called the roots of the 
function. 


The cubic formula, which was 
discovered in the 16" century, is 
presented below for your 
amusement only. Do not memorize 
it. 
Suppose 

p(x) = ax? + bx* + cx +d, 
where a £ 0. Set 

be b3 d 


“6a. 2703 2a 
and then set 


c b? \3 
aa ~ a2) 
Suppose v > 0. Then 

b = 

5 tifut vor Vu Jo 


is a zero of p. 


v=? + ( 
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Example 4 Explain why the polynomial p defined by p(x) = x? +1 has no (real) zeros. 


—2 -1 1 2 


The graph of x? +1 does not 
intersect the x-axis. 


Italian mathematician Niccolo 


Tartaglia (1499-1557), who 
discovered the cubic formula. 


x 


solution In this case, the equation p(x) = 0 leads to the equation x? = —1, which 
has no real solutions because the square of a real number cannot be negative. Thus 
this polynomial p has no (real) zeros. 

The graph also shows that p has no (real) zeros, because the graph does not 
intersect the horizontal axis. 


Complex numbers were invented to provide solutions to the equation x? = —1. 
This book deals mostly with real numbers, but Section 7.3 will introduce complex 
numbers and complex zeros. 

We now turn to the intimate connection between finding the zeros of a polynomial 
and finding factors of the polynomial of the form x — t. 


Suppose p is a polynomial and ft is a real number. Then x — t is called a factor 
of p(x) if there exists a polynomial G such that 


p(x) = (x — t)G(a) 


for every real number x. 


Suppose p is the polynomial of degree 4 defined by 


(a) Explain why x — 2 is a factor of p(x). 
(b) Explain why x —5 is a factor of p(x). 
(c) Show that 2 and 5 are zeros of p. 


(d) Show that p has no (real) zeros except 2 and 5. 


solution 


(a) Because 


and (x —5)(x? +1) is a polynomial, we see that x — 2 is a factor of p(x). 
(b) Because 


and (x — 2)(x? +1) is a polynomial, we see that x — 5 is a factor of p(x). 


(c) If 2 is substituted for x in the expression p(x) = (x — 2)((x —5)(x? +1)), then 
without doing any computation we see that p(2) = 0. Thus 2 is a zero of p. 


Similarly, setting x to equal 5 in the expression p(x) = (x — 5) ((x — 2)(x? +1)) 
shows that p(5) = 0. Thus 5 is a zero of p. 


(d) Suppose x is a real number other than 2 or 5. Then none of the numbers x — 2, 
x —5, and x? +1 equals 0. Hence p(x) (which is the product of x — 2, x —5, 
and x* + 1) does not equal 0. Hence p has no (real) zeros except 2 and 5. 


The example above provides a good illustration of the following result. 


Zeros and factors of a polynomial 


Suppose p is a polynomial and ¢ is a real number. Then t is a zero of p if and 
only if x — t is a factor of p(x). 


To see why the “if” part of the result above holds, suppose p is a polynomial and 
t is a real number such that x — t is a factor of p(x). Then there is a polynomial G 
such that p(x) = (x — t)G(x). Now p(t) = (t — t)G(t) = 0. Hence we conclude that 
t is a zero of p. 

Section 2.5 will provide an explanation of why the “only if” part of the result 
above holds. 

The result above implies that to find the zeros of a polynomial, we need only 
factor the polynomial. However, there is no easy way to factor a typical polynomial 
other than by finding its zeros. 

Without using a computer or calculator, you should be able to quickly factor 
expressions such as 

x2 4 Ox + 1, 


which equals (x + 1)*, and 
2 


xe 9) 
which equals (x + 3)(x — 3). However, for most quadratic and higher-degree 
polynomials (not counting the artificial examples often found in textbooks) it will 
usually be easier to use the quadratic formula or a computer or calculator to find 
zeros than to try to recognize factors of the form x — t. 
A polynomial of degree 1 has exactly one zero because the equation ax + b = 0 


has exactly one solution x = =. We know from the quadratic formula that 
a polynomial of degree 2 has at most two zeros. More generally, we have the 
following result. 


Thus, for example, a polynomial of degree 15 has at most 15 zeros. This result 
holds because each (real) zero of a polynomial p corresponds to at least one term 
x — t; ina factorization of the form 


pea he = te)... =f Ge, 


where G is a polynomial with no (real) zeros. If the polynomial p had more zeros 
than its degree, then the right side of the equation above would have a higher degree 
than the left side, which would be a contradiction. 


The Behavior of a Polynomial Near +co 


We now turn to an investigation of the behavior of a polynomial near oo and near 
—oo. To say that x is near oo is just an informal way of saying that x is very large. 
Similarly, to say that x is near —oo is just an informal way of saying that x is negative 
and |x| is very large. The phrase “very large” has no precise meaning; even its 
informal meaning can depend on the context. Our focus will be on determining 
whether a polynomial takes on positive or negative values near oo and near —oo. 
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This result shows that the problem 
of finding the zeros of a polynomial 
is really the same as the problem of 
finding factors of the polynomial of 
the form x — t. 


Important: Always remember that 
neither co nor —oo is a real 
number. 
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Example 6 


\ ae 
—10000 10000 


—107! + 


The graph of p on the interval 
[—10000, 10000}. 


10940 L 


—108 108 


— 102° | 


The graph of p on the interval 
[—100000000, 100000000}. At this 
scale, the difference between the 
graph of p and the graph of x° is 
too tiny to see. 


Let p be the polynomial defined by 
p(x) = x° — 99999x* — 9999x3 — 999x7 — 99x — 9. 


Is p(x) positive or is p(x) negative for x near oo? In other words, if x is very large, 
is p(x) > Oor is p(x) < 0? 


solution If x is positive, then the x° term in p(x) is also positive but the other 
terms in p(x) are all negative. If x > 1, then x° is larger than x*, but perhaps the 
—99999x* term along with the other terms will still make p(x) negative. To get a 
feeling for the behavior of p, we can collect some evidence by evaluating p(x) for 
some values of x, as in the table below: 


x p(x) 
1 —111104 
10 —1009989899 The evidence in this table indicates that p(x) 
100 —9999908999909 is negative for positive values of x. 
1000 —99008999999099009 
10000 | —899999999099900990009 


From the table above, it appears that p(x) is negative when x is positive, and 
more decisively negative for larger values of x, as shown in the graph here. 

However, a bit of thought shows that this first impression is wrong. To see this, 
factor out x°, the highest-degree term in the expression defining p, getting 


99909 9999: 999 09° 8 
p(x) ae ) 


x x2 x8 xt 


for all x A 0. If x is a very large number, say x > 10’, then the five negative 
terms in the expression above are all small. Thus if x > 107, then the expression in 
parentheses above is approximately 1. This means that p(x) behaves like x° for very 
large values of x. In particular, this analysis implies that p(x) is positive for very 
large values of x, which is not what we expected from the table above and graph 
above. 

Extending the table above to larger values of x, we find that p(x) is positive for 
large values of x, as expected from the previous paragraph: 


x p(x) 

1 —111104 

10 —1009989899 

100 —9999908999909 

1000 —99008999999099009 
10000 —899999999099900990009 
100000 90000990009990099991 
1000000 900000990000999000999900999991 
10000000 99000009990000999900099999009999991 
100000000 | 9990000099990000999990009999990099999991 


Graphing p over an interval 10,000 times as large as the interval used in the 
previous graph shows that p(x) is indeed positive for large values of x. 


The procedure used in the example above works with any polynomial, as stated 
in the next result. 


Behavior of a polynomial near co 


e To determine the behavior of a polynomial near oo or near —ov, factor out 
the term with highest degree. 


e If cx" is the term with highest degree of a polynomial p, then p(x) behaves 
like cx" when |x| is very large. 


The next example shows how to discover that an interval contains a zero. 


Let p be the polynomial defined by 

p(x) =x? +271. 
Explain why p has a zero in the interval (0,1). 
solution Because p(0) = —1 and p(1) = 1, the points (0,—1) and (1,1) are on 
the graph of p (see figure). The graph of p is a curve connecting these two points. 
As is intuitively clear (and can be rigorously proved using advanced mathematics), 


this curve must cross the horizontal axis at some point where the first coordinate is 
between 0 and 1. Thus p has a zero in the interval (0,1). 


The reasoning used in the example above leads to the following result. 


Zero in an interval 


Suppose p is a polynomial and a, b are real numbers with a < b. Suppose one of 


the numbers p(a), p(b) is negative and the other is positive. Then p has a zero 
in the interval (a,b). 


The result above holds not just for polynomials but also for what are called 
continuous functions on an interval. A function whose graph consists of just one 
connected curve is continuous. 

Suppose p is a polynomial with odd degree n. For simplicity, let’s assume x” 
is the term of p with highest degree (if we care only about the zeros of p, we can 
always satisfy this condition by dividing p by the coefficient of x”). We know that 
p(x) behaves like x” when |x| is very large. Because n is an odd positive integer, 
this implies that p(x) is negative for x near —co and positive for x near oo. Thus 
there is a negative number a such that p(a) is negative and a positive number b 
such that p(b) is positive. The result above now allows us to conclude that p has a 
zero in the interval (a,b). 

Our examination of the behavior near oo and near —co of a polynomial with odd 
degree has led us to the following result. 


Zeros for polynomials with odd degree 


Every polynomial with odd degree has at least one (real) zero. 


Graphs of Polynomials 


Computers can draw graphs of polynomials better than humans. However, some 
human thought is usually needed to select an appropriate interval on which to 
graph a polynomial. 
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Example 7 


Tr e 


—1 \g 
Two points on the graph of 
x 4+ x21. 


This result is a special case of what 
is called the Intermediate Value 
Theorem. 


If we use complex numbers, then 
every nonconstant polynomial has 
a zero; see Section 7.3. 
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Example 8 Let p be the polynomial defined by 


—2 -1 


The graph of p on [—2,4]. 


6000000 


Find an interval that does a good job of illustrating the key features (peaks, valleys, 
and behavior near +00) of the graph of p. 


solution If we ask a computer to graph this polynomial on the interval [—2, 2], we 
obtain the the first graph shown here. Because p(x) behaves like x* for very large 
values of x, this first graph does not depict enough features of p. 

Often a bit of experimentation is needed to find an appropriate interval to 
illustrate the key features of the graph. For this polynomial p, the interval [—2, 4] 
works well, as shown in the second graph here. 

The second graph here shows the graph of p beginning to look like the graph of x* 
when |x| is large. Thus the interval [—2,4] provides a more complete representation 
of the behavior of p than does [—2,2], which was the first interval we used. 

We also now see that the graph of p above contains three points that might be 
thought of as either the top of a peak (at x = 1) or the bottom of a valley (at x + —1 
and x ® 3). 

To search for additional behavior of p, we might try graphing p on a much larger 
interval, as shown in the third graph here. 

The third graph shows no peaks or valleys, even though we know that it contains 
at least three peaks and valleys. The scale needed to display the graph on the 
interval [—50,50] made the peaks and valleys so small that we cannot see them. 
Thus using this large interval hid some key features that were visible when we used 


the interval [—2, 4]. 


—50 —25 25 50 
The graph of p on [—50,50). 


Exercises 
Suppose p(x) =x? +5x+2, 


x) = 20° —3x+1, s(x) =4°-2. 
q 


In Exercises 1-18, write the indicated expression as a polyno- 


26 


a Conclusion: A good choice for graphing this function is the interval [—2, 4]. 


Find all real numbers x such that 


x7/5 5/5 46 =0. 


mial. 27 Find a number D such that 3 is a zero of the polynomial 
defined b ord : 
1 (p+4q)(x) 11 (poq)(x) eee 
2 (p—q)(x) 12 (qop)(x) p(x) =1—4x +4 bx? 4. 2x3. 
3 (3p — 2q)(x) 13 (pos)(x) 
4 (4p +5q)(x) 14 (sop)(zx) 28 Find a number c such that —2 is a zero of the polynomial 
5 Ge P p defined by 
: ha 15 (qo(p+s))(x) ; : 
PS)\X x) =5—3x+4x° + cx”. 
ae 16 ((7+p)05)(x) as 
2 17 q(2 + x) — q(2) 29 Find a polynomial p of degree 3 such that —1, 2, and 3 
8 (q(x) x are zeros of p and p(0) = 1. 
2 4x) 
9 (p(x)) s(x) 18 s(1+ x) ~s(1) 30 Find a polynomial p of degree 3 such that —2, —1, and 4 
10 (q(x))?s #f) # are zeros of p and p(1) = 2. 
8.8 ' 3 31 Find all choices of b, c, and d such that 1 and 4 are the 
te Tacit a” =o aeaucely es passin only zeros of the polynomial p defined by 
20 Factor x!¢ — y® as nicely as possible. 


Find all real numbers x such that x® — 8x? + 15 = 0. 
Find all real numbers x such that x® — 3x3 — 10 = 0. 
Find all real numbers x such that x* — 2x2 — 15 = 0. 
Find all real numbers x such that x* + 5x2 — 14 =0. 
Find all real numbers x such that 


x2/3 _ 31/3 4.9 =0, 


NNNN WN 
uF WN 
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p(x) = x9 + bx* +cex+4d. 


Find all choices of b, c, and d such that —3 and 2 are the 
only zeros of the polynomial p defined by 


p(x) =x° + bx" +ex4+d. 


Problems 


33 


34 


35 


36 


37 


38 


39 


40 


41 


42 


43 


Give an example of two polynomials of degree 4 whose 
sum has degree 3. 


Find a polynomial p of degree 2 with integer coefficients 
such that 2.1 and 4.1 are zeros of p. 

Find a polynomial p with integer coefficients such that 
23/5 is a zero of p. 

Show that if p and q are nonzero polynomials with 
deg p < deg q, then deg(p + q) = deg q. 

Give an example of polynomials p and g such that 
deg(pq) = 8 and deg(p+q) =5. 

Give an example of polynomials p and g such that 
deg(pq) = 8 and deg(p + q) = 2. 

Suppose q(x) = 2x? — 3x +1. 


(a) Show that the point (2,11) is on the graph of q. 

(b) Show that the slope of a line containing (2,11) and 
a point on the graph of q very close to (2,11) is 
approximately 21. 

[Hint: Use the result of Exercise 17.] 
Suppose s(x) = 4x3 — 2. 

(a) Show that the point (1,2) is on the graph of s. 

(b) Give an estimate for the slope of a line containing 
(1,2) and a point on the graph of s very close to 
(1,2). 

[Hint: Use the result of Exercise 18.] 

Give an example of polynomials p and gq of degree 3 
such that p(1) = q(1), p(2) = q(2), and p(3) = q(3), but 
p(4) # q(4). 

Suppose p and q are polynomials of degree 3 such that 


p(1) = 4(1), p(2) = (2), p(3) = 4(3), and p(4) = q(4). 
Explain why p = q. 


Explain why the polynomial p defined by 
p(x) =x°+7x° —2x—3 


has a zero in the interval (0,1). 


For Problems 44-45, let p be the polynomial defined by 


44 


45 


p(x) = x° — 87x* — 92x + 2. 


(a) @ Use a computer or calculator to sketch a graph 
of p on the interval [—5,5]. 

(b) Is p(x) positive or negative for x near co? 

(c) Is p(x) positive or negative for x near —00? 

(d) Explain why the graph from part (a) does not ac- 

curately show the behavior of p(x) for large values 

of x. 


(a) g Evaluate p(—2), p(—1), p(0), and p(1). 

(b) Explain why the results from part (a) imply that p 
has a zero in the interval (—2,—1) and p has a zero 
in the interval (0,1). 

(c) g Show that p has at least four zeros in the interval 
[—10, 10]. 
[Hint: We already know from part (b) that p has 
at least two zeros is the interval [—10, 10]. You can 
show the existence of other zeros by finding inte- 
gers n such that one of the numbers p(n), p(n +1) 
is positive and the other is negative.] 


46 


47 


48 
49 
50 
51 
52 


53 


54 


55 


56 


57 
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A new snack shop on campus finds that the number of 
students following it on Twitter at the end of each of its 
first five weeks in business is 23, 89, 223, 419, and 647. A 
clever employee discovers that the number of students 
following the new snack shop on Twitter after w weeks is 
p(w), where p is defined by 


p(w) =7+3w+5w? + 9w? — w*. 
Indeed, with p defined as above, we have p(1) = 23, 
p(2) = 89, p(3) = 223, p(4) = 419, and p(5) = 647. Ex- 
plain why the polynomial p defined above cannot give 


accurate predictions for the number of followers on Twit- 
ter for weeks far into the future. 


A textbook states that the rabbit population on a small 
island is observed to be 


1000 + 120¢ — 0.4¢4, 


where t is the time in months since observations of the 
island began. Explain why the formula above cannot cor- 
rectly give the number of rabbits on the island for large 
values of t. 


Verify that (x + y)? = x3 + 3x2y + 3xy? + y°. 

Verify that x3 — y3 = (x —y)(x2 +. xy+y’). 

Verify that x? + y? = (x +y)(x? —xy+y’). 

/2x +1) (x? — 2x +1). 
Write the polynomial x* + 16 as the product of two poly- 


nomials of degree 2. 
[Hint: Use the result from the previous problem with x 


Verify that x+ +1 = (x? 


replaced by a 
Show that 

(a+b =a +b 
Oorb —b. 


Suppose d is a real number. Show that 


if and only if a Oora 


(d+1)*=d*+1 


if and only if d = 0. 


Without doing any calculations or using a calculator, ex- 
plain why 


x? + 87559743x — 787727821 


has no integer zeros. 

[Hint: If x is an odd integer, is the expression above even 
or odd? If x is an even integer, is the expression above 
even or odd?] 


Suppose M and N are odd integers. Explain why 
x? + Mx+N 


has no integer zeros. 


Suppose M and N are odd integers. Explain why 
x74+ Mx +N 


has no rational zeros. 
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58 Suppose p(x) = 3x? — 5x3 + 7x — 2. 


(a) Show that if m is a zero of p, then 
3 = 3m® — 5m? +7. 
m 


(b) Show that the only possible integer zeros of p are 
—2, —1, 1, and 2. 


(c) Show that no integer is a zero of p. 


59 Suppose a, b, and c are integers and that 
p(x) = ax? + bx* +cx +9. 
Explain why every zero of p that is an integer is contained 
in the set {—9, —3,—1,1,3,9}. 


60 Suppose p(x) = 2x° + 5x4 + 2x3 — 1. Show that —1 is the 
only integer zero of p. 


61 Suppose p(x) = ag + ax +--+ + a,x", where 
49,41,...,a, are integers. Suppose m is a nonzero in- 


teger that is a zero of p. Show that “a is an integer. 
[This result shows that to find integer zeros of a polynomial 
with integer coefficients, we need only look at divisors of its 
constant term.] 


62 Suppose p(x) = 2x® + 3x° +5. 
(a) Show that if M is a zero of p, then 
2M® + 3MPN + 5NE = 0. 


(b) Show that if M and N are integers with no common 


factors and uM is a zero of p, then a and 4% are 
integers. 


(c) Show that the only porible rational zeros of p are 
5,-1 i, and —3. 


(d) Show that no rational number is a zero of p. 


63 Suppose p(x) = 2x4 + 9x3 +1. 
(a) Show that if M is a zero of p, then 
2M* +9MPN + NA =0. 


(b) Show that if M and N are integers with no com- 
mon factors and M is a zero of p, then M = —1 or 
M=1. 

(c) Show that if M and N are integers with no common 
factors and M4 is a zero of p, then N = —20r N=2 
or N=-—1lorN =1. 

(d) Show that -4 is the only rational zero of p. 


64 Suppose p(x) = ag + a,x +--+ + a,x", where 
a9, 41,..-,@n are integers. Suppose M and N are nonzero 


integers with no common factors and M is a zero of p. 


Show that 49 and 4 are integers. 

[Thus to find rational zeros of a polynomial with integer coef- 
ficients, we need only look at fractions whose numerator is a 
divisor of the constant term and whose denominator is a divisor 
of the coefficient of highest degree. This result is called the Ra- 
tional Zeros Theorem or the Rational Roots Theorem. | 


65 Apply the Rational Zeros Theorem to the equation 
7 —x?* = 0 to show that there is no rational number 
whose cube equals 7. 


66 Explain why the polynomial p defined by 
p(x) = x©+100x7 +5 


has no real zeros. 


67 Give an example of a polynomial of degree 5 that has 
exactly two zeros. 


68 Give an example of a polynomial of degree 8 that has 
exactly three zeros. 


69 Give an example of a polynomial p of degree 4 such that 
p(7) = 0 and p(x) > 0 for all real numbers x. 


70 Give an example of a polynomial p of degree 6 such that 
p(0) =5 and p(x) > 5 for all real numbers x. 


71 Give an example of a polynomial p of degree 8 such that 
p(2) =3 and p(x) > 3 for all real numbers x. 


72 Explain why there does not exist a polynomial p of degree 
7 such that p(x) > —100 for every real number x. 


73 Explain why the composition of two polynomials is a 
polynomial. 


74 Show that if p and q are nonzero polynomials, then 
deg(p oq) = (deg p) (deg q). 


75 In the first figure in the solution to Example 6, the graph 
of the polynomial p clearly lies below the x-axis for x in 
the interval [5000, 10000]. Yet in the second figure in the 
same solution, the graph of p seems to be on or above 
the x-axis for all values of p in the interval [0, 1000000]. 
Explain. 

76 Suppose t is a zero of the polynomial p defined by 


p(x) =32x° + 7x4 42x +6. 
Show that 1 is a zero of the polynomial q defined by 
q(x) =34+ 7x + 2x* + 6x°. 


77 Generalize the problem above. 
78 Suppose q is a polynomial of degree 4 such that 
q(0) = —1. Define p by 
p(x) = x? +4(x). 
Explain why p has a zero on the interval (0,00). 
79 Suppose q is a polynomial of degree 5 such that 
q(1) = —3. Define p by 
p(x) = x° +(x). 
Explain why p has at least two zeros. 
80 Suppose 
p(x) = 2° + 22° +1. 
(a) Find two distinct points on the graph of p. 
(b) Explain why p is an increasing function. 


(c) Find two distinct points on the graph of ie 
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Worked-Out Solutions to Odd-Numbered Exercises 


Suppose p(x) = 22 +5x+2, (p(x))*s(x) 
q(x) = 2x7 —3x+1, s(x) = 4x° — 2. = (xt + 10x? + 29x? + 20x + 4) (4x3 — 2) 
In Exercises 1-18, write the indicated expression as a polyno- = 4x3 (x4 + 10x3 + 29x? + 20x + 4) 
mial. 
2(x* + 10x? + 29x? + 20x + 4) 
1 (p+4q)(x) 
= 4x” + 40x° + 116x° + 80x* + 16x 
solution 


2x* — 20x3 — 58x? — 40x — 8 
(p+9)(x) = (x2 +5x +2) + (2x3 — 3x +1) - ‘3 . " 


= 4x’ + 40x° + 116x° + 78x4 


= 2x3 + x7 42x +3 
Ax? — 58x? — 40x — 8. 


11 (poq)(x) 
solution 


(poq)(x) = p(q(x)) 
) 


3 (3p — 2q)(x) 
solution 


(3p — 2q)(x) = 3(x? + 5x +2) — 2(2x7 — 3x41) 


+ (10x3 — 15x +5) +2 
5 (pq)(x) 


solution 


(pq) (x) = (x* + 5x + 2)(2x3 — 3x +1) 


= 4x6 — 12x4 + 14x93 + 9x? — 21x +8 
13 (pos)(x) 


solution 
= x7 (2x9 — 3x +1) (pos)(x) = p(s(x)) 
bhe(Qe = 3a 41) 4+2(ae? = ay 4-1) = p(4x° — 2) 
= 3x3 +x = (4x° — 2)? + 5(42° — 2) +2 
+ 10x4 — 15x? + 5x + 4x? — 6x +2 = (16x® — 16x3 + 4) + (20x3 — 10) +2 
= 9 40 ba? = Tae = 2 4 2 = 16x° + 42° — 4 
15 (qo(p+s))(x) 
7 (p(x))? solution 
pone (q° (p +s)) (x) = 4((p +s)(x)) 
(p(x))> = (x2 + 5x + 2)(x? + 5x +2) = 4( p(x) +5(x)) 


= q(4x° + x7 +5x) 


= 2(4a3 + x7 + 5x)9 — 3(403 4 x7 45x) +1 
= 2(4a3 + x7 + 5x)? (4x3 + x? + 5x) 


12x3 — 3x2 —15x +1 


2 = 128x? + 96x8 +. 504x7 + 242x° + 630x° 
9 (p(x))°s(x) 


+ 150x* + 238x3 — 3x2 —15x +1 


solution Using the expression that we computed for 
(p(x)) * in the solution to Exercise 7, we have 
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v7 12 +*) ~4(2) 
» 
solution 
q(2 + x) — q(2) 
x 
_ 2(24+-x)3 —3(2+ x) +1- (2-23-3-2+1) 
7 x 
2x3 4+ 12x? + 21x 
7 x 
= 2x* + 12x +21 
19 Factor x® — 8 as nicely as possible. 
solution 
xP — xP = (xt "4 +y') 
SC =O" pa (xe ay) 
=(x-y)(x+y(?+/)(x4+y') 
21 Find all real numbers x such that x® — 8x3 +15 = 0. 


23 


solution This equation involves x? and x®; thus we make 
the substitution x? = y. Squaring both sides of the equa- 
tion x? = y gives xo = va With these substitutions, the 


equation above becomes 
y? —8y+15=0. 


This new equation can now be solved either by factoring 
the left side or by using the quadratic formula. Let’s 
factor the left side, getting 


(y—3)(y—5) =0. 
Thus y = 3 or y = 5 (the same result could have been 
obtained by using the quadratic formula). 


Substituting x? for y now shows that x° = 3 or x3 = 5. 
Thus x = 3/9 or x = 51/3. 


Find all real numbers x such that x* — 2x2 — 15 = 0. 


solution This equation involves x? and x*; thus we make 
the substitution x? = y. Squaring both sides of the equa- 
tion x2 = y gives xt = y’. With these substitutions, the 
equation above becomes 


y —2y—15=0. 
This new equation can now be solved either by factoring 


the left side or by using the quadratic formula. Let’s use 
the quadratic formula, getting 


2+V4+60 248 
y= 5) = 7 
Thus y = 5 or y = —3 (the same result could have been 


obtained by factoring). 


Substituting x? for y now shows that x? = 5 or x? = —3. 
The equation x2 = 5 implies that x = V5 orx = —V5. 
The equation x2 = —3 has no solutions in the real num- 
bers. Thus the only solutions to our original equation 
x* — 2x2 15 =Oarex = V5 0rx=—V5. 


25 


27 


29 


31 


Find all real numbers x such that 
x7/3 — 3x1/3 4.2 = 0. 


solution Make the substitution x!/3 = y; thus x?/3 = y. 
With these substitutions, the equation above becomes 


y? —3y+2=0. 
Using the quadratic formula (or factoring), we see that 
y=lory=2. 
Thus x!/3 = 1 or x!/3 = 2. Thus x = 1orx =8. 


Find a number b such that 3 is a zero of the polynomial p 
defined by 


p(x) =1—4x 4 bx? +223. 


solution Note that 
p(3) =1—-4-345-37 42-33 
= 434 9b. 
We want p(3) to equal 0. Thus we solve the equation 


_ : — _ 43 
0 = 43 + 9b, getting b= —F. 


Find a polynomial p of degree 3 such that —1, 2, and 3 
are zeros of p and p(0) = 1. 


solution If p is a polynomial of degree 3 and —1, 2, and 
3 are zeros of p, then 


p(x) = e(x + 1)(x — 2)(x — 3) 
for some number cc. We have p(0) 


c(0 + 1)(0 — 2)(0—3) = 6c. Thus to make p(0) 
we must choose c = ze Thus 
x+1)(x-—2)(x-3 
(pete te) 
which by multiplying together the terms in the numerator 
can also be written in the form 
x 2x2 x3 


a1 { 2 
p(x) aa 


=1 


Find all choices of b, c, and d such that 1 and 4 are the 
only zeros of the polynomial p defined by 


p(x) = x2 + bx* +cx+d. 


solution Because 1 and 4 are zeros of p, there is a poly- 
nomial q such that 


p(x) = (x —1)(— 4)q(). 


Because p has degree 3, the polynomial q must have 
degree 1. Thus q has a zero, which must equal 1 or 4 
because those are the only zeros of p. Furthermore, the 
coefficient of x in the polynomial q must equal 1 because 
the coefficient of x° in the polynomial p equals 1. 


Thus q(x) = x—1 or q(x) = x—4. In other words, 
p(x) = (x—1P(x—4) or p(x) = (x—1)(x— 4). 
Multiplying out these expressions, we see _ that 
p(x) = x° — 6x7 +. 9x —4 or p(x) = x3 — 9x? + 24x — 16. 


Thus b = —6,c=9,d=—4o0rb=—9,c = 24,c = —16. 
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2.5 Rational Functions 


Learning Objectives 


By the end of this section you should be able to 
e manipulate rational functions algebraically; 


e decompose a rational function into a polynomial plus a rational function 
whose numerator has degree less than its denominator; 


e determine the behavior of a rational function near +00; 


e recognize the asymptotes of the graph of a rational function. 


The Algebra of Rational Functions 


Just as a rational number is the ratio of two integers, a rational function is the ratio 
of two polynomials. 


Rational function 


A rational function is a function r such that 


where p and q are polynomials, with q 4 0. 


Unless some other domain has been specified, assume the domain of a rational 
function is the set of real numbers where the expression defining the rational 
function makes sense. Because division by 0 is not defined, the domain of a rational 


function ; excludes all zeros of q, as shown in the following example. 


Find the domains of the rational functions r and s defined by 


Fe cha a ae jeje 
a9 eee) 
solution The denominator of the expression defining r is 0 if x = 3 or x = —3. 


Thus unless stated otherwise, we should assume the domain of r is the set of real 
numbers other than 3 and —3. 


The denominator of the expression defining s is nonzero for every real number x. 


Thus unless stated otherwise, we should assume the domain of s is the set of real 
numbers. 


The procedure for adding or subtracting rational functions is the same as for 
adding or subtracting rational numbers—multiply numerator and denominator by 
the same factor to get common denominators. 


Suppose 
2x _ ox+2 


r(x) = mad and s(x) 


Write r + s as the ratio of two polynomials. 


Every polynomial is also a rational 
function because a polynomial can 
be written as the ratio of itself with 
the constant polynomial 1. 


x3 —6x+5 
xt+9 
on the interval |—5, 5]. 


The graph of s(x) = 
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F 2x 3x +2 
solution = 
i (r+s)(x) 24 4s 
Bie a Bu 2)(a* +1 
The product of the denominators = ( ae = z ( ’ te zi 0 
always works as a common (x¢+ 1) +5) (x? +1)(x° +5) 
denominator. 


_ (2x)(x3 +5) + (3x +.2)(x? +1) 
(x2 + 1)(x3 +5) 


_. Dee Ba 42a ae 2 
x9 + x3 4+.5x245 


The procedure for multiplying or dividing rational functions is the same as for 
multiplying or dividing rational numbers. In particular, dividing by a rational 


function is the same as multiplying by = 


(Gems jee 
r(x) = and s(x) = uate 


~ 324] x3 +5 


Write c as the ratio of two polynomials. 


solution : 
(2)() = 5 
x8 +5 
Note that dividing by ate is the x 73 45 
same as multiplying by x. ~ x2 +1 Bet? 
2x(x3 +5) 


(x? + 1)(3x +2) 


2x* + 10x 
3x3 + 2x2 +3x+2 


Division of Polynomials 


Sometimes it is useful to express a rational number as an integer plus a rational 
number for which the numerator is less than the denominator. For example, 
Za5+ 3. 

Similarly, sometimes it is useful to express a rational function as a polynomial 
plus a rational function for which the degree of the numerator is less than the degree 
of the denominator. For example, 


6x +4 
=e 7x" +3) 4 2 : 


7 


Es ae has degree 1 and the denominator 


here the numerator of the rational function z 


has degree 2. 
To consider a more complicated example, suppose we want to express 


x° + 6x3 +11x +7 
x2+44 
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axtb . Entering 


as a polynomial plus a rational function of the form > +4 


(simplify (x*5 + 6x*3 + 11x + 7) / (x2 + 4)] 


in a WolframAlpha entry box produces the desired result. The next example shows 
how you could obtain the result by hand, giving you some insight into how a 
computer can get the result. 


Write 
x + 6x3 +11x +7 


x2+4 


ax-+-b 
x2+47 


in the form G(x) + where G is a polynomial and a, b are numbers. 


solution The highest-degree term in the numerator is x°; the denominator equals 
x* +4. To get an x° term from x? + 4, multiply x? + 4 by x3, writing 


ear A) a 


The —4x° term above cancels the 4x° term that arises when x°(x* + 4) is expanded 
tox +4x°. Using the equation above, we write 


4x3 + 6x3 4 
x2+4 


x +6x34+11x+7 — x3(x*+4) 11x +7 


3 2xe+11x+7 
x2 +4 


The highest-degree term remaining in the numerator is now 2x°. To get a 2x? 
term from x? + 4, multiply x? +4 by 2x, writing 


Qu? = De(x* +4) = Bx. 


The —8x term above cancels the 8x term that arises when 2x(x? + 4) is expanded to 
2x3 + 8x. Using the equations above, write 


x +6x°+11x+7 _ 3, 2x9 +11x+7 
x2 44 x2 44 
_2 (2x) (x? +4) —8x+11x +7 
x2 +4 
3x +7 
3 
aig? Oy 
x et olan A 


in the desired form. 


5 34 
Thus we have written ea teeenens 


The procedure carried out in the example above can be applied to the ratio of any 
two polynomials, as stated in the next result. For more examples of how to carry 
out this procedure, see the worked-out solutions to Exercises 37, 39, and 41 at the 
end of this chapter. 
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A procedure similar to long 
division of integers can be used 
with polynomials. The procedure 
below, which is really just long 
division in slight disguise, has the 
advantage that you can understand 
why it works. 


Example 4 


The idea throughout this procedure 
is to concentrate on the 
highest-degree term in the 
numerator. 


Again, we concentrate on the 
highest-degree term in the 
numerator. 
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The symbol R is used because this 
term is analogous to the remainder 
term in division of integers. 


In the previous section, we saw 
why the “if” part of this result 
holds. Now we understand why 
the “only if” part holds. 


Procedure for dividing polynomials 


(a) Express the highest-degree term in the numerator as a single term times the 
denominator, plus whatever adjustment terms are necessary. 


(b) Simplify the quotient using the numerator as rewritten in part (a). 


(c) Repeat steps (a) and (b) on the remaining rational function until the degree 
of the numerator is less than the degree of the denominator or the numerator 
is 0. 


The result of the procedure above is the decomposition of a rational function into 
a polynomial plus a rational function for which the degree of the numerator is less 
than the degree of the denominator (or the numerator is 0). This gives the following 
result. 


Division of polynomials 


If p and q are polynomials, with q ¢ 0, then there exist polynomials G and R 
such that e 

een 

q Gi 


and deg R < degq or R = 0. 


Multiplying both sides of the equation above by q gives a useful alternative way 
to state the conclusion. 


Division of polynomials 
If p and q are polynomials, with q ¢ 0, then there exist polynomials G and R 


such that 
p= qGt+R 


and deg R < degq or R = 0. 


As a special case of the result above, fix a real number t and let q be the polynomial 
defined by q(x) = x —t. Because degq = 1, we will have deg R = 0 or R=O in 
the result above; either way, R will be a constant polynomial. In other words, the 
result above implies that if p is a polynomial, then there exist a polynomial G and a 
number c such that 

p(x) = (x-#)G(x) +e 


for every real number x. Taking x = ft in the equation above, we get p(t) =c, and 
thus the equation above can be rewritten as 


p(x) = (x — #)G(x) + p(t). 


Recall that t is called a zero of p if and only if p(t) = 0, which happens if and 
only if the equation above can be rewritten as p(x) = (x — t)G(x). Thus we now 
see why the following result from Section 2.4 holds. 


Zeros and factors of a polynomial 


Suppose p is a polynomial and ¢ is a real number. Then t is a zero of p if and 
only if x — t is a factor of p(x). 
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The Behavior of a Rational Function Near -Eoo 


We now turn to an investigation of the behavior of a rational function near oo and 
near —oo. Recall that to determine the behavior of a polynomial near oo or near —oo, 
we factored out the term with highest degree. The procedure is the same for rational 
functions, except that the term of highest degree should be separately factored out 
of the numerator and the denominator. The next example illustrates this procedure. 
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Neither oo nor —oo is a real 
number. The informal phrase “x is 
near oo” means that x is very 
large. Similarly, “x is near —oo" 
means that x is negative and |x| is 
very large. 


a 


Suppose 


_ 9x° — 2x3 +1 
= aye 


Discuss the behavior of r(x) for x near co and for x near —oo. 


solution The term of highest degree in the numerator is 9x°; the term of highest 
degree in the denominator is x°. Factoring out these terms and considering only 
values of x near oo or near —oo, we have 


2 1 
{x)= 2° (1 = g32 + a5) 
sOtsts 
2 1 
_9 (92 + 538) 
3 
reeey 
- 9 
a 


For |x| very large, (1 — 2 - 55) and (1+ ma + s) are both very close to 1, which 
explains how we got the approximation above. 
The calculation above indicates that r(x) should behave like 2, for x near oo or 


near —oo. In particular, if x is near oo, then =, is positive but very close to 0; thus 
r(x) has the same behavior. If x is near —oo, then a is negative but very close to 0; 
thus r(x) has the same behavior. As the graph here shows, for this function we do 
not even need to take |x| particularly large to see this behavior. 


—6F 


In general, the same procedure used in the example above works with any 
rational function, as stated in the next result. 


5 _ 943 
The graph of ren as on 


the interval [—5,5]. As can be 
seen here, the graph of a rational 
function can be unexpectedly 
beautiful and complex. 
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Example 6 


As can be seen from the graph 
below, s is an increasing function. 
The chance of survival increases as 
the distance from the parent tree 
increases because at a greater 
distance, the seedling competes less 
with its parent tree for water and 
nutrients. 


y 
15 
10 F 
5 L 
W111 
10 20 30 40 50 
2 
The graph of on (orange) 


and the line y = 15 (blue) on the 
interval [0,50]. As can be seen 
here, if d is large then s(d) ~ 15. 


Behavior of a rational function near =o 


To determine the behavior of a rational function near co or near —oo, separately 
factor out the term with highest degree in the numerator and the denominator. 


The percentage survival rate of a seedling of a particular tropical tree can be modeled 
by the equation 
_ 15d? 
4) = a0" 
where a seedling has an s(d) percent chance of survival if it is d meters distance 
from its parent tree. 


(a) At approximately what distance is a seedling’s survival rate 10%? 


(b) What survival rate does this model predict for seedlings growing very far from 
their parent tree? 


solution 
15d? 


(a) We need to find d such that P40 
by d? +40 and then subtracting 10d? from both sides leads to the equation 
5d* = 400. Thus d? = 80, which means that d = 80 ~ 9. Thus a seedling 


should be about 9 meters from its parent in order to have a 10% chance of 
survival. 


= 10. Multiplying both sides of this equation 


(b) We need to estimate s(d) for large values of d. If dis a large number, then 


Thus the model predicts that seedlings growing very far from their parent tree 
have approximately a 15% chance of survival. 


The line y = 15 plays a special role in understanding the behavior of the graph 
above. Such lines are sufficiently important to have a name. Although the definition 
below is not precise (because “arbitrarily close” is vague), its meaning should be 
clear to you. 


Asymptote 


A line is called an asymptote of a graph if the graph becomes and stays arbitrarily 
close to the line in at least one direction along the line. 


Z 
Thus the line y = 15 is an asymptote of the graph of y = we as can be seen 
from the graph above. As another example, the x-axis is an asymptote of the graph 


9x°—22341 
x8+x41 
The next example gives another illustration of an asymptote. 


of the function , as we saw in Example 5. 
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Suppose 
3x® — 9x4 4.6 
r(x) = —~—__.. 
2x6 + 4x +3 


Find an asymptote of the graph of r. 


solution The graph below shows that the line y = 3 appears to be an asymptote 
of the graph of r. 


y 
Br 


—10 


xe 
\/ 10 


3x5—9x4+6 


The graph of or rar+3 


(orange) and the line y = 3 (blue) on the interval {[—10, 10]. 


To verify that we indeed have an asymptote here, we will investigate the behavior 
of r(x) for x near too. The term of highest degree in the numerator is 3x°; the 
term of highest degree in the denominator is 2x°. Factoring out these terms and 
considering only values of x near co or near —oo, we have 


_ 3x°(1- 3+ 4) 


T(X 
2 
2x6(1+ & + 5°5) 
2 
Dae aed 
2 3 
2 (eres eg) 
wo 
we 3. 
3 2 


For |x| very large, (1 — 3 + ~) and (1+ =; + sr are both very close to 1, which 
explains how we got the approximation above. 

The calculation above indicates that r(x) should equal approximately 3 for x near 
oo or near —oo. As the graph above shows, for this function we do not even need to 
take |x| particularly large to see this behavior. 


So far we have looked at the behavior of a rational function whose numerator 
has smaller degree than its denominator, and we have looked at rational functions 
whose numerator and denominator have equal degree. The next example illustrates 
the behavior near oo of a rational function whose numerator has larger degree 
than its denominator. In this next example, the graph has no asymptotes, but it does 
get close to the graph of the simpler function 2x4 for large values of |x|. 
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Example 7 


Here again we see that the graph of 
a rational function can be 
unexpectedly beautiful and 
complex. 


“At a very early age, I made an 
assumption that a successful 
physicist only needs to know 
elementary mathematics. At a later 
time, with great regret, I realized 
that the assumption of mine was 
completely wrong.” 

—ALBERT EINSTEIN 
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Example 8 


Wy 


The graphs of 
4x10 243434415 
2x6+4+x541 
and 2x* (blue) on the 
interval [—3, 3]. 


x 


(orange) 


Example 9 


25 7 


—25 © 
The graph of r on the interval 


[—3, 3], truncated on the vertical 
axis to the interval [—25, 25]. 


aura rs ss—(‘i—ssS 
4x10 — 2x3 + 3x +15 
2x6 + x5 +1 


Discuss the behavior of r(x) for x near co and for x near — 


solution The term of highest degree in the numerator is 4x10; the term of highest 
degree in the denominator is 2x°. Factoring out these terms and considering only 
values of x near co or near —oo, we have 


2x6 
ae ree 
_ ya, ae =e 4x10) 
(large oe) 
~ 2x4 


For |x| very large, (1 = po 735) and (1+ * ae sx) are both very close 
to 1, which explains how we got the approximation above. 

The calculation above indicates that r(x) should behave like 2x4 for x near oo 
or near —oo. In particular, r(x) should be positive and large for x near oo or near 
—oo. As the graph here shows, for this function we do not even need to take |x| 


particularly large to see this behavior. 


Graphs of Rational Functions 


Just as with polynomials, the task of graphing a rational function can be performed 
better by computers than by humans. We have already seen the graphs of several 
rational functions and discussed the behavior of rational functions near oo. 

The graph of a rational function can look strikingly different from the graph of a 
polynomial in one important aspect that we have not yet discussed, as shown in the 
following example. 


Discuss the asymptotes of the graph of the rational function r defined by 


x2 45 
—2x2-—x+2° 


r(x) = x3 


solution Because the numerator of r(x) has degree less than the denominator, r(x) 
is close to 0 for x near oo and for x near —oo. Thus the x-axis is an asymptote of the 
graph of r, as can be seen in the graph here. 

The strikingly different behavior of the graph here as compared to previous 
graphs that we have seen occurs near x = —1, x = 1, and x = 2; those three lines 
are shown here in blue. To understand what is happening here, verify that the 
denominator of r(x) is zero if x = —1, x = 1, or x = 2. Thus the numbers —1, 1, 
and 2 are not in the domain of r, because division by 0 is not defined. 

For values of x very close to x = —1, x = 1, or x = 2, the denominator of r(x) is 
very close to 0, but the numerator is always at least 5. Dividing a number larger 
than 5 by a number very close to 0 produces a number with very large absolute 


value, which explains the behavior of the graph of r near x = —1, x = 1, and x = 2. 
In other words, the lines x = —1, x = 1, and x = 2 (shown in blue) are asymptotes 
of the graph of r. 


Exercises 


For Exercises 1-4, write the domain of the given function r as 
a union of intervals. 


5x3 — 12x? +13 


1 r(x) = 


x2—7 
x° + 3x4 —6 
2 = —— 
r(x) 2x2 —5 
Ax’ + 8x7 —1 
3 = 
ne) x2 —2x—6 
6x? + x9 +8 
4 r(x) = ———_ 
x2 +4x+1 


For Exercises 5-8, find the asymptotes of the graph of the 
given function r. 


6x* + 4x3 — 7 
5 r(x) = —— >= 
2x4 +3x2+5 
6x® — 7x3 +3 
6 r(x) = - ri 7 
3x® + 5x*#+ 4°41 
3x+1 
7 = 
ne) x24+x-—2 
9x +5 
8 = ——___ 
ed] x2-—x-—6 


In Exercises 9-26, write the indicated expression as a ratio of 


polynomials, assuming that 


1) = jaa = gag FY) = ees 
9 (r+s)(x) 16 (rt)(x) 22 (sor)(x) 
10 (r—s)(x) 17 (r(x))? 23 (rot)(x) 
11 (5-H) ag (gy? (FoNNEX) 
12 (s+#)(x) - gg 8(1tx)-s(1) 
13 (3r—2s)(x) 19 (r()) tC) x 
14 (4r+5s)(x) 20 (s(x )*t(x) 26 so sie! 
15 (rs)(x) 21 (ros)(x) 
For Exercises 27-32, suppose 
—_ x+1 _ x+2 
r(x) = 243 and s(x) = 245 
27 What is the domain of r? 
28 What is the domain of s? 
29 Find two distinct numbers x such that r(x) = i. 
30 Find two distinct numbers x such that s(x) = ? 


31 What is the range of r? 
32 What is the range of s? 
33 Find a number c such that r(10!) ~ 6, where 


cx? + 20x2 — 15x +17 


We) a Paige 


34 Find a number c such that oem) ~ 5, where 


_ 3x4 — 2x3 + 8x +7 
ext — 9x42 


r(x) 
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35 Find numbers c, d, and m such that the graph of 


cx™ +x247 
= ye has y = 2 and x = 3 as asymptotes. 
36 Find numbers c, d, and m such that the graph of 
5 
y= per awes has y = 3 and x = 2 as asymptotes. 


In Exercises 37-42, write each expression as the sum of a poly- 
nomial and a rational function whose numerator has smaller 
degree than its denominator. 


2. 1 2 
37 a7 40 eats 
x—-3 4x+3 
Ay = 6 3 
38 x-5 41 x9 4-327 +1 
X+7 x?+2x +5 
2 6 _ 4,2 
39 x 43 x° —4x-+5 
3x—-1 x2 —3x+1 


43 A bicycle company finds that its average cost per bicycle 
for producing n thousand bicycles is a(n) dollars, where 

4n? + 3n +50 

16n2 +3n4+35° 


What will be the approximate cost per bicycle when the 
company is producing many bicycles? 


a(n) = 700 


44 A bicycle company finds that its average cost per bicycle 
for producing n thousand bicycles is a(n) dollars, where 
3n* +n +40 
16n2 + 2n + 45° 


What will be the approximate cost per bicycle when the 
company is producing many bicycles? 


a(n) = 800 


45 Suppose you start driving a car on a chilly fall day. As 
you drive, the heater in the car makes the temperature 
inside the car F(t) degrees Fahrenheit at time f minutes 
after you started driving, where 


3088 
6+ 100° 


(a) What was the temperature in the car when you 
started driving? 


F(t) =40+ 


(b) @ What was the approximate temperature in the 
car ten minutes after you started driving? 

(c) What will be the approximate temperature in the 
car after you have been driving for a long time? 


46 Suppose you start driving a car on a hot summer day. As 
you drive, the air conditioner in the car makes the tem- 
perature inside the car F(t) degrees Fahrenheit at time t¢ 
minutes after you started driving, where 


7 1812 
24+65- 


(a) What was the temperature in the car when you 
started driving? 


F(t) =90 


(b) @ What was the approximate temperature in the 
car 15 minutes after you started driving? 


(c) What will be the approximate temperature in the 
car after you have been driving for a long time? 
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Problems 
47 Show that 


1 1 ( 1 1 ) 
(x-—a)(x-—b) a-—b\x-a x-b 
ifx Aa,x#b,andaF#b. 


2 
48 Suppose s(x) = ate 


(a) Show that the point (1,3) is on the graph of s. 

(b) Show that the slope of a line containing (1,3) and 
a point on the graph of s very close to (1,3) is ap- 
proximately —4. 

[Hint: Use the result of Exercise 25.] 
eee) 
~ 47343" 
(a) Show that the point (—1,—5) is on the graph of t. 
(b) Give an estimate for the slope of a line containing 
(—1,—5) and a point on the graph of t very close to 
(—1,—5). 
[Hint: Use the result of Exercise 26.] 
50 Explain why the composition of a polynomial and a ra- 
tional function (in either order) is a rational function. 


49 Suppose t(x) 


51 Explain why the composition of two rational functions is 
a rational function. 


52 Suppose p is a polynomial and tf is a number. Explain 
why there is a polynomial G such that 


p(x) — p(t) _ 
pap 
for every number x # t. 


53 Suppose r is the function with domain (0,00) defined by 


re) = aoa 
~ x4 +2x3 4+ 3x2 
for each positive number x. 
(a) Find two distinct points on the graph of r. 
(b) Explain why r is a decreasing function on (0,00). 
(c) Find two distinct points on the graph of ro}, 
54 Suppose p is a nonzero polynomial with at least one (real) 
zero. Explain why 


e there exist real numbers fj, f2,...,fm and a polyno- 
mial G such that G has no (real) zeros and 


p(x) = (x — ty)(x — ft)... (x — tm) G(x) 
for every real number x; 


e each of the numbers f1,f2,...,tm is a zero of p; 


e p has no zeros other than ty, to,...,tm. 


55 Suppose p and g are polynomials and the horizonal axis 


is an asymptote of the graph of _ Explain why 


deg p < deg q. 


Worked-Out Solutions to Odd-Numbered Exercises 


For Exercises 1-4, write the domain of the given function r as 
a union of intervals. 


_ 5x3 — 12x? +13 
x27 


1 r(x) 


solution Because we have no other information about 
the domain of r, we assume the domain of r is the set of 
numbers where the expression defining r makes sense, 
which means where the denominator is not 0. The de- 
nominator of the expression defining r is 0 if x = =f7 
or x = V7. Thus the domain of r is the set of numbers 
other than —/7 and \/7. In other words, the domain of r 
is (—c0, -/7) U (—V7, V7) U (V7, 0). 


_ 4x7 + 8x2 —1 
~ x2 2x —6 


3 r(x) 


solution To find where the expression defining r does 
not make sense, apply the quadratic formula to the equa- 
tion x2 — 2x —6 = 0, getting x = 1—-V7orx =14+ v7. 
Thus the domain of r is the set of numbers other than 
1— V7 and 1+ V7. In other words, the domain of r is 
(—oo, 1 — V7) U(1- V7,1+ V7) U(1+ V7, 00). 


For Exercises 5-8, find the asymptotes of the graph of the 
given function r. 


6x* + 4x3 — 7 
2x4 + 3x2+45 


solution The denominator of this rational function is 
never 0, so we only need to worry about the behavior of 
r near oo. For |x| very large, we have 


6x4 + 4x3 — 7 
r(x) = —,—_,—— 
2x4 + 3x2+5 
2. 
_ beh + 327 Be) 
3 5 
axt (L+ 533 + 5a) 
= 3. 


Thus the line y = 3 is an asymptote of the graph of r, as 


shown below: y 


3 


—15 


6x4+4x3—7 
The graph of 553,245 


on the interval [—15, 15}. 


3x+1 


eC are eee 


solution The denominator of this rational function is 0 
when 
xe4+x—-2=0. 

Solving this equation either by factoring or using the 
quadratic formula, we get x = —2 or x = 1. Because the 
degree of the numerator is less than the degree of the 
denominator, the value of this function is close to 0 when 
|x| is large. Thus the asymptotes of the graph of r are the 


lines x = —2, x = 1, and y = 0, as shown below: 
y 
20 7 
x 
—6 2 1 6 
—20 * 
The graph of 3x41 on the interval 


x2+x-2 
[—6, 6], truncated on the vertical axis 
to the interval [—20, 20}. 


In Exercises 9-26, write the indicated expression as a ratio of 
polynomials, assuming that 


_ 3x+4 _ x42 _. 8 
Me) = ay 8) = ay HO) = gars 
9 (r+s)(x) 
solution 
3x +4 x*742 
Pe) = 2g et 
— (Bx+4)(2x—-1) , (x2 +2) (x? +1) 
(x2 +1)(2x—1) * (x24+1)(2x—1) 
_ (8x +4)(2x — 1) + (x? +.2)(x? +1) 
(x2 + 1)(2x —1) 
_ 6x" 3x + 8x —44+ x44 2242x742 
2x3 — x2 42x —1 
_ x*+9x2 45x —2 
~ 2x3 — x2 4+2x—1 
11 (s—t)(x) 
solution 
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2 
x- +2 5 
= t =_ 
re 


(x? + 2)(4x3 + 3) 
(2x — 1)(4x3 + 3) 


5(2x — 1) 
(2x — 1)(4x3 +3) 


(x? + 2)(4x3 + 3) — 5(2x -1) 
(2x — 1) (4x3 +3) 


_ RP Se 3 = 1004 
8x4 — 4x3 + 6x —3 


13 (3r — 2s)(x) 


solution 
3x+4 x242 
er ee) 3(47) (oe) 
_ 9x4+12 2x7 +4 
x2 +1 2x—-1 
— (9x+12)(2x-1) (2x? +4) (x2 +1) 
(x2 + 1)(2x —1) (x2 + 1)(2x —1) 
(9x + 12)(2x — 1) — (2x2 + 4)(x? + 1) 
(x2 + 1)(2x —1) 
_ 18x* — 9x + 24x — 12 — 2x4 — 6x? — 4 
2x3 — x2 +4+2x-1 
Se ae be = 16 
2x3 — x2 +2x-1 
15 (rs)(x) 
solution 
3x+4 x*+2 
VON) aa og—a 
_ (8x +4)(x? +2) 
(x2 + 1)(2x — 1) 
3x2 +4x7 + 6x +8 
2x3 — x2+4+2x-1 
17 (r(x))? 
solution 
2 3x +4)2 
ir) = (aa) 
_ (8x+4)? 
(x2 +1)? 
9x? + 24x + 16 


x44 2x2 +1 
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19 (r(x))*#(x) 


solution Using the expression that we computed for 
(r(x)) * in the solution to Exercise 17, we have 


x2 x 
(r(a))?e(2) = = Peete _5 


A 42x241 4343 


_—_-B(9x? + 24x + 16) 
(x* + 2x2 + 1) (4x3 + 3) 


7 45x? + 120x + 80 
Ax? + 8x5 + 3x4 + 4x3 + 6x2 43° 


21 (ros)(x) 


solution We have 


(ros)(x) =r(s(x)) 


2: 
=*(5**) 
_ 3th) +4 
Gra 


Multiplying the numerator and denominator of the ex- 
pression above by (2x — 1)* gives 
B(x? + 2)(2x —1) +4(2x — 1)" 

(4 2)- 4 Ge= 1)? 


(ros)(x) = 


_ 6x3 + 13x? — 4x —2 
x4+8x2-—4x+5 ~ 


23 (rot)(x) 
solution We have 


(rot)(x) =r(t(x)) 


Multiplying the numerator and denominator of the ex- 
pression above by (4x3 + 3)? gives 
3 3 2 
pmne= 15(4x? + 3) + 4(4x? + 3) 
25 + (4x3 + 3)2 


_ 64x° + 156x? + 81 
16x6 + 24x3 + 34 ° 


s(1+x)—s(1) 


25 x 


solution Note that s(1) = 3. Thus 
(14+-x)?+2 


s(1+x)—s(1) _— 2(1+x)-1 
x x 


3 


x2 42x43 3 
— _ 2x+1 
SS 


Multiplying the numerator and denominator of the ex- 
pression above by 2x + 1 gives 


s(l+x)—s(1)  x*+2x+3-6x-3 
x x(2x +1) 


27 What is the domain of r? 


solution The denominator of the expression defining r 
is a nonzero number for every real number x, and thus 
the expression defining r makes sense for every real num- 
ber x. Because we have no other indication of the domain 
of r, we thus assume the domain of r is the set of real 
numbers. 


29 Find two distinct numbers x such that r(x) = i. 
solution We need to solve the equation 


x+1 1 
x24+3 °° 4 
for x. Multiplying both sides by x2 +3 and then multi- 
plying both sides by 4 and collecting all the terms on one 
side, we have 
x*—4x-1=0. 


Using the quadratic formula, we get the solutions 
x=2—-V5andx=24 V5. 


31 What is the range of r? 


solution To find the range of r, we must find all numbers 
y such that 


for at least one number x. Thus we will solve the equa- 
tion above for x and then determine for which numbers 
y we get an expression for x that makes sense. Multiply- 
ing both sides of the equation above by x? +3 and then 
collecting terms gives 


33 


35 


yx? —x + (3y—1) =0. 


If y = 0, then this equation has the solution x = —1. 
If y € 0, then use the quadratic formula to solve the 
equation above for x, getting 


14 fit 4y— 12 


2y 


or 


— 1-14 4y— 12? 
2y . 
These expressions for x make sense precisely when 
1+ 4y— 12y? > 0. Completing the square, we can rewrite 
this inequality as 


1 1 
—12((y- sr = gi 20: 
Thus we must have (y — 1)? < 4, which is equivalent 
to -5 <y- é < ; Adding z to each side of these 
inequalities gives -i< y< A, 


interval [—{, 4]. 


Thus the range of r is the i 
Find a number c such that (101) = 6, where 


cx? + 20x? — 15x +17 
5x8 + 4x2 418x +7 © 


r(x) = 


solution Because 10! is a very large number, we need 
to estimate the value of r(x) for very large values of x. 
The highest-degree term in the numerator of r is cx? (un- 
less we choose c = 0); the highest-degree term in the 
denominator of r is 5x?. Factoring out these terms and 
considering only very large values of x, we have 


eae = a +23) 


( = 
r(x = } = 4 } a <5) 
6 Utes ext * a) 
; (1 sr | ; 52 | a) 


For x a large, both (1 - 20 3 - a5) and 


18 vi 
(1+ 55 + Bx + 5y2 + 5yS 
how we got the approximation above. 


3) are very close to 1, which explains 


The approximation above shows that r(10!0°) ~ 5: Hence 
we want to choose c so that 5 = 6. Thus we take c = 30. 


Find numbers c, d, and m such that the graph of 


cx™ + y247 
ye ad has y = 2 and x = 3 as asymptotes. 
solution We have 
1 7 
cx 47247 a cx™ (1 + oxmae + Sant) 
etd 3 a 
x9(1+ 33) 


For y = 2 to be an asymptote of this graph, we need for 
cx = 2x3. Thus we take c = 2 and m = 3. 
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For x = 3 to be an asymptote of the graph, the denomi- 
nator needs to equal 0 when x = 3. In other words, we 
must have 3° + d = 0, which implies that d = —27. 


In Exercises 37-42, write each expression as the sum of a poly- 
nomial and a rational function whose numerator has smaller 
degree than its denominator. 


2x +1 
7 
3 x-—3 
solution Sel. Bee) 
x-3 x-3 
7 
= 922) 
- —3 
of 
3x—-1 
solution 2 3(3x-1) +3 
3x—-1 3x—-1 
x 
= 
~ 3 3x-1 
_x 3(x-1)+3 
3 3x—-1 
_ 1, 1 
3° 9° 9(3x—1) 
x© + 3x3 +1 
x2+2x+5 
solution 
x® +393 +1 
x2+4+2x+5 
x(x? +2” +5) — 22° — 5x443x3 41 
x2 +2x+5 
_ A wa? — 5x4 43x +1 
x2 +2x+5 
=o (—2x3) (x? + 2x +5) 
x2 + 2x +5 
_ 4x4 + 10x3 — 5x4 + 3x3 +1 
x2 4+2x+5 
id et —x4 413x941 
x2 +2x+5 
yt oq 4 (=) (2? 42x +5) 
x2 +2x+5 
(2x? oa se 
x24+2x+5 
igloos 2, be +5x7 +1 


x24+2x+5 
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, belat 2a 5) — 80a = 7oe oe 1 
x2 42x +5 
—25x* — 75x +1 
4 3 2 
= y) +15 
x x x x eS 


= x4 — 2x3 — x2 + 15x 


25(x? + 2x +5) +50x +125 —75x+1 
x2 42x +5 


—25x + 126 


4 3 2 
= P + 15x — 254 
. itd e x24+2x4+5 


43 A bicycle company finds that its average cost per bicycle 
for producing n thousand bicycles is a(n) dollars, where 

An? + 3n +50 

16n? + 3n +35" 

What will be the approximate cost per bicycle when the 

company is producing many bicycles? 


a(n) = 700 


solution For n large we have 


An? + 3n +50 


= 700 
a(n) 16n2 +3n +35 


4n? (1+ 9 + $5) 


3 5) 


= 700 
16n? (1+ qq + Fear 


Thus the average cost to produce each bicycle will be 
about $175 when the company is producing many bicy- 
cles. 


45 Suppose you start driving a car on a chilly fall day. As 
you drive, the heater in the car makes the temperature 
inside the car F(t) degrees Fahrenheit at time f minutes 
after you started driving, where 


3088 


F(t) =4 : 
(4) 0+ By i00 


(a) What was the temperature in the car when you 
started driving? 


(b) @ What was the approximate temperature in the 
car ten minutes after you started driving? 


(c) What will be the approximate temperature in the 
car after you have been driving for a long time? 
solution 
(a) Because F(0) = 40, the temperature in the car was 40 
degrees Fahrenheit when you started driving. 


(b) Because F(10) * 67.3, the temperature in the car was 
approximately 67.3 degrees Fahrenheit ten minutes after 
you started driving. 


(c) Suppose t is a large number. Then 


= 70. 


Thus the temperature in the car will be approximately 70 
degrees Fahrenheit after you have been driving for a long 
time. 
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Chapter Summary 


To check that you have mastered the most important concepts and skills covered in this chapter, 
make sure that you can do each item in the following list: 


e Find the equation of a line given its slope and a 
point on it. 


e Find the equation of a line given two points on 
it. 


e Find the equation of a line parallel to a given 
line and containing a given point. 


e Find the equation of a line perpendicular to a 
given line and containing a given point. 


e Use the completing-the-square technique with 
quadratic expressions. 


e Solve quadratic equations. 


e Compute the distance between two points. 


e Find the equation of a circle, given its center and 


radius. 


e Find the vertex of a parabola. 


Manipulate and simplify expressions involving 
exponents. 


0 1/m 


Explain how x", x~", and x are defined. 


Explain the connection between the linear factors 
of a polynomial and its zeros. 


Determine the behavior of a polynomial near 
—oo and near oo. 


Compute the sum, difference, product, and 
quotient of two rational functions (and thus of 
two polynomials). 


Write a rational function as the sum of a 
polynomial and a rational function whose 
numerator has smaller degree than its 
denominator. 


Determine the behavior of a rational function 
near —oo and near ov. 


To review a chapter, go through the list above to find items that you do not know how to do, then reread the material in 
the chapter about those items. Then try to answer the chapter review questions below without looking back at the chapter. 


Chapter Review Questions 


1 


Explain how to find the slope of a line if given coordinates 
of two points on the line. 


Given the slopes of two lines, how can you determine 
whether or not the lines are parallel? 


Given the slopes of two lines, how can you determine 
whether or not the lines are perpendicular? 


Find a number ¢ such that the line containing the points 
(3,5) and (—4,t) has slope —6. 


Find the equation of the line in the xy-plane that has 
slope —4 and contains the point (3, —7). 


Find the equation of the line in the xy-plane that contains 
the points (—6,1) and (—1,—8). 


Find the equation of the line in the xy-plane that is per- 
pendicular to the line y = 6x — 7 and that contains the 
point (—2,9). 


Suppose f is a function and g is a nonconstant linear 
function. Explain why the range of f o g is the same as 
the range of f. 


Find the vertex of the graph of the equation 


y = 5x? 4 2x43. 


10 


11 


12 


13 


14 


15 


16 


Give an example of numbers a, b, and c such that the 
graph of y = ax? + bx +c has its vertex at the point 
(—4,7). 


Find a number c such that the equation 
x? +ex+3=0 
has exactly one solution. 


Find a number x such that 
x+1_ 


——o OX: 


Find the distance between the points (5,—6) and 
(—2, —4). 


Find two points, one on the horizontal axis and one on 
the vertical axis, such that the distance between these two 
points equals 21. 


Find the equation of the circle in the xy-plane centered at 
(—4,3) that has radius 6. 


Suppose a newly discovered planet is orbiting a far-away 
star and that units and a coordinate system have been 
chosen so that planet’s orbit is described by the equation 


What are the two possible locations of the star? 
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17 


18 


19 


20 


21 


22 


23 
24 


25 


26 


27 


28 


29 
30 


31 


32 


33 


34 


35 


36 
37 


38 


Find the center and radius of the circle in the xy-plane 
described by x* — 8x + y* + 10y = 2. 
Which is larger: 10! or 1001? 

3800 7 930 


Write ——— 
rite 7 


as a power of 3. 


Write y~> (y6(y3)*)? as a power of y. 
(Bw)? 
(t-3w2)* 


Ed 
yp 


Simplify the expression 


Simplify the expression ( 


Explain why 3° is defined to equal 1. 

Explain why 3~“4 is defined to equal 3 

Explain why J 5 = 5: 

Give an example of a number f such that VP At. 
Show that (29 + 12/5)!/2 =342¥5. 

Evaluate 327/5. 

Expand (4 — 3+/5x)*. 

What is the domain of the function f defined by 


fx) =? 


What is the domain of the function f defined by 


f(x) = («-5)°/42 


Find the inverse of the function f defined by 


f(x) =34+ 2x5, 


Sketch the graph of the function f defined by 
f(x) = —5x4+7 
on the interval [—1, 1]. 


Sketch the graph of the function f defined by 


fe) =-l+6 


on [—2,—3] U [4,2]. 


Give an example of two polynomials of degree 9 whose 
sum has degree 4. 


Find a polynomial whose zeros are —3, 2, and 5. 


Find a polynomial p such that p(—1) = 0, p(4) = 0, and 
p(2) = 3. 

Explain why x7 + 9999x® — 88x° + 77x* — 6x3 +55 is neg- 
ative for negative values of x with very large absolute 
value. 


39 


40 


41 


42 


43 


44 


45 


46 


47 


48 


49 


50 


51 


Explain why there is a positive number x such that 

x’ —5x*-1=0. 
Explain why the polynomial x® — 5x° — 2 has at least one 
positive zero and at least one negative zero. 


Find a polynomial p of degree 3 with integer coefficients 
such that 2.1, 3.1, and 4.1 are zeros of p. 


Write 
BaD. a elo 
x85 " x249 
as a ratio of two polynomials. 
Write 
3x89 4.2 x7 +10 
x6—5 / x249 
as a ratio of two polynomials. 
Suppose 
re 300259 +299 pee x7 +1 
~ 47101 ~ 249" 


Which is larger, r(10'©°) or s(10!)? 


5 
Write the domain of ane ae as a union of intervals. 
Poa a | 


Suppose p is a polynomial. Explain why there is a poly- 
nomial G such that 


Write 
Ax? — 2x4 + 3x2 +1 
2x2 — 1 
R(x) 


in the form G(x) + 5,77, where G is a polynomial and 


R is a linear function. 


Find the asymptotes of the graph of the function f de- 
fined by 

3x2 + 5x +1 
2 are rey PET 
Give an example of a rational function whose graph in 
the xy-plane has as asymptotes the lines x = 2 and x = 5, 
with no other asymptotes.. 


Give an example of a rational function whose graph in 
the xy-plane has as asymptotes the lines x = 2, x = 5, 
and y = 3. 


Suppose p and qg are polynomials with 
deg p < deg q. 


Explain why the horizontal axis is an asymptote of the 
graph of a 


Exponential Functions, 
Logarithms, and e 


This chapter focuses on exponents and logarithms, along with applications of these 
crucial concepts. 

Each positive number b # 1 leads to an exponential function b*. The inverse of 
this function is the logarithm base b. Thus log, y = x means b* = y. 

We will see that the important algebraic properties of logarithms follow directly 
from the algebraic properties of exponents. In particular, we will emphasize the 
nice formulas for the logarithm of a power, the logarithm of a product, and the 
logarithm of a quotient. 

We will use exponents and logarithms to model radioactive decay, earthquake 
intensity, sound intensity, and star brightness. We will also see how functions with 
exponential growth describe population growth and compound interest. 

Our approach to the magical number e and the natural logarithm lead to several 
important approximations that show the special properties of e. These approxima- 
tions demonstrate why the natural logarithm deserves its name. 

This chapter concludes by looking again at exponential growth through the lens 
of our new knowledge of e. We will see how e is used to model continuously 
compounded interest and continuous growth rates. 
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Starry NIGHT, painted by 
Vincent Van Gogh in 1889. The 
brightness of a star as seen from 
Earth is measured using a 
logarithmic scale. 
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By the end of this chapter, you will 
understand how your calculator 
uses logarithms to evaluate 
expressions such as 7141421356 | 


We want to define functions f such 
as f(x) = 2* whose domain is the 
set of all real numbers. Thus we 
must define the meaning of 
irrational exponents. 


3.1 Logarithms as Inverses of Exponential Functions 


Learning Objectives 


By the end of this section you should be able to 
e use exponential functions; 
e evaluate logarithms in simple cases; 
e use logarithms to find inverses of functions involving b’; 


e compute the number of digits in a positive integer from its common 
logarithm. 


Exponential Functions 


We defined the meaning of a rational exponent in Section 2.3, but an expression 


such as 7? has not yet been defined. Nevertheless, the following example should 
make sense to you as the only reasonable (rational?) way to think of an irrational 
exponent. 


Find an approximation of 7A, 


solution Because V2 is approximately 1.414, we expect that 7V2 should be ap- 
proximately 7!4!4 (which has been defined, because 1.414 is a rational number). A 
calculator shows that 7!4!4 ~ 15.66638. 
If we use a better approximation of V2, then we should get a better approximation 
of 7¥2. For example, 1.41421356 is a better rational approximation of 2 than 1.414. 
A calculator shows that 
Pron ek 15 67289, 


which turns out to be correct for the first five digits after the decimal point in the 


decimal expansion of 7V2, 
We could continue this process by taking rational approximations as close as we 


wish to V2, thus getting approximations as accurate as we wish to 7V2, 


The example above gives the idea for defining the meaning of an irrational 
exponent. 


Irrational exponent 


Suppose b > 0 and x is an irrational number. Then b* is the number that is 
approximated by numbers of the form b’ as r takes on rational values that 
approximate x. 


The definition of b* above does not have the level of rigor expected of a mathe- 
matical definition, but the idea should be clear from the example above. A rigorous 
approach to this question would take us beyond material appropriate for a precal- 
culus course. Thus we will rely on our intuitive sense of the loose definition given 
above. 

The next box summarizes the key algebraic properties of exponents. These are 
the same properties we saw earlier, but now we have extended the meaning of 
exponents to a larger class of numbers. 
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Algebraic properties of exponents 


Suppose a and D are positive numbers and x and y are real numbers. Then 
Pp = per 
(bY = 0%, 


a*b* = (ab)*, 


Now that we have defined b* for every positive number b and every real number 
x, we can define an appropriate function. 


Exponential function 


Suppose b is a positive number, with b ~ 1. Then the exponential function with 
base b is the function f defined by 


oO 


For example, taking b = 2, we have the exponential function f with base 2 
z 


defined by f(x) = 2*. Be careful to distinguish the function 2* from the function x°. 


The graphs of these functions have different shapes, as can be seen in the graphs 
here. The function g defined by g(x) = x is not an exponential function. For an 
exponential function such as the function f defined by f(x) = 2%, the variable x 
appears in the exponent. 

Our main interest is in exponential functions with base b > 1. The next box 
summarizes the behavior of such functions. 


Behavior of exponential functions 


Suppose b > 1 and f is the exponential function defined by f(x) = b*. Then 
e the domain of f is the set of real numbers; 
the range of f is the set of positive numbers; 
f is an increasing function; 


b* is very large for large values of x, 


b* is very close to 0 if x is negative and |x| is large. 


The graph of 2* above illustrates the last three bullet points. That graph shows 
how 2* grows rapidly for large positive values of x and how 2* gets rapidly close to 
0 for negative values of x with large absolute value. As an example of the last bullet 


point, note that 2~100 = =i which helps explain why 2~! is very close to 0. 


The graph of the exponential 
function 2* on the interval [—5,5]. 
Here the same scale is used on both 
axes to emphasize the rapid growth 

of this function. 


=3° =2. =1 1 2. 3 


The graph of x? on the interval 
[—3,3]. Unlike the graph of 2*, 
the graph of x? is symmetric about 
the vertical axis. 
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Logarithms Base 2 


Consider the exponential function f defined by f(x) = 2*. The table here gives 


6) <2 the value of 2* for some choices of x. We now define a new function, called the 
3 1 logarithm base 2, that is the inverse of the exponential function 2”. 
-2)} 7 

“| Logarithm base 2 
rs || 

0} 1 Suppose y is positive number. 

1} 2 

e The logarithm base 2 of y, denoted log, y, is defined to be the number x 
2\4 such that 2* = y. 
3 | 8 


Each time x increases by 1, the Short version: 


value of 2* doubles; this happens 
because 2*+1 = 2.2%, 


e log, y = x means 2* = y. 


(a) Evaluate log, 8. 


(b) Evaluate log, 3: 


solution 


(b) log, 35 = —5 because 2~> = 3. 


Find a number t such that 2!/('~8) — 5. 


(a) log, 8 = 3 because oF = 8. 


solution The equation above is equivalent to the equation log, 5 = oy. Solving 


_¥ | bey : : 1 
1] —3 this equation for ¢ gives t = Tog55 + 8. 
i | -2 a——aa—saaow SS a ee 
5 | -1 The definition of log, y as the number x such that 
1 0 ony 
2 1 
4 2 means that if f is the function defined by f(x) = 2*, then the inverse function of f 
8 


is given by the formula f~'(y) = log, y. Thus the table here giving some values of 
log, y is obtained by interchanging the two columns of the earlier table giving the 
values of 2*, as always happens with a function and its inverse. 

Expressions such as log, 0 and log,(—1) make no sense because there does not 
exist a number x such that 2* = 0, nor does there exist a number x such that 
2* = —1. 

The figure here shows part of the graph of log, x. Because the function log, x is 
the inverse of the function 2’, flipping the graph of 2* across the line y = x gives 
the graph of log, x. 

Note that log, is a function; thus log, (y) might be a better notation than log, y. 
In an expression such as 
me log, 15 
log, 5’ 


3 
Interchanging the columns of the 
previous table gives this table. 


y 
8 re 


we cannot cancel log, in the numerator and denominator, just as we cannot cancel a 
(15) 


The graph of log, x (blue) on f 
[4,8] is obtained by flipping the function f in the numerator and denominator of FO) * Similarly, the expression 


raph of 2* (orange) on |—3,3 
om pi the Be y= [ above is not equal to log, 3, just as a is usually not equal to f(3). 
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Logarithms with Any Base 


We now take up the topic of defining logarithms with bases other than 2. No new 
ideas are needed for this more general situation—we simply replace 2 by a positive 
number b # 1. Here is the formal definition. 


Logarithm 


Suppose b and y are positive numbers, with b # 1. 


e The logarithm base b of y, denoted log, y, is defined to be the number x 
such that b* = y. 


Short version: 


e log, y = x means b* = y. 


(a) Evaluate log,, 1000. 
(b) Evaluate log, 49. 
(c) Evaluate log, ar: 
(d) Evaluate log; V5. 


solution 

(a) log, 1000 = 3 because 10° = 1000. 
(b) log, 49 = 2 because 7* = 49. 

(c) log, St = —4 because 3-4 = aT: 


(d) log; V5 = 5 because 51/2 = 5. 


Two important identities follow immediately from the definition. 


The logarithm of 1 and the logarithm of the base 


If b is a positive number with b # 1, then 
e log, 1=0; 
e log,b =1. 
The first identity holds because b° = 1; the second holds because b! = b. 


The definition of log, y as the number x such that b* = y has the following 
consequence. 


Logarithm as an inverse function 


Suppose b is a positive number with b # 1 and f is the exponential function 
defined by f(x) = b*. Then the inverse function of f is given by the formula 


f-*(y) = log, y. 


Because a function and its inverse interchange domains and ranges, the domain 
of the function f~! defined by f~'(y) = log, y is the set of positive numbers, and 
the range of this function is the set of real numbers. 


The base b = 1 is excluded because 
1* = 1 for every real number x. 


Example 4 


Logs have many uses, and the word 
“log” has more than one meaning. 


If y < 0, then log, y is not defined. 
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[Examples Suppose f is the function defined by f(x) =3+5*~7. Find a formula for f~!. 


John Napier, the Scottish 
mathematician who invented 
logarithms around 1614. 


Alternative statement: If M is a 
positive integer with n digits, then 


n—-1<logM <n. 


solution To find a formula for f—'(y), we solve the equation 3-5*~? = y for 


x. Dividing by 3, we have 5*-7 = 4. Thus x — 7 = log; 4, which implies that 


x=7+ logs 4. Hence 
fly) =7 + logs §. 


Because the function log, x is the inverse of the function b*, flipping the graph 
of b* across the line y = x gives the graph of log, x. If b > 1 then log, x is an 
increasing function (because b” is an increasing function). As we will see in the next 
section, the shape of the graph of log, x is similar to the shape of the graph of log, x 
obtained earlier. 

The definition of logarithm implies the two equations displayed below. Be sure 
that you are comfortable with these equations and understand why they hold. Note 
that if f is defined by f(x) = b*, then f~!(y) = log, y. The equations below could 
then be written in the form (f o f~!)(y) = y and (f—!o f)(x) = x, which are 
equations that always hold for a function and its inverse. 


Inverse properties of logarithms 


If b and y are positive numbers, with b £ 1, and x is a real number, then 
eo [Sy = Y; 


e log, b* =x. 


Common Logarithms and the Number of Digits 


In applications of logarithms, the most commonly used values for the base are 10, 
2, and the number e (which we will discuss in Section 3.5). The use of a logarithm 
with base 10 is so frequent that it gets a special name. 


Common logarithm 


e The logarithm base 10 is called the common logarithm. 


e To simplify notation, sometimes logarithms base 10 are written without the 
base. If no base is displayed, then the base is assumed to be 10. In other 
words, 


log y = logo y. 


Thus, for example, log 10000 = 4 (because 104 = 10000) and log x00 = =2 
(because 107? = qm): If your calculator has a button labeled “log”, then it will 
compute the logarithm base 10, which is often just called the logarithm. 

Note that 10! is a two-digit number, 10 is a three-digit number, 10° is a four-digit 
number, and more generally, 10"~ is an n-digit number. Thus the integers with 1 
digits are the integers in the interval [10"~', 10”). Because log 10"~! = n —1 and 
log 10” = n, this implies that an n-digit positive integer has a logarithm in the 
interval [n —1,n). 


Digits and logarithms 


The logarithm of an n-digit positive integer is in the interval [n — 1,7). 
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The conclusion above is often useful in making estimates. For example, without 
using a calculator we can see that the number 123456789, which has nine digits, has 
a logarithm between 8 and 9 (the actual value is about 8.09). 

The next example shows how to use the conclusion above to determine the 


number of digits in a number from its logarithm. 


Suppose M is a positive integer such that log M = 73.1. How many digits does M 


have? 


solution Because 73.1 is in the interval [73,74), we can conclude that M is a 


74-digit number. 


Exercises 


For Exercises 1-6, evaluate the indicated quantities assuming 
that f and g are the functions defined by 


f(x) =2* and g(x) = = 
1 (fog)(-1) 5 @ (fef)(5) 
2 (go f)(0) 
5 (fos) 6 (fof(3) 
: G (s°f)(5) 


For Exercises 7-8, find a formula for f 0 g given the indicated 
functions f and g. 


7 f(x) =5x¥?, g(x) = 2¥8 
8 f(x) = 7xV 12, g(x) = xv3 


For Exercises 9-24, evaluate the indicated expression. Do not 
use a calculator for these exercises. 


9 log, 64 17 log 10000 
10 log, 1024 18 log ah 
1 aa 
11 logy 75g 19 log 1000 
1 1 
12 log, 356 20 log 10000 
13 log, 2 21 log, 3.1 
14 log, 2 22 logs 76.3 
te Togas 23 logy, 32 
16 log, 128 24 log,, 81 


25 Find a number y such that log, y = 7. 
26 Find a number t such that log, t = 8. 
27 Find a number y such that log, y = —5. 
28 Find a number t such that log, t = —9. 


For Exercises 29-36, find a number b such that the indicated 
equality holds. 


Example 6 


Always round up the logarithm of 
a number to determine the number 
of digits. Here log M & 73.1 is 
rounded up to show that M has 74 
digits. 


29 log,64=1 34 log, 64 = 18 
= 3 
30 log, 64 2 35 log, 64 = 5 
31 log, 64=3 
bb 36 log, 64 = 2 
32 log,64=6 


37 logsy44 25 = 2, 


33 log, 64 = 12 38 log,,419 —2. 


For Exercises 39-52, find all numbers x such that the indi- 
cated equation holds. 


x 
39 log |x| =2 ay @ 1 tt _ 
orp = 08 
40 log |x| =3 eee 
41 |logx| =2 8 i743 1 
42 |logx| =3 49 @ 102% +10" =12 


43 log, (5x ar 1) =2 50 g 102* —3-10% = 18 


44 log, (3x a 1) =-—2 51 5* Abas ot =7 


= 2% 
45 @/ 13 = 10 52 OF 40-* = 3 


46 @ 59 = 10% 


For Exercises 53-70, find a formula for the inverse function 
f—! of the indicated function f. 


53 f(x) =3* 62 f(x) =3-4*-5 

54 f(x) =4.7* 63 f(x) = logs x 

55 f(x) =2*-5 64 f(x) = log, x 

56 f(x) =9*t6 65 f(x) = log,(3x +1) 

57 f(x) =6* +7 66 f(x) = log, (2x — 9) 

58 f(x) =5*—-3 67 f(x) =5+4+3log,(2x +1) 
59 f(x) =4-5* 68 f(x) =8+9 log, (4x — 7) 
60 f(x) =8-7* 69 f(x) =log, 13 

61 f(x) =2-9%4+1 70 f(x) = logs, 6 


For Exercises 71-76, find a formula for (f 0 g)(x) assuming 
that f and g are the indicated functions. 


71 f(x) =log,% and g(x) =6* 
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72 f(x) lop. and 2G)=5°"" 
73 f(x) =6* and g(x) =log, x 
7 fj=o". and s(x) —log. x 
75 f(x) =log,3 and g(x) =3* 


76 f(x)=log,7 and g(x) =7* 
77 Find a number n such that log, (log, ) = 1. 


Problems 


Some problems require considerably more thought than the exercises. 


2 
83 Show that (v2) =9. 


84 Give an example of irrational numbers x, y, and z such 
that (xY)* is a rational number. 


85 Is the function f defined by f(x) = 2* for every real 
number x an even function, an odd function, or neither? 

86 Suppose f(x) = 8* and g(x) = 2%. Explain why the 
graph of g can be obtained by horizontally stretching the 
graph of f by a factor of 3. 

87 Suppose f(x) = 2*. Explain why shifting the graph 
of f left 3 units produces the same graph as vertically 
stretching the graph of f by a factor of 8. 

88 Explain why there does not exist a polynomial p such 
that p(x) = 2* for every real number x. 

[Hint: Consider behavior of p(x) and 2* for x near —oo.] 

89 Explain why there does not exist a rational function r 
such that r(x) = 2* for every real number x. 

[Hint: Consider behavior of r(x) and 2* for x near +o0.] 


90 Explain why log; V5= A 


78 Find a number n such that log; (log, n) = 2. 
79 Find a number m such that log7(logg m) = 2. 
80 Find a number m such that log, (log, m) = 3. 


81 Suppose N is a positive integer such that log N ~ 35.4. 
How many digits does N have? 


82 Suppose k is a positive integer such that logk ~ 83.2. 
How many digits does k have? 


91 Explain why log; 100 is between 4 and 5. 
92 Explain why logy, 3 is between I and 3. 


93 Show that log, 3 is an irrational number. 
[Hint: Use proof by contradiction: Assume log, 3 is equal 
to a rational number a ; write out what this means, and 
think about even and odd numbers.] 


94 Show that log 2 is irrational. 


95 Explain why logarithms with a negative base are not 
defined. 


96 Give the coordinates of three distinct points on the graph 
of the function f defined by f(x) = log, x. 

97 Give the coordinates of three distinct points on the graph 
of the function g defined by g(b) = log, 4. 


98 Suppose g(b) = log, 5, where the domain of ¢ is the in- 
terval (1,00). Is g an increasing function or a decreasing 
function? 


Worked-Out Solutions to Odd-Numbered Exercises 


Do not read these worked-out solutions before attempting to do the 
exercises yourself. Otherwise you may mimic the techniques shown 
here without understanding the ideas. 


For Exercises 1-6, evaluate the indicated quantities assuming 
that f and g are the functions defined by 


x+1 


f(x) =2* <a 


and g(x) = 


1 (feg)(-1) 


solution 


(f 0g)(-1) = f(g(-1)) = f(0) =2°=1 


3 6 (fog)(0) 


solution 


(f og)(0) = f(g(0) ) = (3) =2/2 1414 


Best way to learn: Carefully read the section of the textbook, then do 
all the odd-numbered exercises and check your answers here. If you 
get stuck on an exercise, then look at the worked-out solution here. 


5 @ (fof)(5) 


solution 


(fof)(3) =F(4(3) ) = FO?) 
~ f (1.41421) 


— 9141421 


& 2.66514 


For Exercises 7-8, find a formula for f © g given the indicated 


functions f and g. 


7 f(x)= 5xV2, g(x) = xv8 


solution 
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(fog)(x) = f(g(x)) = f(x¥8) 23 log1,32 
: = 5 
_ 5(x¥8)" — 5yV16 — 5x4 solution log 32 = log,,2 

= logis ay 
= 5/4 

For Exercises 9-24, evaluate the indicated expression. Do not = log;¢ 16 : 

use a calculator for these exercises. 5 
= A 

9 log, 64 


solution If we let x = log, 64, then x is the number such 25 Find a number y such that log, y =7. 


that 
64 = 2°. solution The equation log, y = 7 implies that 
Because 64 = 2°, we see that x = 6. Thus log, 64 = 6. 2 
y =2’ = 128. 
1 
11 log, T28 
solution If we let x = log, ore then x is the number 27 Find a number y such that logy y = —5. 
eure a _ or. solution The equation log, y = —5 implies that 
1 1 a eee 
Because 4" 37> 2-’, we see that x = —7. Thus y= ~ 32° 
1 
logs pg = —7 
13 log, 2 For Exercises 29-36, find a number b such that the indicated 
equality holds. 
solution Because 2 = 4!/2, we have log, 2 = - 
29 log, 64=1 


15 log, 8 
solution The equation log, 64 = 1 implies that 
solution Because 8 = 2-4 = 41/2.4 = 43/2, we have 


log, 8 = 3. bi = 64. 
17 log 10000 Thus b = 64. 
solution log 10000 = log 10* 31 log, 64 =3 
=4 solution The equation log, 64 = 3 implies that 
b? = 64. 
19 log 1000 Because 4° = 64, this implies that b = 4. 
solution log V'1000 = log 1000'/? 33 log, 64 = 12 
= log (108) 1”? solution The equation log, 64 = 12 implies that 
= log 10°/? bl? = 64. 
_3 Thus 
a b = 64'/2 
21 log, 8°? = 
solution log, 8°! = log, (23)°" =o: 
= log, a ae 


= 9.3 = v2. 
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35 log, 64 = 3 
solution The equation log, 64 = : implies that 
p3/? — 64. 


Raising both sides of this equation to the 2/3 power, we 
get 


37 log3y44 25.=:2; 


solution The equation log3,, 25 = 2 implies that 
(3b +1)? = 25. 


Thus 3b + 1 = 5 (the choice 3b + 1 = —5 is not acceptable 
because the base for a logarithm must be positive), which 
implies that b = 3: 


For Exercises 39-52, find all numbers x such that the indi- 
cated equation holds. 


39 log |x| =2 
solution The equation log |x| = 2 is equivalent to the 
equation 
|x| = 10? = 100. 


Thus the two values of x satisfying this equation are 
x = 100 and x = —100. 


41 |logx| =2 


solution The equation | log x| = 2 means that log x = 2 
or logx = —2, which means that x = 10? = 100 or 
x=107=qy. 


43 log,(5x +1) =2 


solution The equation log,(5x +1) = 2 implies that 
5x +1 = 3 = 9. Thus 5x = 8, which implies that x = 2. 


45 @ 13 = 107 
solution By the definition of logarithm, the equation 
: log 1 
13 = 102* implies that 2x = log13. Thus x = =e, 


which is approximately 0.557. 


a7 @ et! _ og 
Tor+2. 


solution Multiplying both sides of the equation above 
by 10* + 2, we get 


10* +1=0.8-10* + 1.6. 


Solving this equation for 10* gives 10* = 3, which means 
that x = log3 & 0.477121. 


49 @ 102° +10* = 12 


solution Note that 102* = (10*)*. This suggests that we 
let y = 10*. Then the equation above can be rewritten as 


y +y—12=0. 


The solutions to this equation (which can be found ei- 
ther by using the quadratic formula or by factoring) are 
y = —4and y = 3. Thus 10* = —4 or 10* = 3. However, 
there is no real number x such that 10* = —4 (because 
10* is positive for every real number x), and thus we must 
have 10* = 3. Thus x = log3 = 0.477121. 


BL 5*+5-%=7 


solution Let y = 5*. Thus the equation we want to solve 
can be rewritten as 


1 
+-=7. 
a 


Multiplying both sides by y and then subtracting 7y from 
both sides, we have 


y? —7y+1=0. 
The quadratic formula now tells us that 


7435 
v= 


The equation y = 5* means that x = log; y. Thus the 
two values for x that solve our original equation are 


Aa 7 NES 


logs and log; 


For Exercises 53-70, find a formula for the inverse function 
f— of the indicated function f. 


53 f(x) =3* 


solution By definition of the logarithm, the inverse of f 
is the function f—! defined by 


f*(y) = logs y. 


55 f@)=2"" 


solution To find a formula for f~'(y), we solve the 
equation 2*-5 = y for x. This equation means that 
x —5 = log, y. Thus x = 5 + log, y. Hence 


fly) =5 + logs y. 


57 f(x) =6° +47 


solution To find a formula for f~!(y), we solve the equa- 
tion 6* + 7 = y for x. Subtract 7 from both sides, getting 
6* = y—7. This equation means that x = log,(y — 7). 


Hence 
f-'(y) = loge(y — 7). 


59 


61 


63 


65 


67 


69 
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f(x) = 4.5" 

solution To find a formula for f—!(y), we solve the 

equation 4 -5* = y for x. Divide both sides by 4, getting 
x= 4 This equation means that x = log; i Hence 


FM) = logs 4. 


f(x) =2-9 41 


solution To find a formula for f~!(y), we solve the equa- 
tion 2-9* + 1 = y for x. Subtract 1 from both sides, then 


—1 
divide both sides by 2, getting 9¥ = ve. This equation 


-1 
means that x = log, i. Hence 


= y—1 
FM) = logy S-. 


f(x) = logs x 


solution By the definition of the logarithm, the inverse 
of f is the function f—! defined by 


fy) = 8. 


f(x) = log,(3x +1) 


solution To find a formula for f~'(y), we solve the 
equation 
log,(3x +1) =y 


for x. This equation means that 3x + 1 = 4¥. Solving for 
i 


x, we get x = 55 


. Hence 


Z 4v—1 
i) oe 


f(x) =5+3log,(2x + 1) 


solution To find a formula for f—'(y), we solve the 
equation 

5+ 3log,(2x +1) =y 
for x. Subtracting 5 from both sides and then dividing by 
3 gives 


log,(2x +1) = — 
This equation means that 2x + 1 = 69-5) /3. Solving for 
6(Y¥-5)/3_4 
x, we get x = ——~y_—. Hence 
S 6¥-9)/3 _ 1 
fly) =——. 


f(x) = log, 13 


solution To find a formula for f~!(y), we solve the equa- 
tion log, 13 = y for x. This equation means that x = 13. 
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Raising both sides to the power 1 we get x = 131/Y, 


y’ 


f-h(y) = 139, 


Hence 


For Exercises 71-76, find a formula for (f 0 g)(x) assuming 
that f and g are the indicated functions. 


71 f(x) =log,x and g(x) =6* 
solution 


(Fo g)(x) = f(g(x)) = f(6*) = log, 6* = 3x 


73 f@)=6" and ¢(x) =log.x 
solution 


(f og)(x) = F(g(z)) 


75 f(x) =log.3 and g(x) =3* 


solution 


= F(3") 
= log3.3 
=1/ x, 


where the last equation holds because (3* ye = 3. 


77 Find a number n such that log; (log; ) = 1. 


solution The equation log,(log;) = 1 implies that 
logs n = 3, which implies that n = 58 = 125. 


79 Find a number m such that log7(logg m) = 2. 
solution The equation log, (logs m) = 2 implies that 
logg m = 7? = 49. 
The equation above now implies that 


m = 8". 


81 Suppose N is a positive integer such that log N ~ 35.4. 
How many digits does N have? 


solution Because 35.4 is in the interval [35,36), we can 
conclude that N is a 36-digit number. 
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For the next example, recall that 
log y with no base displayed means 


logi ¥- 


Your calculator cannot evaluate 
3°00 Thus the formula for the 
logarithm of a power is needed even 
though a calculator is being used. 


3.2 The Power Rule for Logarithms 


Learning Objectives 


By the end of this section you should be able to 
e apply the formula for the logarithm of a power; 
e model radioactive decay using half-life; 


e apply the change-of-base formula for logarithms. 


Logarithm of a Power 


Logarithms convert powers to products. To see this, suppose b and y are positive 
numbers, with b £ 1, and t is a real number. Let 


x = log, y. 
Then the definition of logarithm base b implies 
b= y. 
Raise both sides of this equation to the power t and use the identity (b*)' = b™ to 
Bet pit = yl. 
Again using the definition of logarithm base b, the equation above implies 
logy (y') = tx 
= tlog, y. 


Thus we have the following formula for the logarithm of a power. 


Logarithm of a power 


If b and y are positive numbers, with b £ 1, and t is a real number, then 


log, (y') = tlog, y. 


The next example shows a nice application of the formula above. 


How many digits does 3°° have? 


solution We can answer this question by evaluating the common logarithm of 
3°00 Using the formula for the logarithm of a power and a calculator, we see that 


log (3°) = 5000 log 3 = 2385.61. 


Thus 3° has 2386 digits. 


Suppose y is a number such that log, y = 8.6. Evaluate log, /y. 


solution log, /y = log,(y!/*) = 4 logy y = 5 -8.6=4.3 
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Before calculators and computers existed, books of common logarithm tables 
were frequently used to compute powers of numbers. As an example of how this 
worked, consider the problem of evaluating 1.7°-7. The key to performing this 
calculation is the formula 


log(1.7°’) = 3.7log 1.7. 


Let’s assume we have a book that gives the logarithms of the numbers from 1 to 10 
in increments of 0.001, meaning that the book gives the logarithms of 1.001, 1.002, 
1.003, and so on. 

The idea is first to compute the right side of the equation above. To do that, we 
would look in the book of logarithms, getting log 1.7 ~ 0.230449. Multiplying the 
last number by 3.7, we would conclude that the right side of the equation above is 
approximately 0.852661. Thus, according to the equation above, 


log (1.7°7) = 0.852661. 


Hence we can evaluate 1.7°-” by finding a number whose logarithm equals 0.852661. 
To do this, we would look through our book of logarithms and find that the closest 
match is provided by the entry showing that log 7.123 = 0.852663. Thus 


1.727 x 7.123. 


Logarithms are rarely used today directly by humans for computations such 
as evaluating 1.7°-7, However, logarithms are used by your calculator for such 
computations. Logarithms also have important uses in calculus and several other 
branches of mathematics. Furthermore, logarithms have several practical uses, as 
we will soon see. 


Radioactive Decay and Half-Life 


Scientists have observed that starting with a large sample of radon atoms, after 
92 hours one-half of the radon atoms will decay into polonium. After another 92 
hours, one-half of the remaining radon atoms will also decay into polonium. In 
other words, after 184 hours, only one-fourth of the original radon atoms will be left. 
After another 92 hours, one-half of those remaining one-fourth of the original atoms 
will decay into polonium, leaving only one-eighth of the original radon atoms after 
276 hours. 

After t hours, the number of radon atoms will be reduced by half t/92 times. 
Thus after ¢t hours, the number of radon atoms left will equal the original number 
of radon atoms divided by 2/92. Here t need not be an integer multiple of 92. For 
example, after five hours the original number of radon atoms will be divided by 


25/92 Because i 


saa © 0.963, 


this means that after five hours a sample of radon will contain 96.3% of the original 
number of radon atoms. 

Because half the atoms in any sample of radon will decay to polonium in 92 
hours, we say that radon has a half-life of 92 hours. Some radon atoms exist for 
less than 92 hours; some radon atoms exist for much longer than 92 hours. 

The half-life of a radioactive isotope is the time it takes for half the atoms in a 
large sample of the isotope to decay. The table here gives the approximate half-life 
for several radioactive isotopes (the isotope number shown after the name of each 
element gives the total number of protons and neutrons in each atom of the isotope). 

Some of the isotopes in this table are human creations that do not exist in nature. 
For example, the nitrogen on Earth is almost entirely nitrogen-14 (7 protons and 
7 neutrons), which is not radioactive and does not decay. The nitrogen-13 listed here 
has 7 protons and 6 neutrons; it can be created in a laboratory, but it is radioactive 
and half of it will decay within 10 minutes. 


Books of logarithms have now 
mostly disappeared. However, your 
calculator is using the formula 


log, (y’) = tlog, y 


when you ask it to evaluate an 
expression such as 1.7°7. 


Marie Curie, the only person ever 
to win Nobel Prizes in both 
physics (1903) and chemistry 
(1911), did pioneering work on 
radioactive decay. 


isotope half-life 
neon-18 2 seconds 
nitrogen-13 10 minutes 
radon-222 92 hours 
polonium-210 | 138 days 
cesium-137 30 years 
carbon-14 5730 years 
plutonium-239 | 24,110 years 
Half-life of some 


radioactive isotopes. 


216 Chapter 3 


ao 


ag/2 r 


ao /4 Pr 


ao/8 F 


; ae: 
h 2h 3h 
The graph of a(t) = ag-2-'/", 

which is the radioactive decay 
function with half-life h, on the 
interval [0, 3h]. 


The 1960 Nobel Prize in 
Chemistry was awarded to Willard 
Libby for his invention of this 
carbon-14 dating method. 


The author’s cat. 
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If a radioactive isotope has a half-life of h time units (which might be seconds, 
minutes, hours, days, or years), then after t time units the number of atoms of this 
isotope is reduced by half t/h times. Thus after ¢ time units, the remaining number 
of atoms of the isotope will equal the original number of atoms divided by 2!/". 
Because 
= a-t 7. he 


we have the following result. 


Radioactive decay 


If a radioactive isotope has half-life h, then the function modeling the number of 
atoms in a sample of this isotope is 


a(t) =ao: Dee 


where do is the number of atoms of the isotope in the sample at time 0. 


The radioactive decay of carbon-14 has led to a clever way of determining the age 
of fossils, wood, and other remnants of plants and animals. Carbon-12, by far the 
most common form of carbon on Earth, is not radioactive; carbon-12 does not decay. 

Radioactive carbon-14 is produced regularly as cosmic rays hit the upper at- 
mosphere. Radioactive carbon-14 then drifts down, getting into plants through 
photosynthesis and then into animals that eat plants and then into animals that eat 
animals that eat plants, and so on. Carbon-14 accounts for about 10710 percent of 
the carbon atoms in living plants and animals. 

When a plant or animal dies, it stops absorbing new carbon because it is no 
longer engaging in photosynthesis or eating. Thus no new carbon-14 is absorbed. 
The radioactive carbon-14 in the plant or animal decays, with half of it gone after 
5730 years (the half-life of carbon-14). By measuring the amount of carbon-14 as a 
percentage of the total amount of carbon in the remains of a plant or animal, we can 
then determine how long ago it died. 


Suppose a cat skeleton found in an old well has a ratio of carbon-14 to carbon-12 
that is 61% of the corresponding ratio for living organisms. Approximately how 
long ago did the cat die? 


solution If f denotes the number of years since the cat died, then 
061=2-, 


To solve this equation for t, take the logarithm of both sides, getting 


t 


log 0.61 = — 5730 log 2. 
Solve this equation for t, getting 
log 0.61 
+ = -5730 0895" ~ 4086, 
log 2 


Because we started with only two-digit accuracy (61%), we should not produce 
such an exact-looking estimate. Thus we might estimate that the skeleton is about 
4100 years old. 
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Change of Base 


If you want to use a calculator to evaluate something like log, 73.9, then you need a 
formula for converting logarithms from one base to another. To derive this formula, 
suppose a, b, and y are positive numbers, with a € 1 and b #1. Let 


x = log, y. 
Then the definition of logarithm base b implies 
b* = y. 
Take the logarithm base a of both sides of the equation above, getting 
xlog,b = logy. 
Thus i 
x= a 


Replacing x in the equation above with its value log, y gives the following formula 
for converting logarithms from one base to another. 


Change of base for logarithms 


If a, b, and y are positive numbers, with a 4 1 and b # 1, then 


log, y 


lend = log, b- 


A special case of this formula, suitable for use with calculators, is to take a = 10, 
thus using common logarithms and getting the following formula. 


Change of base with common logarithms 


If b and y are positive numbers, with b # 1, then 


lo 
ba Be 


Evaluate log, 73.9. 
solution Use a calculator with b = 2 and y = 73.9 in the formula above, getting 


log 73.9 


logp73.9 = 455 


= 6.2075. 


Note that 2° = 64 and 27 = 128. Because 73.9 is between 64 and 128, the answer 
above of 6.2075, which is between 6 and 7, is quite plausible. 


The change-of-base formula for logarithms implies that the graph of the logarithm 
using any base can be obtained by vertically stretching the graph of the logarithm 
using any other base (assuming both bases are bigger than 1), as shown in the 
following example. 
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Your calculator can probably 
evaluate logarithms for only two 
bases. One of these is the logarithm 
base 10 (the common logarithm, 
labeled log on most calculators). 
The other is the logarithm base e 
(this is the natural logarithm that 
we will discuss in Section 3.5; it 
labeled In on most calculators). 


Caution: In WolframAlpha and 
other advanced software, log with 
no base specified means logarithm 
base e instead of logaritm base 10. 
Thus use to evaluate 
the common logarithm of 6.8 in 
WolframAlpha; the underscore _ 
denotes a subscript. 


Example 4 
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Sketch the graphs of log, x and log x on the interval [4,8]. What is the relationship 
between these two graphs? 


solution The change-of-base formula implies that log, x = (log x)/(log2). Be- 
cause 1/(log2) ~ 3.32, this means that the graph of log, x is obtained from the 
graph of log x by stretching vertically by a factor of approximately 3.32. 


3r 


The two graphs intersect at the 
point (1,0) because 
log1 = log, 1=0. 


The graphs of log, x (blue) and 
log x (orange) on the interval [5,8]. 


More generally, for fixed positive numbers a and b, neither of which is 1, the 
change-of-base formula 
log, x = (log, b) log, x 


implies that the graph of log, x can be obtained from the graph of log, x by stretching 
vertically by a factor of log, b. 


The graphs of log, x (orange), 
log, x (blue), log, x (green), 

log, x (beige), and log, x (purple) 
on the interval [0.1, 100]. All five 
graphs intersect at the point (1,0) 
because log, 1 = 0 for each base b. 


x 
25 50 75 100 


Exercises 


The next two exercises emphasize that log(x’) does not 
equal (log x)¥. 


1 g For x = 5 and y = 2, evaluate each of the following: 
(a) log(x”) (b) (log x)” 

g For x = 2 and y = 3, evaluate each of the following: 
(a) log(xY) (b) (log x)¥ 


N 


Suppose t is such that log, t = 17.67. Evaluate log, (#1). 
Suppose x is such that log, x = 23.41. Evaluate log, (x!°). 


Suppose y is such that log; y = 4.62. Evaluate log; /y. 


3 
4 
5 
6 Suppose w is such that log, w = 8.24. Evaluate log, /w. 
7 Suppose u is such that log; u = 2.68. Evaluate logy u 

8 


Suppose v is such that logg v = 3.12. Evaluate log, v. 


For Exercises 9-12, find all numbers x such that the indicated 
equation holds. 


9 @3*= 
10 @7*=5 


11 @ 6v* =2 
12 @ 5v* =9 


13 Suppose m is a positive integer such that logm ~ 13.2. 


How many digits does m? have? 


14 Suppose M is a positive integer such that log M ~ 50.3. 


How many digits does M+ have? 
15 g How many digits does 740 have? 
16 | How many digits does 844 have? 
17 g Find an integer k such that 18* has 357 digits. 
18 g Find an integer n such that 22” has 222 digits. 
19 g Find an integer m such that m!*4 has 1991 digits. 
20 g Find an integer N such that N43?! has 6041 digits. 
21 g Find the smallest integer 1 such that 7” > 1010. 
22 g Find the smallest integer k such that 9k > 191000, 
23 g Find the smallest integer M such that BUM 101; 


24 | Find the smallest integer m such that gi/™ < 1.001. 


25 g Suppose log, (log, m) = 5. How many digits does m 
have? 


26 g Suppose log; (log, 7) = 6. How many digits does m 
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27 g At the time this book was written, the third largest 
known prime number was 243112609 _ 1. How many digits 
does this prime number have? 


28 g At the time this book was written, the second largest 
known prime number was 257885161 __ 4. How many digits 
does this prime number have? 


29 About how many hours will it take for a sample of radon- 
222 to have only one-eighth as much radon-222 as the 
original sample? 

30 About how many minutes will it take for a sample 
of nitrogen-13 to have only one sixty-fourth as much 
nitrogen-13 as the original sample? 


31 g About how many years will it take for a sample of 
cesium-137 to have only two-thirds as much cesium-137 
as the original sample? 


32 g About how many years will it take for a sample of 
plutonium-239 to have only 1% as much plutonium-239 
as the original sample? 


33 g Suppose a radioactive isotope is such that one-fifth of 
the atoms in a sample decay after three years. Find the 
half-life of this isotope. 


34 g Suppose a radioactive isotope is such that five-sixths 
of the atoms in a sample decay after four days. Find the 
half-life of this isotope. 


35 g Suppose the ratio of carbon-14 to carbon-12 in a mum- 
mified cat is 64% of the corresponding ratio for living 
organisms. About how long ago did the cat die? 


36 g Suppose the ratio of carbon-14 to carbon-12 in a fos- 
silized wooden tool is 20% of the corresponding ratio for 
living organisms. About how old is the wooden tool? 


For Exercises 37-44, evaluate the indicated quantities. Your 
calculator probably cannot evaluate logarithms using any of 
the bases in these exercises, so you will need to use an appro- 
priate change-of-base formula. 


37 @ log, 13 
38 @ log, 27 
39 @ log,,9.72 
40 @ log, 12.31 


41 @ log, 0.23 
42 @ log, 0.58 
43 @ logy397-1 
44 @ logs 9699.2 


For Exercises 45-48, find a formula for (f 0 g)(x) assuming 
that f and g are the indicated functions. 


nawes 45 i x) =log,4 and g(x) =10* 
f(x) =log,,7 and g(x) = 10* 
A prime number is an integer greater than 1 that has no 47 pe log,4 and g(x) = 100 
divisors other than itself and 1. ; 
48 f(x) =log,.7 and g(x) = 100* 
Problems 
49 g Explain why there does not exist an integer m such 50 Suppose f(x) = logx and g(x) = log(x*), with the do- 


that 67” has 9236 digits. 


main of both f and g being the set of positive numbers. 
Explain why the graph of g can be obtained by vertically 
stretching the graph of f by a factor of 4. 
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51 g Do a web search to find the largest currently known 

prime number. Then calculate the number of digits in 
this number. 
[The discovery of a new largest known prime number usually 
gets some newspaper coverage, including a statement of the 
number of digits. Thus you can probably find on the web the 
number of digits in the largest currently known prime num- 
ber; you are asked here to do the calculation to verify that the 
reported number of digits is correct.] 


52 Explain why 


ae ig, = 
for every positive number b ¥ 1. 
53 Suppose x and b are positive numbers with b 4 1. Show 
that if x ¢ /27, then 


log, x x 
3 x log, 3° 


54 Find a positive number x such that 


log, x x 
aq Gk 


for every positive number b # 1. 

55 Explain why expressing a large positive integer in binary 

notation (base 2) should take approximately 3.3 times as 
many digits as expressing the same positive integer in 
standard decimal notation (base 10). 
[For example, this problem predicts that five trillion, which 
requires the 13 digits 5,000,000,000,000 to express in decimal 
notation, should require approximately 13 x 3.3 digits (which 
equals 42.9 digits) to express in binary notation. Expressing 
five trillion in binary notation actually requires 43 digits.] 


56 Suppose a and b are positive numbers, with a 4 1 and 
b £1. Show that 


1 


log, b = log, a’ 


Worked-Out Solutions to Odd-Numbered Exercises 


The next two exercises emphasize that log(xY) does not 
equal (log x)¥. 


1 g For x = 5 and y = 2, evaluate each of the following: 
(a) log(x”) (b) (log x)¥ 
solution 
(a) log(5*) = log 25 ~ 1.39794 
(b) (log5)? ~ (0.69897)? ~ 0.48856 
3 Suppose t is such that log, t = 17.67. Evaluate log, (#10). 
solution log, (#10) = 100 log, t 
= 100 - 17.67 


= 1767 


5 Suppose y is such that log; y = 4.62. Evaluate log, \/y. 


solution 


logs V¥ = logs y'/? = 5 logs y = 5 - 4.62 = 2.31 


7 Suppose u is such that log; u = 2.68. Evaluate logy u. 


log,;u 2.68 
log; 9 2 


1.34 


solution log, u 


For Exercises 9-12, find all numbers x such that the indicated 
equation holds. 


9 9x = 


solution Take the common logarithm of both sides, 
getting log(3*) = log8, which can be rewritten as 
xlog3 = log8. Thus 


_ log8 


~ 1.89279. 
jog © 189279 


ul @ ov? =2 


solution ‘Take the common logarithm of both sides, 
getting log(6V*) = log2, which can be rewritten as 


= — log2 
/x log 6 = log2. Thus /x = ine Hence 


2 
c= (222) ~ 0.149655. 
log 6 


13 Suppose m is a positive integer such that logm ~ 13.2. 
How many digits does m? have? 
solution Note that 
log(m?) = 3logm & 3 x 13.2 = 39.6. 


Because 39.6 is in the interval [39,40), we can conclude 
that m? isa 40-digit number. 


15 g How many digits does 74000 have? 


solution Using the formula for the logarithm of a power 
and a calculator, we have 


log (740°) = 4000 log 7 ~ 3380.39. 
Thus 74° has 3381 digits. 


17 g Find an integer k such that 18* has 357 digits. 
solution We want to find an integer k such that 
356 < log(18*) < 357. 


Using the formula for the logarithm of a power, we can 
rewrite the inequalities above as 


356 < klog 18 < 357. 


Dividing by log 18 gives 


19 


21 


23 


356 
log 18 — 


357 
log 18° 


Using a calculator, we see that ea = 283.6 and 


ae ~ 284.4. Thus the only possible choice is to take 


k = 284. 

Again using a calculator, we see that 
log(1878+) = 284 log 18 ~ 356.5. 

Thus 18°4 indeed has 357 digits. 


g Find an integer m such that m'234 has 1991 digits. 
solution We want to find an integer m such that 
1990 < log(m!*34) < 1991. 


Using the formula for the logarithm of a power, we can 
rewrite the inequalities above as 


1990 < 1234logm < 1991. 


1991 


Dividing by 1234 gives 4344 < logm < 134. Thus 


191990/1234 <m< 19 1991/1234 


Using a calculator, we see that 101990/1234 ~~ 40.99 and 
101991/1234 ~ 41.06. Thus the only possible choice is to 
take m = 41. 


Again using a calculator, we see that 
log(41!74) = 1234 log 41 ~ 1990.18. 
Thus 41124 indeed has 1991 digits. 


g Find the smallest integer n such that 7” > 19100, 


solution Suppose 7” > 10!°. Taking the common loga- 
rithm of both sides, we have 


log(7") > log(10!), 
which can be rewritten as 
nlog7 > 100. 


This implies that n > log? ~ 118.33. The smallest integer 


that is bigger than 118.33 is 119. Thus we take n = 119. 


g Find the smallest integer M such that 5M < 1.01. 


solution Suppose 5!/M < 1.01. Taking the common 
logarithm of both sides, we have 


log(5'/™) < log 1.01, 


which can be rewritten as 
log5 


“uo log 1.01. 


This implies that 


log 5 
log 1.01 


= 161.7. 


The smallest integer that is bigger than 161.7 is 162. Thus 
we take M = 162. 


25 
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g Suppose log, (log, 7) = 5. How many digits does m 
have? 


solution The equation logs(log, m) = 5 implies that 
log, m = 8° = 32768. 


The equation above now implies that 


m = 792768, 


To compute the number of digits that m has, note that 
log m = log(7°2”®) = 32768 log 7 ~ 27692.2. 
Thus m has 27693 digits. 


A prime number is an integer greater than 1 that has no 
divisors other than itself and 1. 


27 


29 


g At the time this book was written, the third largest 
known prime number was 243112609 _ 4. How many digits 
does this prime number have? 


solution To calculate the number of digits in 
243112609 _ 1 we need to evaluate log (2491176 — 1). How- 
ever, 249112609 _ 1 is too large to evaluate directly on a 
calculator, and no formula exists for the logarithm of the 
difference of two numbers. 


The trick here is to note that 249112609 and 243112609 _ 4 
have the same number of digits, as we will now see. Al- 
though it is possible for a number and the number minus 
1 to have a different number of digits (for example, 100 
and 99 do not have the same number of digits), this hap- 
pens only if the larger of the two numbers consists of 1 
followed by a bunch of 0’s and the smaller of the two 
numbers consists of all 9’s. Here are three different ways 
to see that this situation does not apply to 243112609 and 
243112609 _ 1 (pick whichever explanation seems easiest to 
you): (a) 243112609 cannot end in a 0 because all positive 
integer powers of 2 end in either 2, 4, 6, or 8; (b) 243112609 
cannot end in a 0 because then it would be divisible by 
5, but 249112609 is divisible only by integer powers of 2; 
(c) 243112609 _ 1 cannot consist of all 9’s because then it 
would be divisible by 9, which is not possible for a prime 
number. 


Now that we know that 249112609 and 243112609 _ 1 have 
the same number of digits, we can calculate the number 
of digits by taking the logarithm of 243112609 and using 
the formula for the logarithm of a power. We have 


log (249112609) — 43112609 log 2 = 12978188.5. 


Thus 249112609 has 12,978,189 digits; hence 249112609 _ 1 
also has 12,978,189 digits. 


About how many hours will it take for a sample of radon- 
222 to have only one-eighth as much radon-222 as the 
original sample? 


solution The half-life of radon-222 is about 92 hours, as 
shown in the chart in this section. To reduce the number 
of radon-222 atoms to one-eighth the original number, we 
need 3 half-lives (because 2° = 8). Thus it will take 276 
hours (because 92 x 3 = 276) to have only one-eighth as 
much radon-222 as the original sample. 
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31 


33 


35 


6 About how many years will it take for a sample of 
cesium-137 to have only two-thirds as much cesium-137 
as the original sample? 


solution The half-life of cesium-137 is about 30 years, as 
shown in the chart in this section. Thus if we start with 
a atoms of cesium-137 at time 0, then after t years there 


will be 
a. 27#/30 


atoms left. We want this to equal aa. Thus we must solve 
the equation 

a- 27/30 — fa. 
To solve this equation for t, divide both sides by a and 
then take the logarithm of both sides, getting 


t — loo 2 
— 3p 1°82 = log 3. 


Now solve for ¢, getting 


Thus two-thirds of the original sample will be left after 
approximately 17.5 years. 


g Suppose a radioactive isotope is such that one-fifth of 
the atoms in a sample decay after three years. Find the 
half-life of this isotope. 


solution Let h denote the half-life of this isotope, mea- 
sured in years. If we start with a sample of a atoms of 
this isotope, then after 3 years there will be 


a-2~9/h 
atoms left. We want this to equal 4a. Thus we must solve 


the equation 
a-2-3/h — za. 


To solve this equation for h, divide both sides by a and 
then take the logarithm of both sides, getting 
3 4 
“| log 2 = log 5° 
Now solve for h, getting 
log 2 
log 5 


Thus the half-life of this isotope is approximately 9.3 
years. 


h=-3 = 9.3. 


g Suppose the ratio of carbon-14 to carbon-12 in a mum- 
mified cat is 64% of the corresponding ratio for living 
organisms. About how long ago did the cat die? 


solution The half-life of carbon-14 is 5730 years. If we 
start with a sample of a atoms of carbon-14, then after 
t years there will be a- 2~*/5730 atoms left. We want to 
find ¢ such that this equals 0.64a. Thus we must solve the 
equation 

a-2-#/9730 _ 0.64a. 


To solve this equation for t, divide both sides by a and 
then take the logarithm of both sides, getting 
t 


— 5730 log 2 = log 0.64. 


Now solve for t, getting 


log 0.64 


t = —5730 
log 


3689. 


Thus the cat died about 3689 years ago. Carbon-14 cannot 
be measured with extreme accuracy. Thus it is better to 
estimate that the cat died about 3700 years ago (because 
a number such as 3689 conveys more accuracy than is 
possible in such measurements). 


For Exercises 37-44, evaluate the indicated quantities. Your 
calculator probably cannot evaluate logarithms using any of 
the bases in these exercises, so you will need to use an appro- 
priate change-of-base formula. 


37 @ log, 13 

solution log, 13 = = > ~ 3.70044 
39 @ log), 9.72 

solution log)39.72 = ear = 0.88664 
41 @ log, 0.23 

solution log, 0.23 = x =~ —0.668878 
43 @ logy 337-1 

solution logy. 7-1 = se ~ ~ 1.32703 


For Exercises 45-48, find a formula for (f 0 g)(x) assuming 
that f and g are the indicated functions. 


45 f(x) =log,4 and g(x) = 10* 


solution 


47 f(x)=log,4 and g(x) = 100* 


solution 
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3.3 The Product and Quotient Rules for Logarithms 


Learning Objectives 


By the end of this section you should be able to 
e apply the formula for the logarithm of a product; 
e apply the formula for the logarithm of a quotient; 
e model earthquake intensity with the logarithmic Richter magnitude scale; 
e model sound intensity with the logarithmic decibel scale; 


e model star brightness with the logarithmic apparent magnitude scale. 


Logarithm of a Product 


Logarithms convert products to sums. To see this, suppose b, x, and y are positive 
numbers, with b £ 1. Let 


u=log,x and v=log,y. 
Then the definition of logarithm base b implies 
YP =* snd oo =v 
Multiplying together these equations and using the identity b"b® = b"*° gives 
per? = zy, 
Again using the definition of logarithm base b, the equation above implies 


log, (xy) =u+o 
= log, x + log, y. 


Thus we have the following formula for the logarithm of a product. 


Logarithm of a product 


If b, x, and y are positive numbers, with b £ 1, then In general, log,(x + y) does not 
equal log, x + log, y. There is no 
log, (xy) = log, x + log, y. nice formula for log,(x + y). 


Use the information that log 6 ~ 0.778 to evaluate log 60000. [ —sExample1 


solution We can evaluate log 60000 by writing 60000 as a power of 10 times 6: 7 
Every positive number y can be 


written in the form y = 10't for 
some integer m and some number t 
between 1 and 10. Thus 

logy = m + logt, as in this 


log 60000 = log(10* - 6) 
= log(10*) + log 6 


=4+log6 example. This observation explains 
why old books of logarithms 
= 4.778. included logs only for numbers 


between 1 and 10. 
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Here and in the box below, we 
assume that b, x, and y are 
positive numbers, with b # 1. 


In general, log, (x — y) does not 
equal log), x — log, y. There is no 
nice formula for log, (x — y). 


Logarithm of a Quotient 


Logarithms convert quotients to differences. To see this, suppose b, x, and y are 
positive numbers, with b £ 1. Let 


u=log,x and v=log,y. 
Then the definition of logarithm base b implies 
bY =x and b°=y. 


u 
Divide the first equation by the second equation and use the identity rn = b*? to 


get 
pe-? — x 


Again using the definition of logarithm base b, the equation above implies 
log T=u-0 
°y 


= log, x — log, y. 


Thus we have the following formula for the logarithm of a quotient. 


Logarithm of a quotient 


log, 7 = log, x — log, y. 


Suppose log, x = 8.9 and log, y = 2.2. Evaluate log, me 
solution Using the quotient and product rules, we have 
Ax 
leBa’, = eulee) lees 


= log, 4 + log, x — log, y 
=1+8.9—2.2 
= 7.7. 


As a special case of the formula for the logarithm of a quotient, take x = 1 in the 
formula above for the logarithm of a quotient, getting 


1 
log, i = log, 1 — log, y. 


Recalling that log, 1 = 0, we get the following result. 


Logarithm of a multiplicative inverse 
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Earthquakes and the Richter Scale 


The intensity of an earthquake is measured by the size of the seismic waves generated 
by the earthquake (technically, “size” here means “amplitude”, which we will discuss 
in Section 5.7). These numbers vary across such a huge scale that earthquakes are 
usually reported using the Richter magnitude scale, which is a logarithmic scale 
using common logarithms (base 10). 


Richter magnitude scale 


An earthquake with seismic waves of size S has Richter magnitude 


5 


log So 


AUnDMER «GCE ATA 
ima gee wal READ LONGI 
UU EY UE -F AL 
ws BH. A Ps, 8 a 


where Sg is the size of the seismic waves corresponding to what has been oe EVE we 
declared to be an earthquake with Richter magnitude 0. gALeSa amen 
A few points will help clarify this definition: Poster from the 1974 movie 
EARTHQUAKE. 


e The value of Sg was set in 1935 by the American seismologist Charles Richter 
as approximately the size of the smallest seismic waves that could be measured 
at that time. 
The size of the seismic wave is 
e The unit used to measure S and So does not matter because any change in the — ;oyehly proportional to the amount 


scale of this unit disappears in the ratio =. of ground shaking. 


e An increase in the size of seismic waves by a factor of 10 corresponds to an 
increase of 1 in Richter magnitude, as can be seen from the equation 


10S S S 
log — =log10+lo =1+1lo . 
8S) 8 5 So 85 


The world’s most intense recorded earthquake struck Chile in 1960 with Richter 
magnitude 9.5. The most intense recorded earthquake in the United States struck 
Alaska in 1964 with Richter magnitude 9.2. What is the approximate ratio of the 


size of the seismic waves in the 1960 earthquake in Chile to the size of the seismic 
waves in the 1964 earthquake in Alaska? 


solution Let Sc denote the size of the seismic waves from the 1960 earthquake in 
Chile and let S, denote the size of the seismic waves from the 1964 earthquake in 
Alaska. Thus 


9.5 = log 2c and 9.2 = log = 
0 0 


Subtracting the second equation from the first equation, we get 


Thus As this example shows, even small 
Sc 1093 ~2 differences in the Richter 
Sa : magnitude can correspond to large 


differences in intensity. 


In other words, the 1960 earthquake in Chile had seismic waves approximately twice 
the size of the seismic waves in the 1964 earthquake in Alaska. 
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The intensity of a sound is the 
amount of energy carried by the 
sound through each unit of area. 


The factor of 10 in the definition of 
the decibel scale is a minor 
nuisance. The “deci” part of the 
name “decibel” comes from this 
factor of 10. 


Example 4 


Sound Intensity and Decibels 


The ratio of the intensity of sound causing pain to the intensity of the quietest 
sound we can hear is over one trillion. Working with such large numbers can be 
inconvenient. Thus sound is measured on a logarithmic scale called decibels. 


Decibel scale for sound 


A sound with intensity E has 


iE 
10 log EB 
0 


decibels, where Epo is the intensity of an extremely quiet sound at the threshold 
of human hearing. 


A few points will help clarify this definition: 
e The value of Ep is 10-1? watts per square meter. 


e The intensity of sound is usually measured in watts per square meter, but the 
unit used to measure E and Ey does not matter because any change in the 


scale of this unit disappears in the ratio BE. 
0 


e Multiplying sound intensity by a factor of 10 corresponds to adding 10 to the 
decibel measurement, as can be seen from the equation 


10E E E 
idieg = 10log10 + 10log — = 10+10log —. 
Eo Eo Eo 


French law limits smartphones to a maximum possible volume of 100 decibels. 
Normal conversation has a sound level of 65 decibels. What is the ratio of the 
intensity of a sound of 100 decibels to the intensity of normal conversation? 


solution Let Er denote the sound intensity of 100 decibels allowed in France and 
let Ec denote the sound intensity of normal conversation. Thus 


E E 
100 =10log—— and 65 = 10log ©. 
Ey Eo 
Subtracting the second equation from the first equation, we get 


E E 
35 = 10log = — 10 log 
0 0 


ra E E Be 7B E 
= F C F/EC\ _ E 
3.5 = log Eo log Eo log(=/z-) log Ec 
Thus E 
—F — 10° ~ 3162. 
Ec 


Hence a smartphone operating at the maximum legal French volume of 100 decibels 
produces sound intensity about three thousand times the sound intensity of normal 
conversation. 


Section 3.3. The Product and Quotient Rules for Logarithms 227 


The increase in sound intensity by a factor of more than 3000 in the last example 
is not as drastic as it seems because of how we perceive loudness. 


Loudness 


The human ear perceives each increase in sound by 10 decibels to be a doubling 


of loudness (even though the sound intensity has actually increased by a factor 
of 10). 


By what factor has the loudness increased in going from normal speech at 65 
decibels to a smartphone at 100 decibels? 


solution Here we have an increase of 35 decibels, so we have had an increase of 
10 decibels 3.5 times. Thus the perceived loudness has doubled 3.5 times, which 
means that it has increased by a factor of 2°°. Because 2°° ~ 11, this means that 
a smartphone operating at 100 decibels seems about 11 times as loud as normal 
conversation. 


Star Brightness and Apparent Magnitude 


The ancient Greeks divided the visible stars into six groups based on their brightness. 
The brightest stars were called first-magnitude stars. The next brightest group of 
stars were called second-magnitude stars, and so on, until the sixth-magnitude stars 
consisted of the barely visible stars. 

About two thousand years later, astronomers made the ancient Greek star magni- 
tude scale more precise. The typical first-magnitude stars were about 100 times as 
bright as the typical sixth-magnitude stars. Because there are five steps in going from 
the first magnitude to the sixth magnitude, this means that with each magnitude 
the brightness should decrease by a factor of 100!/°. 

Originally the scale was defined so that Polaris (the North Star) had magnitude 2. 
If we let bz denote the brightness of Polaris, this would mean that a third-magnitude 


star has brightness b2/100!/°, a fourth-magnitude star has brightness b2/(100!/5 ie 
a fifth-magnitude star has brightness b> / (100!/ 5)> and so on. Thus the brightness 
b of a star with magnitude m should be given by the equation 

bo 


b= aay = bat 00-")/5 = bp100°/*100-"/5 = boto0-"6, 
(1001/5) "— 


where by = b100/°. If we divide both sides of the equation above by by and then 
take logarithms we get 


b m 2m 
log — = log(100~"/°) = —— log 100 = ——. 
og og (100 ) 5 108 00 5 
Solving this equation for m leads to the following definition. 


Apparent magnitude 


An object with brightness b has apparent magnitude 


Po 
b y 


5 
5 log 


where bo is the brightness of an object with magnitude 0. 


Because 1001/5 = 2.512, each 
magnitude is approximately 2.512 
times as bright as the next 
magnitude. 


Jupiter, as photographed by the 
Hubble telescope. The apparent 
magnitude of Jupiter varies from 
about —2.9 to about —1.6, 
depending upon the orbital 
locations of Jupiter and Earth. 
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Example 6 


Because of the lack of atmospheric 
interference, the Hubble telescope 
can see dimmer stars than 
Earth-based telescopes of the same 
size. 


A far-away spiral galaxy, as 
photographed from the Hubble 


A few points will help clarify this definition: 


e The term “apparent magnitude” is more accurate than “magnitude” because 
we are measuring how bright a star appears from Earth. A glowing luminous 
star might appear dim from Earth because it is very far away. 


Although this apparent magnitude scale was originally set up for stars, it can 
be applied to other objects such as the full moon. 


Although the value of bo was originally set so that Polaris (the North Star) 
would have apparent magnitude 2, the definition has changed slightly. With 
the current definition of bp, Polaris has magnitude close to 2 but not exactly 
equal to 2. 


e The unit used to measure brightness does not matter because any change in 


the scale of this unit disappears in the ratio bo, 


With good binoculars you can see stars with apparent magnitude 9. The Hubble 
telescope, which is in orbit around Earth, can detect stars with apparent magnitude 
30. How much better is the Hubble telescope than good binoculars, measured in 
terms of the ratio of the brightness of the faintest stars that they can detect? 


solution Let bo denote the brightness of a star with apparent magnitude 9 and let 
b39 denote the brightness of a star with apparent magnitude 30. Thus 


5 bo 5 bo 
9=s5log— and 30=5log—. 
7 108 bo 7108 b39 


Subtracting the first equation from the second equation, we get 


5 bo 5, bo 
21 lo lo : 
28 bz 2 8 be 


Multiplying both sides of the equation above by 2 gives 


42 bo bo by /bo bo 
= =1 lo =| =| : 
5 8 hy hg o8(5./ =~ bap 
Thus 


OO: = 1042/5 — 1084 ~ 250, 000, 000. 
b39 


been Thus the Hubble telescope can detect stars that would need to be 250 million times 
as bright to be seen with good binoculars. 
Exercises 
The next two exercises emphasize that log(x + y) does not 3 g For x = 3 and y = 8, evaluate: 
ial ae (a) log(xy) (b) (log x)(logy) 
1 For x = 7 and y = 13, evaluate: 
4 g For x = 1.1 and y = 5, evaluate: 
(a) log(x + y) (b) logx + logy ey teats ib): ieee 
a) log(x og x) (lo 
2 g For x = 0.4 and y = 3.5, evaluate: eae ° ie 
(a) log(x +y) (b) logx + logy The next two exercises emphasize that log 7 does not equal 
The next two exercises emphasize that log(xy) does not see, 


equal (log x) (log y). 


ao N 


10 


11 


12 
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@ For x 


12 and y = 2, evaluate: 


log x 
(a) log 8 
By (b) ogy 
g For x = 18 and y = 0.3, evaluate: 
log x 
(a) log 8 
Py 7 logy 


g How many digits does 6700 . 231000 have? 
g How many digits does 5999 . 172222 have? 


Suppose m and n are positive integers such that 
logm *& 32.1 and logn & 7.3. How many digits does 
mn have? 


Suppose m and n are positive integers such that 
logm * 41.3 and logn & 12.8. How many digits does mn 
have? 


Suppose log a = 118.7 and log b = 119.7. Evaluate 


als VIS 


Suppose log a = 203.4 and log b = 205.4. Evaluate 


For Exercises 13-26, evaluate the given quantities assuming 


that 
log,x = 5.3 and log, y = 2.1, 
logguw = 3.2 and logyv = 1.3. 

13 log, (9xy) 21 log,(x?y?) 
14 log,(2uv) 22 log, (u3v*) 
15 log, ay 3 

y 23 log, _ 

ae y 

16 log, g, ‘ 
17 log, Vx 24 logy “3 
Te 16s _ 25 logy(x?) 

1 
20 log, Vo 
For Exercises 27-36, find all numbers x that satisfy the given 
equation. 
27 logy(x +5) —log,(x-—1) =2 
28 log,(x +4) —log,(x—2) =3 
29 log,(x +5) + log;(x —1) = 
30 logs(x +4) + logs(x +2) = 
31 log, (15x) - 33 log,.3+log.5 = 2 

loge (5x) 34 log, 7 —log,4=3 
32 aaa = 35 g (log(3x)) log x = 4 
089 (4x) 36 o (log(6x)) log x = 5 

37 What is the ratio of the size of the seismic waves of 


38 


an earthquake with Richter magnitude 7 to the size of 
the seismic waves of an earthquake with Richter magni- 
tude 5? 


What is the ratio of the size of the seismic waves of 
an earthquake with Richter magnitude 6 to the size of 
the seismic waves of an earthquake with Richter magni- 
tude 3? 


39 


40 


41 


a2 @ 


43 


44 @ 


45 


46 


47 


48 
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The 1994 Northridge earthquake in Southern California, 
which killed several dozen people, had Richter magni- 
tude 6.7. What would be the Richter magnitude of an 
earthquake whose seismic waves were 100 times the size 
of the seismic waves of the Northridge earthquake? 

The 1995 earthquake in Kobe (Japan), which killed over 
6000 people, had Richter magnitude 7.2. What would be 
the Richter magnitude of an earthquake whose seismic 
waves were one-thousandth the size of the seismic waves 
of the Kobe earthquake? 

g The most intense recorded earthquake in New York 
state was in 1944; it had Richter magnitude 5.8. The most 
intense recorded earthquake in Minnesota was in 1975; it 
had Richter magnitude 5.0. What is the ratio of the size 
of the seismic waves of the 1944 earthquake in New York 
to those of the 1975 earthquake in Minnesota? 

The most intense recorded earthquake in Wyoming 
was in 1959; it had Richter magnitude 6.5. The most in- 
tense recorded earthquake in Illinois was in 1968; it had 
Richter magnitude 5.3. What is the ratio of the size of 
the seismic waves of the 1959 earthquake in Wyoming to 
those of the 1968 earthquake in Illinois? 

g The most intense recorded earthquake in Texas oc- 
curred in 1931; it had Richter magnitude 5.8. If an earth- 
quake were to strike Texas next year that had seismic 
waves three times the size of the current record in Texas, 
what would its Richter magnitude be? 

The most intense recorded earthquake in Ohio oc- 
curred in 1937; it had Richter magnitude 5.4. If an earth- 
quake were to strike Ohio next year that had seismic 
waves 1.6 times the size of the current record in Ohio, 
what would its Richter magnitude be? 

Suppose you whisper at 20 decibels and normally speak 
at 60 decibels. 


(a) 


Find the ratio of the sound intensity of your normal 
speech to the sound intensity of your whisper. 

(b) Your normal speech seems how many times as loud 
as your whisper? 


Suppose your vacuum cleaner produces a sound of 80 
decibels and you normally speak at 60 decibels. 


(a) Find the ratio of the sound intensity of your vac- 
uum cleaner to the sound intensity of your normal 
speech. 

(b) Your vacuum cleaner seems how many times as 
loud as your normal speech? 


g Suppose an airplane taking off makes a noise of 117 
decibels and you normally speak at 63 decibels. 


(a) 


Find the ratio of the sound intensity of the airplane 
to the sound intensity of your normal speech. 

(b) The airplane seems how many times as loud as your 
normal speech? 


g Suppose your cell phone rings at a noise level of 74 
decibels and you normally speak at 61 decibels. 

(a) Find the ratio of the sound intensity of your cell 
phone ring to the sound intensity of your normal 
speech. 

(b) Your cell phone ring seems how many times as loud 
as your normal speech? 
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49 


50 


51 


52 


53 


54 


Suppose a television is playing softly at a sound level of 
50 decibels. What decibel level would make the television 
sound eight times as loud? 

Suppose a radio is playing loudly at a sound level of 80 
decibels. What decibel level would make the radio sound 
one-fourth as loud? 

Suppose a motorcycle produces a sound level of 90 
decibels. What decibel level would make the motorcycle 
sound one-third as loud? 

g Suppose a rock band is playing loudly at a sound level 
of 100 decibels. What decibel level would make the band 
sound three-fifths as loud? 

A star with apparent magnitude 2 is how many times as 
bright as a star with apparent magnitude 17? 

A star with apparent magnitude 3 is how many times as 
bright as a star with apparent magnitude 23? 


Problems 
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65 


66 


67 


68 


69 


Explain why 
log 500 = 3 — log 2. 
Explain why 
log7 


Explain why 
1+ log x = log(10x) 
for every positive number x. 
Explain why 
2 — log x = log 100 
for every positive number x. 
Explain why 
(1 + log x)? = log(10x”) + (log x)? 
for every positive number x. 
Explain why 
1+ log x 


2 
for every positive number x. 


= log v10x 


Suppose f(x) = logx and g(x) = log(1000x). Explain 
why the graph of g can be obtained by shifting the graph 
of f up 3 units. 


Suppose f(x) = log, x and g(x) = log, 36 Explain why 
the graph of g can be obtained by flipping the graph of f 
across the horizonal axis and then shifting up 2 units. 
Suppose f(x) = logx and g(x) = log(100x°). Explain 
why the graph of g can be obtained by vertically stretch- 
ing the graph of f by a factor of 3 and then shifting up 2 
units. 


Show that an earthquake with Richter magnitude R has 
seismic waves of size S910, where So is the size of the 
seismic waves of an earthquake with Richter magnitude 
0. 


Do a web search to find the most intense earthquake in 
the United States and in Japan in the last complete cal- 
endar year. What is the ratio of the size of the seismic 
waves in the larger of these two earthquakes to the size 
of the seismic waves in the smaller of the two? 


55 


56 @ 


57 


58 
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73 


74 


75 


76 
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g Sirius, the brightest star that can be seen from Earth 
(not counting the sun), has an apparent magnitude of 
—1.4. Vega, which was the North Star about 12,000 years 
ago (slight changes in Earth’s orbit lead to changing 
North Stars every several thousand years), has an ap- 
parent magnitude of 0.03. Sirius is how many times as 
bright as Vega? 


The full moon has an apparent magnitude of —12.6. 
Sirius has an apparent magnitude of —1.4. The full moon 
is how many times as bright as Sirius? 


g Neptune has an apparent magnitude of 7.8. What is 
the apparent magnitude of a star that is 20 times as bright 
as Neptune? 


g Neptune has an apparent magnitude of 7.8. What is 
the apparent magnitude of a star that is eight times as 
bright as Neptune? 


Show that a sound with d decibels has intensity Eo104/ 10, 
where Ep is the intensity of a sound with 0 decibels. 


Find at least three different web sites giving the apparent 
magnitude of Polaris (the North Star) accurate to at least 
two digits after the decimal point. If you find different 
values on different web sites (as the author did), then try 
to explain what could account for the discrepancy (and 
take this as a good lesson in the caution necessary when 
using the web as a source of scientific information). 


Write a description of the logarithmic scale used for the 
PH scale, which measures acidity (this will probably re- 
quire use of the library or the web). 


Without doing any calculations, explain why the solutions 
to the equations in Exercises 31 and 32 are unchanged if 
we change the base for all the logarithms in those exer- 
cises to any positive number b # 1. 


Explain why the equation 
x-—3 


log 5 = 


x 


has a solution but the equation 
log(x — 3) — log(x —2) =2 


has no solutions. 


Pretend that you are living in the time before calculators 
and computers existed, and that you have a book show- 
ing the logarithms of 1.001, 1.002, 1.003, and so on, up 
to the logarithm of 9.999. Explain how you would find 
the logarithm of 457.2, which is beyond the range of your 
book. 


Explain why books of logarithm tables, which were fre- 
quently used before the era of calculators and computers, 
gave logarithms only for numbers between 1 and 10. 


Suppose b and y are positive numbers, with b £ 1 and 
b # 5. Show that 


log, y 


08209 = Ty 10g, 2" 
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Worked-Out Solutions to Odd-Numbered Exercises 


The next two exercises emphasize that log(x + y) does not 
equal log x + log y. 


1 g For x = 7 and y = 13, evaluate: 
(a) log(x+y) (b) logx+logy 
solution 
(a) log(7 +13) = log 20 © 1.30103 
(b) log 7 + log 13 © 0.845098 + 1.113943 
= 1.959041 


The next two exercises emphasize that log(xy) does not 
equal (log x) (log y). 


3 g For x = 3 and y = 8, evaluate: 
(a) log(xy) (b) (log x) (logy) 
solution 
(a) log(3-8) = log 24 © 1.38021 
(b) (log 3) (log 8) (0.477121) (0.903090) 
& 0.430883 


The next two exercises emphasize that log 7 does not equal 


log x 
log y’ 
5 g For x = 12 and y = 2, evaluate: 
log x 
(a) log x b & 
y (b) ey 
solution 


(a) log 3 = log6 ~ 0.778151 


log12 1.079181 


2 & ~____ & 3.58496 
log 2 0.301030 


7 g How many digits does 6/00 . 231000 have? 


solution Using the formulas for the logarithm of a prod- 
uct and the logarithm of a power, we have 


log (6” : ag) _ log (6°) 4 log (2310) 
= 700 log 6 + 1000 log 23 
~ 1906.43. 
Thus 67° . 231009 has 1907 digits. 


9 Suppose m and n are positive integers such that 
logm * 32.1 and logn & 7.3. How many digits does 
mn have? 


solution Note that 
log(mn) = logm + logn ¥ 32.1+7.3 = 39.4. 


Thus mn has 40 digits. 


11 Suppose log a = 118.7 and log b = 119.7. Evaluate Z 
solution Note that 
log? = logb — loga = 119.7 — 118.7 = 1. 


Thus b = 10. 


For Exercises 13-26, evaluate the given quantities assuming 
that 
log;x = 5.3 and log, y = 2.1, 


loggu = 3.2 and logyv = 1.3. 


13 log, (9xy) 
solution 
log, (9xy) = log, 9 + log, x + log, y 
=2+53+2.1 
= 94 


15 log, 3y 
solution 
log, 3y = log, x — log3(3y) 
= log; x — log, 3 — log, y 
= 53 = 1=2:1 
=27 
17 log, /x 
solution log, Vx = log3(x!/*) 
= i log, x 
= 5 x 5.3 
= 2.65 
19 log, Fi 
solution logs a = log,(y-1/?) 
= —7 log3y 
=-4$x21 
= —1.05 
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21 logs (x*y°) 
solution 
logs (x°y°) = logs (x*) + logs (y’) 
= 2log, x + 3log3 y 
=2-5.343-21 
= 16.9 


3 
x 
23 log; ~ 


solution 


3 
x 
log; ve = log, (x3) — log, (y?) 


= 3log, x — 2 log; y 
=3-5.3-—2-2.1 
=e 


25 logg(x!°) 


solution Because log, x = 5.3, we see that 3°° = x. 


: ; F 5.3 . 
This equation can be rewritten as (9l/ 2)"" = x, which 
can then be rewritten as 925 = x. In other words, 


logy x = 2.65. Thus 


loga(x'"): = 10 log, x = 265. 


For Exercises 27-36, find all numbers x that satisfy the given 


equation. 
27 logy(x +5) —log,(x-—1) =2 
solution Rewrite the equation as follows: 
2 = log,(x + 5) — logy(x — 1) 


=lo x+5 
== ri 
Thus 


BD 27? ag 
x-—1 


We can solve the equation above for x, getting x = 


29 log,(x +5) + log;(x—1) =2 
solution Rewrite the equation as follows: 
2 = log, (x + 5) + logs(x — 1) 
= log, ((x +5)(x—1)) 
= log; (x? +4x—5). 


Thus 
+4x—-5=37 =9, 
which implies that 


OO|\O 


31 


33 


35 


x? +4x —14=0. 
We can solve the equation above using the quadratic for- 
mula, getting x = 3/2 —2orx = —3V/2—-2. However, 
both x +5 and x — 1 are negative if x = —3,/2 — 2; be- 
cause the logarithm of a negative number is undefined, 
we must discard this root of the equation above. We 
conclude that the only value of x satisfying the equation 


logs (x +5) + log, (x — 1) =2is x =3V2—2. 


log,(15x) 
log,(5x) 
solution Rewrite the equation as follows: 
_ log, (15x) 
dog, (5x) 
_ 1086 15 + log, x 
~ log, 5 + log, x ” 


Solving this equation for log, x (the first step in do- 
ing this is to multiply both sides by the denominator 
log, 5 + log, x), we get 


log. x = log, 15 — 2log, 5 


= log, 15 — log, 25 
= 15 
= log, 5 
3 
= log, 5: 
Thus x = 2. 


log,.3 +log,5 =2 


solution The equation above can be rewritten as 
log, 15 = 2, 
which implies that x2 = 15, which implies that x = J15 


(note that —/15 is not allowed as a base for logarithms). 


g (log(3x)) log x = 4 
solution Rewrite the equation as follows: 
4 = (log(3x)) log x 
= (log x + log3) log x 
= (log x)? + (log3) (log x). 
Letting y = log x, we can rewrite the equation above as 
y? + (log3)y —4=0. 
Use the quadratic formula to solve the equation above for 
y, getting 
y & —2.25274 or y 1.77562. 
Thus 
logx © —2.25274 or logx ~* 1.77562, 
which means that 
xs 10~775274 = 0.00558807 


or 
x & 10177562 ~ 59.6509. 


37 


39 


41 
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What is the ratio of the size of the seismic waves of 
an earthquake with Richter magnitude 7 to the size of 
the seismic waves of an earthquake with Richter magni- 
tude 5? 


solution Here is an informal but accurate solution: Each 
increase of 1 in the Richter magnitude corresponds to an 
increase in the size of the seismic waves by a factor of 
10. Thus an increase of 2 in the Richter magnitude cor- 
responds to an increase in the size of the seismic waves 
by a factor of 102. Hence an earthquake with Richter 
magnitude 7 has seismic waves 100 times as large as the 
seismic waves of an earthquake with Richter magnitude 
5. 


Here is a more formal explanation using logarithms: Let 
S7 denote the size of the seismic waves from an earth- 
quake with Richter magnitude 7 and let S5 denote the 
size of the seismic waves from an earthquake with Richter 
magnitude 5. Thus 
S S5 
7=log— and 5=log—. 

Bs 5S 
Subtracting the second equation from the first equation, 
we get 


- S7 S5 = S7 S5 _ 57 
2 = log 3 log 3 tog(=/ 3) log 55 


Thus 


5 

Hence an earthquake with Richter magnitude 7 has seis- 
mic waves 100 times as large as the seismic waves of an 
earthquake with Richter magnitude 5. 


The 1994 Northridge earthquake in Southern California, 
which killed several dozen people, had Richter magni- 
tude 6.7. What would be the Richter magnitude of an 
earthquake whose seismic waves were 100 times the size 
of the seismic waves of the Northridge earthquake? 


solution Each increase of 1 in the Richter magnitude cor- 
responds to an increase in the size of the seismic waves of 
the earthquake by a factor of 10. Hence an increase in the 
size of the seismic waves by a factor of 100 (which equals 
107) corresponds to an increase of 2 in the Richter magni- 
tude. Thus an earthquake with seismic waves 100 times 
the size of those in the Northridge earthquake would 
have Richter magnitude 6.7 + 2, which equals 8.7. 


@ The most intense recorded earthquake in New York 
state was in 1944; it had Richter magnitude 5.8. The most 
intense recorded earthquake in Minnesota was in 1975; it 
had Richter magnitude 5.0. What is the ratio of the size 
of the seismic waves of the 1944 earthquake in New York 
to those of the 1975 earthquake in Minnesota? 


solution Let Sy, denote the size of the seismic waves 
from the 1944 earthquake in New York and let S;, denote 
the size of the seismic waves from the 1975 earthquake in 
Minnesota. Thus 


5.8 = log 7 and 5.0 = log ae 
0 0 
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45 


(a) 


(b) 
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Subtracting the second equation from the first equation, 
we get 


_ SN SM _ Sn /SM\ _ SN 
0.8 = log So log So ie log Su 


Thus 


SN _ 1998 ~ 63, 
Sm 


g The most intense recorded earthquake in Texas oc- 
curred in 1931; it had Richter magnitude 5.8. If an earth- 
quake were to strike Texas next year that had seismic 
waves three times the size of the current record in Texas, 
what would its Richter magnitude be? 


solution Let Sr; denote the size of the seismic waves 
from the 1931 earthquake in Texas. Thus 


An earthquake with seismic waves three times as large 
would have Richter magnitude 


ibe — = log3 + log ar = 0.477 +5.8 = 6.277. 
0 0 


Because of the difficulty of obtaining accurate measure- 
ments, Richter magnitudes are usually reported with 
only one digit after the decimal place. Rounding off, 
we would thus say that an earthquake in Texas that had 
seismic waves three times the current record would have 
Richter magnitude 6.3. 


Suppose you whisper at 20 decibels and normally speak 
at 60 decibels. 


(a) 


Find the ratio of the sound intensity of your normal 
speech to the sound intensity of your whisper. 


(b) 


Your normal speech seems how many times as loud 
as your whisper? 


solution 


Each increase of 10 decibels corresponds to multiplying 
the sound intensity by a factor of 10. Going from a 20- 
decibel whisper to 60-decibel normal speech means that 
the sound intensity has been increased by a factor of 10 
four times. Because 104 = 10,000, this means that the 
ratio of the sound intensity of your normal speech to the 
sound intensity of your whisper is 10,000. 

Each increase of 10 decibels results in a doubling of loud- 
ness. Here we have an increase of 40 decibels, so we have 
had an increase of 10 decibels four times. Thus the per- 
ceived loudness has increased by a factor of 2*. Because 
24 = 16, this means that your normal speech seems 16 
times as loud as your whisper. 


g Suppose an airplane taking off makes a noise of 117 
decibels and you normally speak at 63 decibels. 


(a) Find the ratio of the sound intensity of the airplane 
to the sound intensity of your normal speech. 


(b) The airplane seems how many times as loud as your 
normal speech? 


solution 
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(a) 


(b) 


49 


51 


Let E, denote the sound intensity of the airplane taking 
off and let Es denote the sound intensity of your normal 
speech. Thus 


117 = 10 log . and 63 = 10log 
0 0 


Subtracting the second equation from the first equation, 
we get 


_ E, Es 
Thus 
E, Es E, /Es Eq 
AS] iT —al =| : 
B= N08 eB, og( es m8 E. 


Thus 


FA _ 1054 251,189. 

Es 
In other words, the airplane taking off produces sound 
about 250 thousand times as intense as your normal 


speech. 


Each increase of 10 decibels results in a doubling of loud- 
ness. Here we have an increase of 54 decibels, so we have 
had an increase of 10 decibels 5.4 times. Thus the per- 
ceived loudness has increased by a factor of 254 Because 
25-4 ~ 42, this means that the airplane seems about 42 
times as loud as your normal speech. 


Suppose a television is playing softly at a sound level of 
50 decibels. What decibel level would make the television 
sound eight times as loud? 


solution Each increase of ten decibels makes the televi- 
sion sound twice as loud. Because 8 = 2°, the sound level 
must double three times to make the television sound 
eight times as loud. Thus 30 decibels must be added to 
the sound level, raising it to 80 decibels. 


g Suppose a motorcycle produces a sound level of 90 
decibels. What decibel level would make the motorcycle 
sound one-third as loud? 


solution Each decrease of ten decibels makes the motor- 
cycle sound half as loud. The sound level must be cut 
in half x times, where 3 = ew to make the motorcycle 
sound one-third as loud. This equation can be rewritten 
as 2* = 3. Taking common logarithms of both sides gives 
xlog 2 = log3, which implies that 


C= logs & 1.585. 

log 2 
Thus the sound level must be decreased by ten decibels 
1.585 times, meaning that the sound level must be re- 
duced by 15.85 decibels. Because 90 — 15.85 = 74.15, a 
sound level of 74.15 decibels would make the motorcycle 
sound one-third as loud. 


53 


55 
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A star with apparent magnitude 2 is how many times as 
bright as a star with apparent magnitude 17? 


solution Every five magnitudes correspond to a change 
in brightness by a factor of 100. Thus a change in 
15 magnitudes corresponds to a change in brightness 
by a factor of 100° (because 15 = 5 x 3). Because 


100° = (102)° = 10°, a star with apparent magnitude 
2 is one million times as bright as a star with apparent 
magnitude 17. 


g Sirius, the brightest star that can be seen from Earth 
(not counting the sun), has an apparent magnitude of 
—1.4. Vega, which was the North Star about 12,000 years 
ago (slight changes in Earth’s orbit lead to changing 
North Stars every several thousand years), has an ap- 
parent magnitude of 0.03. Sirius is how many times as 
bright as Vega? 


solution Let by denote the brightness of Vega and let bs 
denote the brightness of Sirius. Thus 


5,._ bo 5,._ bo 
0.03 = 5log— and —14=5log—. 
2 he 2 8 5, 


Subtracting the second equation from the first equation, 
we get 


5 bo 
1.43 5 log b 


5,._ bo 
lo . 
y 2 bs 


Multiplying both sides by z, we get 


= bo bo bo /bo\ _ bs 
0.572 = log i. log bs logs / ae) log ie 


Thus 
PS _ 190572 3.7 
by 


Thus Sirius is approximately 3.7 times as bright Vega. 


g Neptune has an apparent magnitude of 7.8. What is 
the apparent magnitude of a star that is 20 times as bright 
as Neptune? 


solution Each decrease of apparent magnitude by 1 cor- 
responds to brightness increase by a factor of 1001/5. If 
we decrease the magnitude by x, then the brightness in- 
creases by a factor of (100!/°)*. For this exercise, we 
want 20 = (100!/ 5)*_ To solve this equation for x, take 
logarithms of both sides, getting 


log 20 = xlog(100'/5) = = 


Thus 

x = 3 log20 © 3.25. 
Because 7.8 — 3.25 = 4.55, we conclude that a star 20 
times as bright as Neptune has apparent magnitude ap- 
proximately 4.55. 


Section 3.4 Exponential Growth 235 
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Learning Objectives 


By the end of this section you should be able to 
e describe the behavior of functions with exponential growth; 
e model population growth; 


e compute compound interest. 


We begin this section with a story. 


A doubling fable 


A mathematician in ancient India invented the game of chess. Filled with 
gratitude for the remarkable entertainment of this game, the king offered the 
mathematician anything he wanted. The king expected the mathematician to 
ask for rare jewels or a majestic palace. 

But the mathematician asked only that he be given one grain of rice for the 
first square on a chessboard, plus two grains of rice for the next square, plus 
four grains for the next square, and so on, doubling the amount for each square, 
until the 64'* square on an 8-by-8 chessboard had been reached. The king was 
pleasantly surprised that the mathematician had asked for such a modest reward. 

A bag of rice was opened, and first 1 grain was set aside, then 2, then 4, then 8, 
and so on. As the eighth square (the end of the first row of the chessboard) was 
reached, 128 grains of rice were counted out. The king was secretly delighted 
to be paying such a small reward and also wondering at the foolishness of the 
mathematician. 

As the 16" square was reached, 32,768 grains of rice were counted out—this 
was a small part of a bag of rice. But the 21% square required a full bag of rice, 
and the 24" square required eight bags of rice. This was more than the king had 
expected. However, it was a trivial amount because the royal granary contained 
about 200,000 bags of rice to feed the kingdom during the coming winter. 

As the 31°' square was reached, over a thousand bags of rice were required 
and were delivered from the royal granary. Now the king was worried. By the 
37'8 square, the royal granary was two-thirds empty. The 38'" square would have 
required more bags of rice than were left. The king then stopped the process 
and ordered that the mathematician’s head be chopped off as a warning about 
the greed induced by exponential growth. 


To understand why the mathematician’s seemingly modest request turned out to n 2" 
be so extravagant, note that the 7'" square of the chessboard required 2”~! grains of 10 1024 
rice. These numbers start slowly but grow rapidly, as shown in the table here. 20 1OAg576 

The 64'* square of the chessboard would have required 2° grains of rice. To oe operons 
estimate of the magnitude of this number, note that 2'° = 1024 ~ 10%. Thus - basen eal 

4 50 1125899906842624 
60 | 1152921504606846976 


26 — 3. 260 — g. (210)° ~ g. (103)° =8- 1018 = 10”, 


The approximation 


10 
If each large bag contains a million (which equals 10°) grains of rice, then the sabes 


approximately 10!? grains of rice needed for the 64" square would have required #5 ¥seful when estimating large 
approximately 10!9/10® bags of rice, or approximately 10!3 bags of rice. If we Pers of 2 

assume ancient India had a population of about ten million (107), then each resident 

would have had to produce about 103/107 bags of rice to satisfy the mathematician’s As x gets large, 2* increases much 
request for the 64™ square of the chessboard. It would have been impossible for faster than x2. For example, 2° 
each resident in India to produce a million (10'°/107) bags of rice. Thus the equals 9223372036854775808 but 
mathematician should not have been surprised at losing his head. 632 equals only 3969. 
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The condition b > 1 ensures that f 
is an increasing function. 


40000000 F 


20000000 F 


The graph of 9* on [0,8]. 


Here we are taking the logarithm 
base 10, but the conclusion about 
the linearity of the logarithm of f 
holds regardless of the base used. 


Functions with Exponential Growth 


The function f defined by f(x) = 2* is an example of what is called a function with 
exponential growth. Other examples of functions with exponential growth are the 
functions g¢ and h defined by g(x) = 3-5* and h(x) =5-7°*. More generally, we 
have the following definition. 


Exponential growth 


A function f is said to have exponential growth if f is of the form 


f(x) = cb, 


where c and k are positive numbers and b > 1. 


Functions with exponential growth increase rapidly. In fact, every function with 
exponential growth increases more rapidly than every polynomial, in the sense that 
if f is a function with exponential growth and p is any polynomial, then f(x) > p(x) 
for all sufficiently large x. For example, 2* > x! for all x > 13747 (Problem 37 
shows that 13747 could not be replaced by 13746). 

Functions with exponential growth increase so rapidly that graphing them in the 
usual manner can display too little information, as shown in the following example. 


Discuss the graph of the function 9* on the interval [0, 8). 


solution The graph of the function 9* on the interval [0,8] is shown here. In this 
graph, we cannot use the same scale on the horizontal and vertical axes because 9° 
is larger than forty million. 

Due to the scale, this graph of 9* is hard to distinguish from the horizontal axis 
in the interval [0,5]. Thus this graph gives little insight into the behavior of the 
function there. For example, this graph does not help distinguish between the 
values 97 (which equals 81) and 9° (which equals 59049). 


Because the graphs of functions with exponential growth often do not provide 
sufficient visual information, data that is expected to have exponential growth is 
often graphed by taking the logarithm of the data. The advantage of this procedure 
is that if f is a function with exponential growth, then the logarithm of f is a linear 
function. 

For example, if 

f(x) =2-3%, 


then 
log f(x) = 5(log3)x + log 2. 


Thus the graph of log f is the line whose equation is y = 5(log3)x + log 2 (which is 
the line with slope 5 log 3). 
More generally, if f(x) = cb**, then 


log f(x) = loge + log(b**) 
= k(log b)x + loge. 


Here k, log b, and logc are all numbers not dependent on x; thus the function log f 
is indeed linear. If k > 0 and b > 1, as is required in the definition of exponential 
growth, then k log b > 0, which implies that the line y = log f(x) has positive slope. 
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Logarithm of a function with exponential growth 


A function f has exponential growth if and only if the graph of log f (x) is a line 
with positive slope. 


Moore’s Law is the phrase describing the observation that computing power has 
exponential growth, doubling roughly every 18-24 months. One standard measure 
of computing power is the number of transistors used per integrated circuit. 


gk 

at The logarithm (base 10) of the 
number of transistors per integrated 

77 circuit (for common computer chips 

ra manufactured by Intel) from 1971 to 
2015. Moore’s Law predicts 

al exponential growth of computing 

4} power, which would make this graph 

er a line. 


1975 1980 1985 1990 1995 2000 2005 2010 2015 


Does this graph indicate that computing power has had exponential growth? 


solution The graph of the logarithm of the number of transistors is roughly a line, 
as would be expected for a function with roughly exponential growth. Thus the 
graph does indeed indicate that computing power has had exponential growth. 

Real data, as shown in the graph in this example, rarely fits theoretical mathe- 
matical models perfectly. The graph above is not exactly a line, and thus we do not 
have exactly exponential growth. However, the graph above is close enough to a 
line so that a model of exponential growth can help explain what has happened to 
computing power over several decades. 


Consider the function f with exponential growth defined by 
fixy=os3", 
Because 32* = (32)" = 9*, we can rewrite f in the form 
Fis) = SeR, 
More generally, suppose f is a function with exponential growth defined by 
f(x) = cB". 
Because Bk* = (Bk % if we let b = B* then we can rewrite f in the form 
fa) =ch. 


In other words, by changing b we can, if we wish, always take k = 1 in the definition 
given earlier of a function with exponential growth. 


Exponential growth, simpler form 


Every function f with exponential growth can be written in the form 


f(x) = cb", 


where c > 0 and b > 1. 


Moore's Law is named in honor of 
Gordon Moore, co-founder of Intel, 
who predicted in 1965 that 
computing power would follow a 
pattern of exponential growth. 


Integrated circuits that will go 
inside a computer. The eye of the 
needle shows the scale. 


This simpler form of exponential 
growth uses only two numbers (b 
and c) instead of the three numbers 
(b, c, and k) in our original 
definition. 
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For some applications, the most 
natural choice of base is the 
number e that we will investigate 
in the next section. 


Consider now the function f with exponential growth defined by 
f(x) =3-5™. 
Because 5’7* = (z!o825)”* = 27(le825)*, we can rewrite f in the form 
(sae 
where k = 7(log, 5). 
There is nothing special about the numbers 5 and 7 in the paragraph above. The 
same procedure could be applied to any function f with exponential growth defined 
by f(x) = cb**. Thus we have the following result, which shows that by changing k 


we can, if we wish, always take b = 2 in the definition given earlier of a function 
with exponential growth. 


Exponential growth, base 2 


Every function f with exponential growth can be written in the form 


H(e) = cote 


where c and k are positive numbers. 


In the result above, there is nothing special about the number 2. The same result 
holds if 2 is replaced by 3 or 4 or any number bigger than 1. In other words, we 
can choose the base for a function with exponential growth to be whatever we wish 
(and then k needs to be suitably adjusted). You will often want to choose a value 
for the base that is related to the topic under consideration. We will soon consider 
population doubling models, where 2 is the most natural choice for the base. 


Suppose f is a function with exponential growth such that f(2) = 3 and f(5) = 7. 


Instead, we could have used the 
form f(x) = c2**, but this would 
result in a messy formula for k. 


(a) Find a formula for f (x). 
(b) Evaluate f(17). 


solution 


(a) We will use one of the simpler forms derived above. In other words, we can 
assume 
f(x) =cb*. 
We need to find c and b. We have 
3=f(2)=cb* and 7=f(5) =cb'. 


Dividing the second equation by the first equation shows that b? = i. Thus 
b= Gi Substituting this value for b into the first equation above gives 
3= By, which implies that c = ce ae Thus 


(b) Using the formula above, we have f(17) = cr ee 4 a ~~ 207.494. 
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Population Growth 


Populations of various organisms, ranging from bacteria to humans, often exhibit 
exponential growth. To illustrate this behavior, we will begin by considering bacteria 
cells. 

Bacteria are single-celled creatures that reproduce by absorbing some nutrients, 
growing, and then dividing in half—one bacterium cell becomes two bacteria cells. 
Then those two bacteria cells each divide again, becoming four bacteria cells, which 
divide again to become eight bacteria cells, and so on. 


Suppose a colony of bacteria in a petri dish has 700 cells at 1 pm. These bacteria 
reproduce at a rate that leads to doubling every three hours. How many bacteria 
cells will be in the petri dish at 9 pm on the same day? 


solution Because the number of bacteria cells doubles every three hours, at 4 pm 
there will be 1400 cells, at 7 pm there will be 2800 cells, and so on. In other words, in 
three hours the number of cells increases by a factor of two, in six hours the number 
of cells increases by a factor of four, in nine hours the number of cells increases by a 
factor of eight, and so on. 

More generally, in t hours there are t/3 doubling periods. Hence in t hours the 
number of cells increases by a factor of 2'/°. Hence after t hours there should be 


700 - 2'/3 


bacteria cells. 
Thus at 9 pm, which is eight hours after 1 pm, our colony of bacteria should have 


700 - 28/3 


cells. However, this result should be thought of as an estimate rather than as an 
exact count. Actually, 700 - 28/$ is an irrational number (approximately 4444.7), 
which makes no sense when counting bacteria cells. Thus we might predict that 
at 9 pm there would be about 4445 cells. Even better, because the real world rarely 
adheres exactly to formulas, we might expect between 4400 and 4500 cells at 9 pM. 


Functions with exponential growth often provide the best models for population 
growth for a limited time period. However, real population data cannot exhibit 
exponential growth for excessively long time periods. 

For example, the formula 700 - 2'/° derived above for our colony of bacteria 
predicts that after 10 days, which equals 240 hours, we would have about 107’ cells, 
which is far more than could fit in even a gigantic petri dish. The bacteria would 
have run out of space and nutrients long before reaching this population level. 

Now we extend our example with bacteria to a more general situation. Suppose 
a population doubles every d time units (here the time units might be hours, days, 
years, or whatever unit is appropriate). Suppose also that at some specific time to 
we know that the population is po. At time t there have been t — tg time units since 
time tp. Thus at time t there have been (t — to) /d doubling periods, and hence the 
population increases by a factor of 


a(t-to)/d 


This factor must be multiplied by the population at the starting time to. In other 
words, at time t we could expect a population of 


Po° g(t-to)/d. 


Example 4 


A bacterium cell dividing, as 
photographed by an electron 
microscope. 


Because functions with exponential 
growth increase so rapidly, they 
can be used to model real data for 
only limited time periods. 
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This graph of the logarithm of 
world population looks remarkably 
like a straight line, showing that 
world population had exponential 
growth during this period. 


World population is now 
increasing at a slower rate, 
doubling about every 69 years. 


Here we are using y (for “year”) 
rather than t as the time variable. 


Exponential growth and doubling 


If a population doubles every d time units, then the function p modeling this 
population growth is given by the formula 


CG) ee 


where po is the population at time fo. 


The function p discussed above has exponential growth because we could rewrite 
p in the form 


p(t) =(27'0/4pq) 20/94, 


which corresponds to our definition of a function with exponential growth by taking 
¢=2-v/4y, b=2,.andk=1/d. 

Human population data often follow patterns of exponential growth for decades 
or centuries. The graph below shows the logarithm of the world population for each 
year from 1950 to 2000: 


9.8 + 


9.77 We 
96+ wn The logarithm (base 10) of the 
Pl world population each year from 
95+ ae 1950 to 2000, as estimated by the 
on U.S. Census Bureau. 
9.4 


4 4 4 1 Ln 
1960 1970 1980 1990 2000 


The world population in mid-year 1950 was about 2.56 billion. During the pe- 
riod 1950-2000, world population increased at a rate that doubled the population 
approximately every 40 years. 


(a) Find a formula that estimates the mid-year world population for 1950-2000. 


(b) Using the formula from part (a), estimate the world population in mid-year 


solution 


(a) Using the formula and data above, we see that the mid-year world population 
in the year y, expressed in billions, was approximately 


(b) Taking y = 1955 in the formula above gives the estimate that the mid-year world 
population in 1955 was 2.56 - 2(1995-1950)/40 billion, which is approximately 2.79 
billion. The actual value was about 2.78 billion; thus the formula has good 
accuracy in this case. 
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Compound Interest 


I'M GOING TOA 
SEMINAR THAT 
WILL TEACH ME 
HOW TO MAKE A 

| MILLION DOLLARS! 


YOU CAN'T BE SURE 
IT IS A SCAM IF YOU 

KNOW NONE OF THE 

» > DETAILS. 


I HAVEN'T EVEN 
TOLD YOU THE NAME 
OF THE SEMINAR! 


E-mail; SCOTTADAMS@AOL.COM 


2 
J 
: 
i 
H 
: 


YOU JUST WANT BUT IT WONT WORK TLL HAVE THE LAST INVEST $100 AT 
TO CRUSH MY HOPES BECAUSE I HAVE LAUGH AFTER I PAY 5% INTEREST AND 
SO I BECOME LIKE YOU. DREAMS! I WON'T BE MY NOMINAL FEE AND WAIT 190 YEARS, 
A BITTER AND BROKEN LEARN HOW TO “TURN > ——— 
CYNIC LIKE YOU TWO! A HUNDRED DOLLARS THANKS FOR COMING, 
INTO A MILLION.” 


The computation of compound interest involves functions with exponential 
growth. We begin with a simple example. 


Suppose you deposit $8000 in a bank account that pays 5% annual interest. Assume 
the bank pays interest once per year at the end of the year, and that each year you 
place the interest in a cookie jar for safekeeping. 


(a) How much will you have (original amount plus interest) at the end of two 
years? 


(b) How much will you have (original amount plus interest) at the end of t years? 


solution 


(a) Because 5% of $8000 is $400, at the end of the each year you will receive $400 
interest. Thus after two years you will have $800 in the cookie jar, bringing the 
total amount to $8800. 


(b) Because you receive $400 interest each year, at the end of t years the cookie jar 
will contain 400t dollars. Thus the total amount you will have at the end of t 
years is 8000 + 400¢ dollars. 


The situation in the example above, where interest is paid only on the original 
amount, is called simple interest. To generalize the example above, we can replace 
the $8000 used in the example above with any initial amount P. Furthermore, we 
can replace the 5% annual interest with any annual interest rate r, expressed as a 


number rather than as a percent (thus 5% interest would correspond to r = 0.05). 


Each year the interest received will be rP. Thus after ¢ years the total interest 
received will be rPt. Hence the total amount after ¢ years will be P + rPt. Factoring 
out P from this expression, we have the following result. 


Simple interest 


If interest is paid once per year at annual interest rate r, with no interest paid on 
the interest, then after t years an initial amount P grows to 


Pert) 


The expression P(1+ rt) above is a linear function of t (assuming that the 
principal P and the interest rate r are fixed). Thus when money grows with simple 
interest, linear functions arise naturally. We now turn to the more realistic situation 
of compound interest, meaning that interest is paid on the interest. 


This Dilbert comic illustrates the 
power of compound interest. 

See the solution to Exercise 33 to 
learn whether this plan would 
work. 


Example 6 


This example illustrates the simple 
interest scenario. 


The symbol P comes from 
principal, which is a fancy word 
for the initial amount. 
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E le7 Suppose you deposit $8000 in a bank account that pays 5% annual interest. Assume 

the bank pays interest once per year at the end of the year, and that each year the 
interest is deposited in the bank account. 

This example illustrates our first 

compound interest scenario. (a) How much will you have at the end of one year? 


(b) How much will you have at the end of two years? 


(c) How much will you have at the end of t years? 


solution 


(a) Because 5% of $8000 is $400, at the end of the first year you will receive $400 
interest. Thus at the end of the first year the bank account will contain $8400. 


The interest in the second year is (b) At the end of the second year you will receive as interest 5% of $8400, which 


$20 more than the interest in the equals $420, which when added to the bank account gives a total of $8820. 
first year because of the interest on 
the previous interest. (c) Note that each year the amount in the bank account increases by a factor of 1.05. 


At the end of the first year you will have 
8000 x 1.05 


dollars (which equals $8400). At the end of two years, you will have the amount 
above multiplied by 1.05, which equals 


8000 x 1.052 


dollars (which equals $8820). At the end of three years, you will have the 
amount above again multiplied by 1.05, which equals 


8000 x 1.05° 
dollars (which equals $9261). After ¢ years, the original $8000 will have grown 
to 


8000 x 1.05! 


dollars. 


The table below summarizes the data for the two methods of computing interest 
that we have considered in the last two examples. 


simple interest compound interest 
year interest total | interest total 
initial amount $8000 $8000 
After the first year, compound 1 $400 $8400 $400 $8400 
interest produces a higher total 9) $400 $8800 $420 $8820 
than simple interest. This happens 3 $400 $9200 $441 $9261 
because with compound interest, 
interest is paid on the interest. Simple and compound interest, once per year, on $8000 at 5%. 


To generalize the example above, we can replace the $8000 used above with any 
initial amount P. Furthermore, we can replace the 5% annual interest with any 
annual interest rate r, expressed as a number rather than as a percent. Each year 
the amount in the bank account increases by a factor of 1 + r. Thus at the end of 
the first year the initial amount P will grow to P(1+ 1). At the end of two years, 
this will have grown to P(1 + 1)*. At the end of three years, this will have grown to 
P(1+r)°. More generally, we have the following result. 
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Compound interest, once per year 


If interest is compounded once per year at annual interest rate r, then after ¢ 


years an initial amount P grows to 


Ptr). 


The expression P(1 +1)! above has exponential growth as a function of t. Because 
functions with exponential growth increase rapidly, compound interest can lead to 
large amounts of money after long time periods. 


In 1626 Dutch settlers supposedly purchased from Native Americans the island of 
Manhattan for $24. To determine whether or not this was a bargain, suppose $24 
earned 7% per year (a reasonable rate for a real estate investment), compounded 
once per year since 1626. How much would this investment be worth by 2017? 


solution 

Because 2017 — 1626 = 391, the 
formula above shows that an 
initial amount of $24 earning | 
7% per year compounded 
once per year would be worth & 


24(1,07)"" 


dollars in 2017. A calcula- 

tor shows that this amount 

is over seven trillion dollars, 
which is more than the cur- 
rent assessed value of all land 
in Manhattan. 


Interest is often compounded more than once per year. To see how this works, 
we now modify an earlier example. In our new example, interest will be paid and 
compounded twice per year rather than once per year. This means that instead of 
5% interest being paid at the end of each year, the interest comes as two payments 
of 2.5% each year, with the 2.5% interest payments made at the end of every six 
months. 


Suppose you deposit $8000 in a bank account that pays 5% annual interest, com- 
pounded twice per year. How much will you have at the end of one year? 


solution Because 2.5% of $8000 equals $200, at the end of the first six months $200 
will be deposited into the bank account; the bank account will then have a total of 
$8200. 

At the end of the second six months (in other words, at the end of the first year), 
2.5% interest will be paid on the $8200 that was in the bank account for the previous 
six months. Because 2.5% of $8200 equals $205, the bank account will have $8405 at 
the end of the first year. 


In the example above, the $8405 in the bank account at the end of the first year 
should be compared with the $8400 that would be in the bank account if interest 
had been paid only at the end of the year. The extra $5 arises because of the interest 
during the second six months on the interest earned at the end of the first six 
months. 


The variable t is used as a reminder 
that it denotes a time period. 


Example 8 


Little historical evidence exists 
concerning the alleged sale of 
Manhattan. Most of the stories 
about this event should be 
considered legends. 


Today Manhattan contains 
well-known landmarks such as 
Times Square, the Empire State 
Building, Wall Street, and United 
Nations headquarters. 


Example 9 
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More frequent compounding leads 
to higher total amounts because 
more frequent interest payments 
give more time for interest to earn 
on the interest. 


If the interest rate r and the 
compounding times per year n are 
fixed, then the function f defined 
by f(t) = P(1+ 7)" isa 
function with exponential growth. 


Example 10 


In Section 3.7 we will discuss what 
happens when interest is 
compounded a huge number of 
times per year. 


Instead of compounding interest twice per year, as in the previous example, 
interest could be compounded four times per year. At 5% annual interest, this 
would mean that 1.25% interest will be paid at the end of every three months. Or 
interest could be compounded 12 times per year, with 5% interest at the end of 
each month. The table below shows the growth of $8000 at 5% interest for three 
years, with compounding either 1, 2, 4, or 12 times per year. 


times compounded per year 
year 1 2 4 12 7 
initial amount | $8000 $8000 $8000 $8000 es sg of Meta a 
1 $8400 $8405 $8408 $8409 sleds eine eae 
2 $8820 $8831 $8836 $8840 nearest goliar. 
3 $9261 $9278 $9286 $9292 


Consider a bank account with annual interest rate r, compounded twice per year. 
Thus every six months, the amount increases by a factor of 1 + 5 After t years, this 


will happen 2¢ times. Thus an initial amount P will grow to P(1+ byt in t years. 

More generally, suppose now that an annual interest rate r is compounded n 
times per year. Then n times per year, the amount increases by a factor of 1 + = 
After t years, this will happen nt times, giving the following result. 


Compound interest, n times per year 


If interest is compounded n times per year at annual interest rate r, then after t 
years an initial amount P grows to 


Suppose a bank account starting out with $8000 receives 5% annual interest, com- 
pounded twelve times per year. How much will be in the bank account after three 
years? 


solution Take r = 0.05, n = 12, t = 3, and P = 8000 in the formula above, which 
shows that after three years the amount in the bank account will be 


so00(1-+ 298) °° 


dollars. A calculator shows that this amount is approximately $9292 (which is the 
last entry in the table above). 


Advertisements from financial institutions often list the “APY” that you will 
earn on your money rather than the interest rate. The abbreviation “APY” denotes 
“annual percentage yield”, which means the actual interest rate that you would 
receive at the end of one year after compounding. 

For example, if a bank is paying 5% annual interest, compounded once per month 
(as is fairly common), then the bank can legally advertise that it pays an APY of 
5.116%. Here the APY equals 5.116% because 


(1+ oe ~ 1.05116. 


In other words, at 5% annual interest compounded twelve times per year, $1000 
will grow to $1051.16. For a period of one year, this corresponds to simple annual 
interest of 5.116%. 


Exercises 


1 Without using a calculator or computer, give a rough 
estimate of 289. 

2 Without using a calculator or computer, give a rough 
estimate of 2103, 

3 Without using a calculator or computer, determine which 
of the two numbers 2!° and 32 - 10°6 is larger. 

4 Without using a calculator or computer, determine which 
of the two numbers 22 and 17! is larger. 
[Hint: Note that 2* = 16.] 


For Exercises 5-8, suppose you deposit into a savings account 
one cent on January 1, two cents on January 2, four cents on 
January 3, and so on, doubling the amount of your deposit 
each day (assume you use an electronic bank that is open 
every day of the year). 
5 How much will you deposit on January 7? 
6 How much will you deposit on January 11? 
7 g What is the first day that your deposit will exceed 
$10,000? 
8 @ What is the first day that your deposit will exceed 
$100,000? 


For Exercises 9-12, suppose you deposit into your savings ac- 

count one cent on January 1, three cents on January 2, nine 

cents on January 3, and so on, tripling the amount of your 

deposit each day. 

9 How much will you deposit on January 7? 

10 How much will you deposit on January 11? 

11 g What is the first day that your deposit will exceed 
$10,000? 

12 g What is the first day that your deposit will exceed 
$100,000? 

13 Suppose f(x) = 7-2°*. Find a number b such that the 
graph of log, f has slope 1. 


14 Suppose f(x) = 4-25". Find a number b such that the 
graph of log, f has slope 1. 

15 A colony of bacteria is growing exponentially, dou- 
bling in size every 100 minutes. How many minutes will 
it take for the colony of bacteria to triple in size? 

16 g A colony of bacteria is growing exponentially, dou- 
bling in size every 140 minutes. How many minutes will 
it take for the colony of bacteria to become five times its 
current size? 

17 g At current growth rates, the earth’s population is dou- 
bling about every 69 years. If this growth rate were to 
continue, about how many years will it take for the earth’s 
population to increase 50% from the present level? 

18 At current growth rates, the earth’s population is dou- 
bling about every 69 years. If this growth rate were to 
continue, about how many years will it take for the earth’s 
population to become one-fourth larger than the current 
level? 

19 g Suppose a colony of bacteria starts with 200 cells and 
triples in size every four hours. 


(a) Find a function that models the population growth 
of this colony of bacteria. 


(b) Approximately how many cells will be in the colony 
after six hours? 


20 


21 


22 


23 


24 


25 


26 


27 


28 


29 


30 
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g Suppose a colony of bacteria starts with 100 cells and 
triples in size every two hours. 


(a) Find a function that models the population growth 
of this colony of bacteria. 


(b) Approximately how many cells will be in the colony 
after one hour? 


g Suppose $700 is deposited in a bank account paying 
6% interest per year, compounded 52 times per year. How 
much will be in the bank account at the end of 10 years? 


g Suppose $8000 is deposited in a bank account paying 
7% interest per year, compounded 12 times per year. How 
much will be in the bank account at the end of 100 years? 


g Suppose a bank account paying 4% interest per year, 
compounded 12 times per year, contains $10,555 at the 
end of 10 years. What was the initial amount deposited 
in the bank account? 


g Suppose a bank account paying 6% interest per year, 
compounded four times per year, contains $27,707 at the 
end of 20 years. What was the initial amount deposited 
in the bank account? 


g Suppose a savings account pays 6% interest per year, 
compounded once per year. If the savings account starts 
with $500, how long would it take for the savings account 
to exceed $2000? 


g Suppose a savings account pays 5% interest per year, 
compounded four times per year. If the savings account 
starts with $600, how many years would it take for the 
savings account to exceed $1400? 


g Suppose a bank wants to advertise that $1000 de- 
posited in its savings account will grow to $1040 in one 
year. This bank compounds interest 12 times per year. 
What annual interest rate must the bank pay? 


g Suppose a bank wants to advertise that $1000 de- 
posited in its savings account will grow to $1050 in one 
year. This bank compounds interest 365 times per year. 
What annual interest rate must the bank pay? 


g An advertisement for real estate published in the 
28 July 2004 New York Times states: 


Did you know that the percent increase of the 
value of a home in Manhattan between the 
years 1950 and 2000 was 721%? Buy a home 
in Manhattan and invest in your future. 


Suppose that instead of buying a home in Manhattan in 
1950, someone had invested money in a bank account that 
compounds interest four times per year. What annual 
interest rate would the bank have to pay to equal the 
growth claimed in the ad? 


g Suppose that instead of buying a home in Manhattan 
in 1950, someone had invested money in a bank account 
that compounds interest once per month. What annual 
interest rate would the bank have to pay to equal the 
growth claimed in the ad in the previous exercise? 
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31 


32 


Suppose f is a function with exponential growth such 
that 

f(1) =3 and f(3)=5. 
Evaluate f(8). 
Suppose f is a function with exponential growth such 
that 

f(2)=3 and f(5)=8. 
Evaluate f(10). 


Exercises 33-34 will help you determine whether or not 
the Dilbert comic earlier in this section gives a reasonable 
method for turning a hundred dollars into a million dollars. 


Problems 


37 g Explain how you would use a calculator to verify that 


38 


39 


40 


41 


42 


43 


13746 2 13746 1000 


but 

218747 S 137471000 | 
and then actually use a calculator to verify both these 
inequalities. 
[The numbers involved in these inequalities have over four 
thousand digits. Thus some cleverness in using your calculator 
is required. | 
Show that 

210m — (1.024)"10%". 
[This equality leads to the approximation 2'°" ~ 103”.] 
Show that if f is a function with exponential growth, then 
so is the square root of f. More precisely, show that if 
f is a function with exponential growth, then so is the 
function g defined by g(x) = \/f (x). 
Suppose f is a function with exponential growth and 
f(0) = 1. Explain why f can be represented by a formula 
of the form f(x) = b* for some b > 1. 
Explain why every function f with exponential growth 
can be represented by a formula of the form f(x) = c-3'* 
for appropriate choices of c and k. 
Find three newspaper articles that use the word 
“exponentially” (one way to do this is to use the web 
site of a newspaper that allows searches). For each use of 
the word “exponentially” that you find in a newspaper 
article, discuss whether or not the word is used in its 
correct mathematical sense. 
Suppose a bank pays annual interest rate r, compounded 
n times per year. Explain why the bank can advertise that 


its APY equals 
r n 
(1+ r) =a 


33 


34 


35 


36 


44 


45 


46 


g At 5% interest compounded once per year, how many 
years will it take to turn a hundred dollars into a million 
dollars? 


g At 5% interest compounded monthly, how long will it 
take to turn a hundred dollars into a million dollars? 


g At 4% interest compounded monthly, how many years 
will it take to turn a hundred dollars into a billion dollars? 


g At 4% interest compounded once per year, how many 
years will it take to turn a hundred dollars into a billion 
dollars? 


g Find an advertisement in a newspaper or web site 
that gives the interest rate (before compounding), the 
frequency of compounding, and the APY. Determine 
whether or not the APY has been computed correctly. 


Suppose f is a function with exponential growth. Show 
that there is a number b > 1 such that 


f(x +1) = bf(x) 
for every x. 


What is wrong with the following apparent paradox: 
You have two parents, four grandparents, eight great- 
grandparents, and so on. Going back n generations, 
you should have 2” ancestors. Assuming three gen- 
erations per century, if we go back 2000 years (which 
equals 20 centuries and thus 60 generations), then you 
should have 2° ancestors from 2000 years ago. However, 
260 — (210)° ~ (103)° = 10!8, which equals a billion bil- 
lion, which is far more than the total number of people 
who have ever lived. 


parent 1 parent 2 


you 


Worked-Out Solutions to Odd-Numbered Exercises 


1 


Without using a calculator or computer, give a rough 
estimate of 283. 


solution 


783 — 93 . 780 _ g. 7108 _ g. (208 


~ 8- (10) =8- 10% ~ 1025 


3 


Without using a calculator or computer, determine which 
of the two numbers 2!*° and 32 - 10°° is larger. 


solution Note that 


9125 _ 95 , 7120 
= 37; (210) 
> 32- (103) 
= 32- 10°. 
Thus 2!25 is larger than 32 - 10°6, 


For Exercises 5-8, suppose you deposit into a savings account 
one cent on January 1, two cents on January 2, four cents on 
January 3, and so on, doubling the amount of your deposit 
each day (assume you use an electronic bank that is open 
every day of the year). 


5 How much will you deposit on January 7? 


solution On the n'* day, 2"! cents are deposited. Thus 
on January 7, the amount deposited is 2° cents. In other 
words, $0.64 will be deposited on January 7. 


7 g What is the first day that your deposit will exceed 
$10,000? 


solution On the n'* day, 2"-1 cents are deposited. Be- 
cause $10,000 equals 10° cents, we need to find the small- 
est integer n such that 


20h 40°, 

We can do a quick estimate by noting that 

10° = (10°)? < (219)? = 220, 
Thus taking n — 1 = 20, which is equivalent to taking 
n = 21, should be close to the correct answer. 
To be more precise, note that the inequality 2”~! > 10° is 
equivalent to the inequality 

log(2”~-1) > log(10°), 
which can be rewritten as 
(n—1)log2 > 6. 

Dividing both sides by log 2 and then adding 1 to both 
sides shows that this is equivalent to 


oe ee 
log 2° 


A calculator shows that 1 + log? x 20.9. Because 21 is 


the smallest integer bigger than 20.9, January 21 is the 
first day that the deposit will exceed $10,000. 


For Exercises 9-12, suppose you deposit into your savings ac- 
count one cent on January 1, three cents on January 2, nine 
cents on January 3, and so on, tripling the amount of your 
deposit each day. 


9 How much will you deposit on January 7? 


solution On the n'‘h day, 3"! cents are deposited. Thus 
on January 7, the amount deposited is 3° cents. Because 
3° = 729, we conclude that $7.29 will be deposited on 
January 7. 


11 


13 


15 
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g What is the first day that your deposit will exceed 
$10,000? 


solution On the n‘* day, 3"-1 cents are deposited. Be- 
cause $10,000 equals 10° cents, we need to find the small- 
est integer 1 such that 


hs 10" 
This is equivalent to the inequality 
log(3"-+) > log(10°), 
which can be rewritten as 
(n —1)log3 > 6. 


Dividing both sides by log3 and then adding 1 to both 
sides shows that this is equivalent to 


n>1+ 8 
log3" 


A calculator shows that 1 + Togs = 13.6. Because 14 is 


the smallest integer bigger than 13.6, January 14 is the 
first day that the deposit will exceed $10,000. 


Suppose f(x) = 7-23*. Find a number b such that the 
graph of log, f has slope 1. 


solution Note that 


log, f(x) = logy, 7 + log, (2**) 
= log, 7 + 3(log, 2)x. 


Thus the slope of the graph of log, f equals 3log, 2, 
which equals 1 when log, 2 = 3 Thus b!/3 = 2, which 
means that b = 2° = 8. 


g A colony of bacteria is growing exponentially, dou- 
bling in size every 100 minutes. How many minutes will 
it take for the colony of bacteria to triple in size? 


solution Let p(t) denote the number of cells in the 
colony of bacteria at time t, where t is measured in min- 
utes. Then 

p(t) = po2'™, 
where po is the number of cells at time 0. We need to find 
t such that p(t) = 3p. In other words, we need to find t 
such that 
po2!/100 — 3no. 
Dividing both sides of the equation above by pp and then 
taking the logarithm of both sides gives 


t 


log2 = log3. 
io 8? 8 


log3 
Thus t = 100;5e 9" which is approximately 158.496. Thus 


the colony of bacteria will triple in size approximately 
every 158 minutes. 
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17 


19 


(a) 


(b) 


21 


23 


g At current growth rates, the earth’s population is dou- 
bling about every 69 years. If this growth rate were to 
continue, about how many years will it take for the earth’s 
population to increase 50% from the present level? 


solution Let p(t) denote the earth’s population at time 
t, where t is measured in years starting from the present. 
Then 

p(t) = pga, 
where po is the present population of the earth. We need 
to find t such that p(t) = 1.5po. In other words, we need 
to find t such that 


po2!'/™ = 1.5po. 


Dividing both sides of the equation above by po and then 
taking the logarithm of both sides gives 


t 
— log2 = log 1.5. 
69 [98 og 1.5 


log 1.5 
Thus t = OT which is approximately 40.4. Thus 
the earth’s population, at current growth rates, would 
increase by 50% in approximately 40.4 years. 


g Suppose a colony of bacteria starts with 200 cells and 
triples in size every four hours. 


(a) Find a function that models the population growth 
of this colony of bacteria. 


(b) Approximately how many cells will be in the colony 
after six hours? 


solution 


Let p(t) denote the number of cells in the colony of bacte- 
ria at time t, where ¢ is measured in hours. We know that 
p(0) = 200. Int hours, there are t/4 tripling periods; thus 
the number of cells increases by a factor of 3'/4, Hence 


p(t) = 200-3'/4. 


After six hours, we could expect that there would be p(6) 
cells of bacteria. Using the equation above, we have 


p(6) = 200-3°/4 = 200. 39/7 = 1039. 


rf Suppose $700 is deposited in a bank account paying 
6% interest per year, compounded 52 times per year. How 
much will be in the bank account at the end of 10 years? 


solution With interest compounded 52 times per year at 
6% per year, after 10 years $700 will grow to 


gs) 


$700 (1 + oe we $1275. 


g Suppose a bank account paying 4% interest per year, 
compounded 12 times per year, contains $10,555 at the 
end of 10 years. What was the initial amount deposited 
in the bank account? 


solution Let P denote the initial amount deposited in 
the bank account. With interest compounded 12 times 
per year at 4% per year, after 10 years P dollars will grow 
to 


25 


27 


P(1 o opaye 


dollars, which we are told equals $10,555. Thus we need 
to solve the equation 


P(1+ 


The solution to this equation is 


120 
Or) = $10,555. 


p = $10,555 / (1+ 994)" ~ $7080. 


g Suppose a savings account pays 6% interest per year, 
compounded once per year. If the savings account starts 
with $500, how long would it take for the savings account 
to exceed $2000? 


solution With 6% interest compounded once per year, a 
savings account starting with $500 would have 


500(1.06)! 


dollars after t years. We want this amount to exceed 
$2000, which means that 


500(1.06)' > 2000. 


Dividing both sides by 500 and then taking the logarithm 
of both sides gives 


tlog 1.06 > log 4. 
Thus 


log 4 7 
log 1.06 ~ ae 
Because interest is compounded only once per year, t 
needs to be an integer. The smallest integer larger than 
23.8 is 24. Thus it will take 24 years for the amount in the 
savings account to exceed $2000. 


t> 


g Suppose a bank wants to advertise that $1000 de- 
posited in its savings account will grow to $1040 in one 
year. This bank compounds interest 12 times per year. 
What annual interest rate must the bank pay? 


solution Let r denote the annual interest rate to be paid 
by the bank. At that interest rate, compounded 12 times 
per year, in one year $1000 will grow to 


1000(1 it 5) 


dollars. We want this to equal $1040, which means that 
we need to solve the equation 


1000(1 5) = 1040. 


To solve this equation, divide both sides by 1000 and then 
raise both sides to the power 1/12, getting 


1+ 75 = 1.04/27. 


Now subtract 1 from both sides and then multiply both 
sides by 12, getting 


r = 12(1.04!/17 — 1) ~ 0.0393. 


Thus the annual interest should be approximately 3.93%. 


29 


31 


g An advertisement for real estate published in the 
28 July 2004 New York Times states: 


Did you know that the percent increase of the 
value of a home in Manhattan between the 
years 1950 and 2000 was 721%? Buy a home 
in Manhattan and invest in your future. 


Suppose that instead of buying a home in Manhattan in 
1950, someone had invested money in a bank account that 
compounds interest four times per year. What annual 
interest rate would the bank have to pay to equal the 
growth claimed in the ad? 


solution An increase of 721% means that the final value 
is 821% of the initial value. Let r denote the interest rate 
the bank would have to pay for the 50 years from 1950 to 
2000 to grow to 821% of the initial value. At that interest 
rate, compounded four times per year, in 50 years an 
initial amount of P dollars grows to 


P(1 a 


dollars. We want this to equal 8.21 times the initial 
amount, which means that we need to solve the equation 


P( # “) = 8.21P. 


To solve this equation, divide both sides by P and then 
raise both sides to the power 1/200, getting 


149 8217" 


Now subtract 1 from both sides and then multiply both 
sides by 4, getting 


r = 4(8.211/200 _ 1) ey 0.0423. 


Thus the annual interest would need to be approximately 
4.23% to equal the growth claimed in the ad. 


remark Note that 4.23% is not a particularly high re- 
turn for a long-term investment, contrary to the ad’s 
implication. 


Suppose f is a function with exponential growth such 
that 
f(1)=3 and f(3)=5. 


Evaluate f(8). 
solution We can assume 

f(x) =cb*. 
We need to find c and b. We have 


3=f(1)=cbh and 5=/(3)=cb’. 


Section 3.4 Exponential Growth 249 


Dividing the second equation by the first equation shows 


that b? = §. Thus b = (3)'””. Substituting this value for 
b into the first equation above gives 


ie. Ce 


1/2 


which implies that c = 3(2) . Thus 


Using the formula above, we have 


f(8) = 3(2)'"(3)" - (ey ~ 17.93. 


Exercises 33-34 will help you determine whether or not 
the Dilbert comic earlier in this section gives a reasonable 
method for turning a hundred dollars into a million dollars. 


33 


35 


g At 5% interest compounded once per year, how many 
years will it take to turn a hundred dollars into a million 
dollars? 


solution We want to find ft so that 
10° = 100 x 1.05°. 


Thus 1.05‘ = 10*. Take logarithms of both sides, getting 


tlog1.05 = 4. Thus t = og 105 = 188.8. Because in- 


terest is compounded only once per year, we round up 
to the next year, concluding that it will take 189 years 
to turn a hundred dollars into a million dollars at 5% 
annual interest compounded once per year. Hence the 
comic is correct in stating that there will be at least a 
million dollars after 190 years. In fact, the comic could 
have used 189 years instead of 190 years. 


g At 4% interest compounded monthly, how many years 
will it take to turn a hundred dollars into a billion dollars? 


solution We want to find t so that 


10° = 100 x (1+ omay 


Thus (1 + 294)'2 i”, 
both sides, getting 12tlog(1 + ot) = 7%. 


Take logarithms of 
Thus 


— ~ 403.624. Because interest is com- 
12 log (1 + ott) 

pounded once per month, we need to round up to the 

next month. Note that ra x 0.58 and 5 = 0.67. Thus 

we conclude that it will take 403 years, 8 months to turn 

a hundred dollars into a billion dollars at 4% annual 

interest compounded monthly. 
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See the Appendix for a review of 
the basic concepts concerning area. 


In this section, we will always 
have b = 1. In the next section, we 
make some use of other values of b. 


< 


lI 
RI 


3.5 e and the Natural Logarithm 


Learning Objectives 


By the end of this section you should be able to 
e approximate the area under a curve using rectangles; 
e explain the definition of e; 
e explain the definition of the natural logarithm and its connection with area; 


e use the exponential and natural logarithm functions. 


Estimating Area Using Rectangles 


About half of calculus (the part called integral calculus) deals with questions related 
to area. To help prepare you for that part of calculus, we now turn to some 
questions involving area. We will focus on the intuitive ideas behind area, without 
the technicalities that you will see in calculus. The understanding you will gain 
from this approach should help you when you get to calculus. 

In calculus, you will learn about the area under an arbitrary curve. We will 
keep things simple here by considering only the curve y = 1 This particular curve 
has been chosen because it will lead us to e, one of the most useful numbers in 
mathematics, and to the natural logarithm. 


For positive numbers b and c with b < c, let area(+, b, c) denote the area of the 
yellow region below: 


In other words, area(+,b, c) is the area of the region under the curve y = 1 
above the x-axis, and between the lines x = b and x =. 


The basic idea for calculating the area of a region is to approximate the region by 
rectangles. Our first example shows how to obtain a rough estimate of the area in 
the crudest possible fashion by using only one rectangle. 


Show that 
area(+,1,2) <1 


by enclosing the yellow region here in a single rectangle. 


solution The yellow region lies inside the 1-by-1 square shown here. The 1-by-1 
square has area 1. Thus the figure here shows that the area of the yellow region is 
less than 1. In other words, 


area(+, 2st. 
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The next example illustrates the procedure for approximating the area of a region 
by placing rectangles inside the region. 


Show that 
area(+,1,3) >1 


by placing eight rectangles, each with the same size base, inside the yellow region 
below. 


solution Place eight rectangles under the curve, as shown in the figure below: 


Nir 


We have divided the interval [1,3] into eight intervals of equal size. The interval 
[1,3] has length 2. Thus the base of each rectangle has length 3, which equals +. 

The base of the first rectangle is the interval [1, }]. Thus the height of the first 
rectangle is 1/3, which equals 3. Because the first rectangle has base ; and height 
- the area of the first rectangle equals i : - which equals 5 

The base of the second rectangle is the interval [3,3]. Thus the height of the 
second rectangle is 1/ 3, which equals z. Thus the area of the second rectangle 
equals } - 3, which equals 2. 

The area of the third rectangle is computed similarly. Specifically, the third 
rectangle has base } and height 1/4, which equals 4. We conclude that the area of 
the third rectangle equals } : * which equals oe 

The first three rectangles have area er ir and t as we have now computed. From 
this data, you might guess that the eight rectangles have area 5 i oe i 5 in a 
and 35. This guess is correct, as you should verify. 

Thus the sum of the areas of all eight rectangles is 


Py yd Ty a cy Ey 
5T6T7T8TOT OTN 12” 


which equals as Because these eight rectangles lie inside the yellow region, the 
area of the region is larger than the sum of the areas of the rectangles. Hence 


1 28271 
area(s, 1,3) > T7790 ° 


The fraction on the right has a larger numerator than denominator; thus this fraction 
is larger than 1. Hence without further computation the inequality above shows that 


area(+,1,3) > 1. 


In the example above, 55554 gives us an estimate for area(t, 1,3). If we want a 


more accurate estimate, we could use more and thinner rectangles under the curve. 


Unlike the previous crude example, 
this time we use eight rectangles to 
get a more accurate estimate. 


The inequality here goes in the 
opposite direction from the 
inequality in the previous example. 
Now we place rectangles under the 
curve rather than above it. 
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number of | sum of areas 
rectangles | of rectangles 


10 1.0349 
100 1.0920 
1000 1.0979 


10000 1.0985 
100000 1.0986 


Estimates of area(+, 8) 


Here values of area(4, 1,c) are 
rounded off to six digits after the 
decimal point. 


The table here shows the sum of the areas of the rectangles under the curve y = 1 


for several choices of the number of rectangles based on the interval [1,3]. Here we 
assume that the rectangles all have bases of the same size, as in the last example. 
The sums have been calculated by a computer and rounded off to five digits. 

The actual value of area(+, 1,3) is an irrational number whose first five digits 
are 1.0986, which agrees with the last entry in the table here. 

In summary, we can get an accurate estimate of the area of the yellow region 
in the last example by dividing the interval [1,3] into many small intervals, then 
computing the sum of the areas of the corresponding rectangles that lie under the 
curve. 


Defining e 


The area under portions of the curve y = 1 has some remarkable properties. To get 


a feeling for how area(+, 1,c) depends on c, consider the following table: 


area(+,1,c) 


a 


0.693147 
1.098612 
1.386294 
1.609438 
1.791759 
1.945910 
2.079442 
2.197225 


WO ONDTF WN 


The table above agrees with the inequalities that we derived earlier in this section: 
area(+, 1,2) <1 (from Example 1) and area(+, 1,3) > 1 (from Example 2). 

Before reading the next paragraph, pause for a moment to see if you can discover 
a relationship between any entries in the table above. 

If you look for a relationship between entries in the table above, most likely the 
first thing you will notice is that 


area(+,1,4) = 2area(+,1,2). 


To see if any other such relationships lurk in the table, we now add a column 
showing the ratio of area(4, 1,c) to area(1, 1,2) and another column showing the 


ratio of area(+, 1, c) to area(+, 1,3): 


1 ue 
; es ae areal ze) 
area(,1,2) area(,1,3) 
2 0.693147 1.00000 0.63093 
3 1.098612 1.58496 1.00000 
4 1.386294 2.00000 1.26186 
5 1.609438 2.32193 1.46497 
6 1.791759 2.58496 1.63093 
7 1.945910 2.80735 1.77124 
8 2.079442 3.00000 1.89279 
9 2.197225 3.16993 2.00000 


The integer entries in the last two columns stand out. We already noted that 
area(+, 1,4) =2 area(+, 1,2); the table above now shows the nice relationships 


area(+,1,8) = 3area(+,1,2) and area(+,1,9) = 2area(+,1,3). 
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Because 4 = 27 and 8 = 23 and 9 = 32, write these equations more suggestively as 
1 4 52) — 1 : 
area(+,1,2 = 2area(=,1,2); 
1 4 93) — 1 ‘ 
area(;-,1,2 i= Sarea(>, 1,2); 
1 Ww 1 
area(+,1,3 = 2area(>,1,3). 


The equations above suggest the following remarkable formula. 


An area formula 


area(4,1, é\= tarea(+,1, c) 


for every c > 1 and every t > 0. 


We already know that the formula above holds in three special cases. The 
formula above will be derived more generally in the next section. For now, assume 
the evidence from the table above is sufficiently compelling to accept this formula. 

The right side of the equation above would be simplified if c is such that 


area(+, 1,c) = 1. Thus we make the following definition. 


e is the number such that 
area(+, eel 


In other words, e is the number such that the yellow region below has area 1. 


Earlier in this section in Example 1, we showed that area(+, 1, 2) is less than 1. 


In Example 2, we saw that area(+, 1,3) is greater than 1. Thus for some number 
between 2 and 3, the area of the region we are considering must equal 1. That 
number is called e. 

The number e is given a special name because it is so useful in many parts of 
mathematics. We will see some exciting applications of e in the next two sections. 
You will encounter further special uses of e in your calculus course. 

The number e is irrational. Here is a 40-digit approximation of e: 


e © 2.718281828459045235360287471352662497757 


For many practical purposes, 2.718 is a good approximation of e—the error is about 
0.01%. The fraction Fant approximates e even better—the error is about 0.000004%. 

Keep in mind that e is not equal to 2.718 or ar: These are useful approximations, 
but e is an irrational number that cannot be represented exactly as a decimal number 


or as a fraction. 
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Examples 1 and 2 imply that 
26 <3. 


To attract mathematically skilled 
employees, Google once put up 
billboards around the country 
asking for the first 10-digit prime 
number found in consecutive 
digits of e. The solution, found 
with the aid of a computer, is 
7427466391. These ten digits start 
at the 99" digit after the decimal 
point in the decimal representation 


of e. 
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Your calculus class will use the 
notation 


to denote what we are calling 


area(+,1,c). 


As an indication of the usefulness 
of e and the natural logarithm, 
take a look at your calculator. It 
probably has buttons for e* 

and In x. 


Exponential Functions, Logarithms, and e 


Defining the Natural Logarithm 


The formula 


area(+,1, e) = tarea(+,1,c) 


was introduced above. This formula should remind you of the behavior of logarithms 


with respect to powers. We will now see that the area under the curve y = 1 is 
indeed intimately connected with a logarithm. 
In the formula above, set c equal to e and use the equation 


area(+,1,e) = 


to see that i 
area(>,1, eh 


for every positive number t. 
Now consider a number c > 1. We can write c as a power of e in the usual 
fashion: c = e!8-°, Thus 


area(+, ho) = area(+,1, el°8°) 
= log,c, 
where the last equality comes from setting t = log,c in the equation from the 
previous paragraph. 


The logarithm with base e, which appeared above, is so useful that it has a special 
name and special notation. 


Natural logarithm 


For c > 0 the natural logarithm of c, denoted Inc, is defined by 


Inc = log, c. 


With this new notation, the equality area(+, 1, c) = log, c derived above can be 
rewritten as follows. 


Natural logarithms as areas 


For c > 1, the natural logarithm of c is the area of the yellow region below: 


In other words, 


Inc =area(4,1,c). 
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Properties of the Exponential Function and Natural Logarithm 


The function whose value at x equals e* is so important that it gets a special name. 


The exponential function 


The exponential function is the function f defined by 


ie) ee 


for every real number x. 


In Section 3.1 we defined the exponential function with base b to be the function 
whose value at x is b*. Thus the exponential function defined above is just the 
exponential function with base e. In other words, if no base is mentioned, then 
assume the base is e. 

The graph of the exponential function e* looks similar to the graphs of the 
exponential functions 2* or 3* or any other exponential function with base b > 1. 
Specifically, e* grows rapidly as x gets large, and e* is close to 0 for negative values 
of x with large absolute value. 

The domain of the exponential function is the set of real numbers. The range of 
the exponential function is the set of positive numbers. The exponential function is 
an increasing function, as is every function of the form b* for b > 1. 

Powers of e have the same algebraic properties as powers of any number. Thus 
the identities listed below should already be familiar to you. They are included here 
as a review of key algebraic properties in the specific case of powers of e. 


Properties of powers of e 


The natural logarithm of a positive number x, denoted In x, equals log, x. Thus 
the graph of the natural logarithm looks similar to the graphs of the functions log, x 
or log x or log, x for any number b > 1. Specifically, Inx grows slowly as x gets 
large. Furthermore, if x is a small positive number, then In x is a negative number 
with large absolute value, as shown in the following figure. 


The graph of In x on the interval 
[e~*, e*]. The same scale is used on 
both axes to show the slow growth of 

x Inx and the rapid descent near 0 
toward negative numbers with large 
absolute value. 
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: 1 Xx 
—2 2 
The graph of the exponential 
function e* on |—2,2]. The same 
scale is used on both axes to show 
the rapid growth of e* as x 
increases. 


Because the function \n x is the 
inverse of the function e*, the 
graph of Inx could be obtained by 
flipping the graph above across the 
line y = x. 
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The domain of In x is the set of positive numbers. The range of In x is the set of 
real numbers. Furthermore, In x is an increasing function because it is the inverse of 
the increasing function e*. 
In this book, as in most precalculus Because the natural logarithm is the logarithm with base e, it has all the properties 
books, log x means logy, x. we saw earlier for logarithms with any base. For review, we summarize the key 
However, the natural logarithm is properties here. In the box below, we assume x and y are positive numbers. 
so important that many 
mathematicians (and a F 
WolframAlpha) use log x to Properties of the natural logarithm 
denote the natural logarithm rather 
than the logarithm with base 10. 


¥y The exponential function e* and the natural logarithm In x (which equals log, x) 
are the inverse functions for each other, just as the functions 2* and log, x are the 
inverse functions for each other. Thus the exponential function and the natural loga- 
rithm exhibit the same behavior as any two functions that are the inverse functions 
for each other. For review, we summarize here the key properties connecting the 
exponential function and the natural logarithm. 


Connections between the exponential function and the natural log- 
arithm 


= 2 
The graph of In x (blue) is obtained ey mca ey: 
by flipping the graph of e* e In(e*) = x for every real number x. 
(orange) across the line y = x. 


e elny — 


y for every positive number y. 


Exercises 
The next two exercises emphasize that \n(x + y) does not The next two exercises emphasize that Inj; does not equal 
equal Inx+Iny. lnw 
1 g For x = 7 and y = 13, evaluate each of the following: Iny’ 
5 g For x = 12 and y = 2, evaluate each of the following: 
(a) In(x+y) (b) Inx+Iny Gi: tae (b) Inx 
Ses y Iny 
2 g For x = 0.4 and y = 3.5, evaluate each of the following: 6 g For x = 18 and y = 0.3, evaluate each of the following: 
a) In(x+1 Inx+In 7 Inx 
(a) In(x + y) (b) y (a) Inj ) iny 


The next two exercises emphasize that \n(xy) does not equal 7 ensiher yeaa ay 


(Inx)(Iny). 8 Find a number c such that Inc = 5. 
9 Find a number x such that Inx = —2. 


3 g For x = 3 and y = 8, evaluate each of the following: 
10 Find a number x such that Inx = —3. 


I Inx)(1 
a iney) a) Ga 11 Find a number t such that In(2t+ 1) = —4. 
4 g For x = 1.1 and y = 5, evaluate each of the following: 12 Find a number w such that In(3w — 2) = 5. 
(a) In(xy) (b) (Inx)(Iny) 13 Find all numbers y such that In(y? + 1) = 3. 


14 Find all numbers r such that In(2r? — 3) = —1. 
15 Find a number x such that e?*—1! = 2. 


16 Find a number y such that e4¥~3 = 5. 


For Exercises 17-30, find all numbers x that satisfy the given 
equation. 


17 In(x+5) —In(x-1) =2 
18 In(x +4) —In(x—-2) =3 
19 In(x+5)+In(x-—1) =2 
20 In(x+4) +In(x+2) =2 
11 In(12x) -~92 26 ee t+e%= 
In(5x) 
In(112x) 27 @ In(Inx) =4 
n(11x 
= In(4x) = 28 @ in (Inx) = 
23 e* +e =6 29 @ (In(3x)) In 
24 e?* — 4e% = 12 
an 30 @ (In(6x)) Inx = 


25 e+e *=6 


31 Find the number c such that area(+, ie} =2, 


32 Find the number c such that area(+, Le)=2. 


33 Find the number t that makes e! +6 as small as possible. 
[Here et’ +6 means el +6) ] 


34 Find the number t that makes ec!’ +8!+3 as small as possi- 
ble. 


35 g Find a number y such that 


1+Iny | 
2+Iny — 


36 g Find a number w such that 
4—Inw | 
3-—5inw 


Problems 
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For Exercises 37-40, find a formula for (f 0 g)(x) assuming 
that f and g are the indicated functions. 


37 f(x)=Inx and g(x) =e* 
38 fix)=lnx and eG@)=—8 
39 f(x)=e* and g(x) =Inx 
40 f(x) =e5* and g(x) =Inx 


For each of the functions f given in Exercises 41-50: 
(a) Find the domain of f. 
(b) Find the range of f. 
(c) Find a formula for f—1. 
(d) Find the domain of f—'. 
(e) Find the range of f—1. 


You can check your solutions to part (c) by verifying that 
f-10 f =I1and fo f~1 =I. (Recall that I is the function 
defined by I(x) = x.) 


41 f(x) =2+Inx 46 f(x) =5e* 

42 f(x) =3-—Inx 47 f(x) =4+In(x-2) 
43 f(x) =4-5Inx 48 f(x) =3+In(x+5) 
44 f(x) =—6+7Inx 49 f(x) =5+6e 

45 f(x) = 3e** 50 f(x) = 4-268 


51 What is the area of the region under the curve y = 1 


between the lines x = 1 and x = e?, and above the x-axis? 


52 What is the area of the region under the curve y = 1 


between the lines x = 1 and x = e°, and above the x-axis? 


55 @ Explain why 


53 Verify that the let me rectangles in the figure in Exam- 


1 1 
ple 2 have area i 57 th Ty 


and éb 
54 g Consider this figure: 


1 ABS) 2 2.5 


The region under the curve y = 1 above the x-axis, and 
between the lines x = 1 and x = 2.5. 


(a) Calculate the sum of the areas of all six rectangles 
shown in the figure above. 
(b) Explain why the calculation you did in part (a) 
shows that ‘ 
area(>, 125) <1 
(c) Explain why the inequality above shows that 
e> 2.5; 


Inx & 2.302585 log x 


for every positive number x. 
The functions cosh and sinh are defined by 


ev +te* ex —e-* 


coshx = and sinhx = 3 


for every real number x. These functions are called the 
hyperbolic cosine and hyperbolic sine; they are useful in 
engineering. 

56 Show that cosh is an even function. 

57 Show that sinh is an odd function. 


58 Show that 
(cosh x)? — 


for every real number x. 


(sinh x)? = 


59 Show that coshx > 1 for every real number x. 
60 Show that 


cosh(x + y) = coshx coshy + sinh x sinh y 


for all real numbers x and y. 
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61 Show that 
sinh(x + y) = sinhxcoshy + coshx sinh y 


for all real numbers x and y. 

62 Show that 
(cosh x + sinh x)! = cosh(tx) + sinh(tx) 

for all real numbers x and t. 

63 Show that if x is very large, then 
ex 
coshx & sinhx x 

64 Show that the range of sinh is the set of real numbers. 


65 Show that sinh is a one-to-one function and that its in- 
verse is given by the formula 


(sinh)~'(y) = In(y+ \/y2 +1) 


for every real number y. 
66 Show that the range of cosh is the interval [1, 00). 
67 Suppose f is the function defined by 


f(x) = coshx 


for every x > 0. In other words, f is defined by the same 
formula as cosh, but the domain of f is the interval [0, 00) 
and the domain of cosh is the set of real numbers. Show 
that f is a one-to-one function and that its inverse is given 
by the formula 


fy) =In(y+ Vy -1) 


for every y > 1. 

68 Write a description of how the shape of the St. Louis 
Gateway Arch is related to the graph of coshx. You 
should be able to find the necessary information with an 
appropriate web search. 


The St. Louis Gateway Arch, the tallest national monument in 
the United States. 


The following notation is used in Problems 69-72: 
area(x?, 1 2) is the area of the region under the curve y = x, 
above the x-axis, and between the lines x = 1 and x = 2, as 


shown below. 


69 Using one rectangle, show that 


1 < area(x?,1,2). 


70 Using one rectangle, show that 


area(x”,1,2) <4. 


71 g Using four rectangles, show that 


1.96 < area(x?, 1,2). 


72 g Using four rectangles, show that 


area(x?,1,2) < 2.72. 


[The two problems above show that area(x?, 1,2) is in the 
interval (1.96, 2.72]. If we use the midpoint of that interval as 
an estimate, we get area(x”, 1,2) ~) ee = 2.34. This is 
a very good estimate—the exact value of area(x*, 1,2) is i, 
which is approximately 2.33.] 

73 Explain why the solution to part (b) of Exercise 5 in this 
section is the same as the solution to part (b) of Exercise 5 
in Section 3.3. 


74 Suppose c is a number such that area(+,1,c) > 1000. 
Explain why c > 21000 


Worked-Out Solutions to Odd-Numbered Exercises 


The next two exercises emphasize that \In(x + y) does not 
equal Inx+Iny. 


1 g For x = 7 and y = 13, evaluate each of the following: 
(a) In(x+y) (b) Inx+Iny 


solution 


(a) In(7 +13) = In20 © 2.99573 
(b) In7 +1n 13 © 1.94591 + 2.56495 


= 4.51086 


The next two exercises emphasize that \n(xy) does not equal 
(In x) (In y). 


3 g For x = 3 and y = 8, evaluate each of the following: 
(a) In(xy) (b) (Inx)(Iny) 
solution 


(a) In(3-8) = 1n24 © 3.17805 
(b) (In 3) (In 8) ~ (1.09861) (2.07944) 


& 2.2845 


The next two exercises emphasize that Inj does not equal 


Inx 
Iny’ 
5 g For x = 12 and y = 2, evaluate each of the following: 
(a) Inj ) Re 
solution 


(a) In} = In6 ~ 1.79176 


In12 _ 2.48490665 _ 
(b) “tne © Gesaia7e, ~ 3086 


7 Find a number y such that Iny = 4. 


solution Recall that Iny is simply shorthand for log, y. 
Thus the equation In y = 4 can be rewritten as log, y = 4. 


The definition of a logarithm now implies that y = et. 


9 Find a number x such that Inx = —2. 


solution Recall that Inx is simply shorthand for log, x. 


Thus the equation Inx = —2 can be rewritten as 
log, x = —2. The definition of a logarithm now implies 
that x = e~2. 


11 Find a number t such that In(2t+1) = —4. 
solution The equation In(2t+ 1) = —4 implies that 
e+ =2t+1. 


Solving this equation for t, we get 


13 Find all numbers y such that In(y? + 1) = 3. 
solution The equation In(y* + 1) = 3 implies that 
= y* +1. 


Thus y? = e? — 1, which means that y = Ve? —1 or 
y=—-Ve—1. 


15 Find a number x such that e*~! = 2. 
solution The equation e**—! = 2 implies that 
3x —1=1n2. 
Solving this equation for x, we get 


1+In2 
ne 
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For Exercises 17-30, find all numbers x that satisfy the given 
equation. 


17 In(x +5) —In(x—-1) =2 
solution Our equation can be rewritten as follows: 
2 = In(x +5) — In(x — 1) 


paar eee) 
c= 1 


=In 


Thus 
x+5 2 


x—-1 


2 
We can solve the equation above for x, getting x = ete 


19 In(x+5)+In(x—1) =2 
solution Our equation can be rewritten as follows: 
2 = In(x +5) +In(x—- 1) 
= In((x+5)(x—1)) 
= In(x* + 4x — 5). 


Thus 
xv +4x—5= e, 


which implies that 
x? + 4x — (e? +5) =0. 


We can solve the equation above using the quadratic for- 
mula, getting x = —2+ V9+e? or x = —2— V9o+e. 
However, both x +5 and x—1 are negative if 
x = —2-— V9+e?; because the logarithm of a nega- 
tive number is undefined, we must discard this root of 
the equation above. We conclude that the only value 
of x satisfying the equation In(x +5) + In(x — 1) = 2 is 
x=—-24+V9+e2. 


In(12x) 


ah THESE) 


=2 


solution Our equation can be rewritten as follows: 


In(12x) 


~ In(5x) 


— Inl2+Inx 
~ In5+Inx’ 


Solving this equation for In x (the first step in doing this 
is to multiply both sides by the denominator In5 + In x), 


we get 
Inx = In12—21n5 
= In12 —1n25 
12 
= In 55. 
Thus x = 5. 
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23 


25 


27 


29 


31 


e** + e%¥ = 6 


solution Note that e* = (e*)*. This suggests that we 
let t = e*. Then the equation above can be rewritten as 


P+t—-6=0. 


The solutions to this equation (which can be found ei- 
ther by using the quadratic formula or by factoring) are 
t = —3 and t = 2. Thus e* = —3 or e* = 2. However, 
there is no real number x such that e* = —3 (because e* 
is positive for every real number x), and thus we must 
have e* = 2. Thus x = In2 & 0.693147. 


ete *=6 
solution Let t = e*. Then the equation above can be 
rewritten as 


1 
t+5-6=0. 


Multiply both sides by t, giving the equation 
—6t+1=0. 
The solutions to this equation (which can be found 
by using the quadratic formula) are f = 3 — 2/2 and 
t=3+2,/2. Thus e* = 3-2/2 or e* = 3 +22. Thus 
the solutions to the original equation are x = In(3 — 2/2) 
and x = In(3 + 2/2). 
g In(Inx) = 4 
solution The equation In(Inx) = 4 means that e* = Inx. 
Thus x = e(@) 5.15 x 1023. 
6 (In(3x)) Inx = 4 
solution Our equation can be rewritten as follows: 
4 = (In(3x)) Inx 

= (Inx + In3) Inx 

= (Inx)* + (In3)(In x). 
Letting y = Inx, we can rewrite the equation above as 

y? + (In3)y—4 =0. 


Use the quadratic formula to solve the equation above for 
y, getting 


y © —2.62337 or y & 1.52476. 


Thus 
Inx & —2.62337 or 


which means that 


Inx 1.52476, 


x x e@ 262337 ~ 0.072558 


or 
x we et 52476 ~ 4.59403. 


Find the number c such that area(+, ley =e 


solution Because 2 = area(+,1,c) = Inc, we see that 


c=e. 


33 


35 


Find the number t that makes e" +® as small as possible. 


solution Because e* is an increasing function of x, the 
number e! +6 will be as small as possible when f? + 6t is 
as small as possible. To find when {2 + 6t is as small as 


possible, we complete the square: 
P+ 6t = (+3)? -9. 


The equation above shows that {2 + 6t is as small as pos- 
sible when t = —3. 


g Find a number y such that 


1+Iny | 


tiny 0.9. 


solution Multiplying both sides of the equation above 
by 2+ Iny and then solving for Iny gives Iny = 8. Thus 
y = e8 = 2980.96. 


For Exercises 37-40, find a formula for (f 0 g)(x) assuming 
that f and g are the indicated functions. 


37 


39 


f(x) =Inx and s(x) =e* 
solution 
(fog)(x) = f(9(x)) = f(e*) = In(e™) = 5x 
f(x) =e* and g(x) =Inx 
solution 
(fFog)(x) = f(g(x)) = f(nz) 
e2inx (ene)? x2 


For each of the functions f given in Exercises 41-50: 


(a) Find the domain of f. 
(b) Find the range of f. 

(c) Find a formula for f—1. 
(d) Find the domain of f—'. 
(e) Find the range of f—1. 


You can check your solutions to part (c) by verifying that 
f-1o f =I1and f o f~1 =I. (Recall that I is the function 
defined by I(x) = x.) 


41 


(a) 


(b) 


f(x) =2+Inx 
solution 


The expression 2 + In x makes sense for all positive num- 
bers x. Thus the domain of f is the set of positive num- 
bers. 


The range of f is obtained by adding 2 to each number 
in the range of Inx. Because the range of In x is the set 
of real numbers, the range of f is also the set of real 
numbers. 


(c) 


(d) 


(e) 


43 


(a) 


(b) 


(“) 


(d) 


45 


(a) 
(b) 


(c) 


(d) 


47 


The expression above shows that f~! is given by the 
expression 


fly) =e. 
The domain of f~! equals the range of f. Thus the do- 
main of f—! is the set of real numbers. 


The range of f—! equals the domain of f. Thus the range 
of f—! is the set of positive numbers. 


f(x) =4-5Inx 
solution 


The expression 4 — 5Inx makes sense for all positive 
numbers x. Thus the domain of f is the set of positive 
numbers. 


The range of f is obtained by multiplying each number 
in the range of Inx by —5 and then adding 4. Because the 
range of In x is the set of real numbers, the range of f is 
also the set of real numbers. 


The expression above shows that f—! is given by the 
expression 

pyar 
The domain of f~! equals the range of f. Thus the do- 
main of f—! is the set of real numbers. 


The range of f~! equals the domain of f. Thus the range 
of f—! is the set of positive numbers. 


f(x) = 36 
solution 


The expression 3e2* makes sense for all real numbers x. 
Thus the domain of f is the set of real numbers. 


To find the range of f, we need to find the numbers y 
such that 

y= 3e2* 
for some x in the domain of f. In other words, we need 
to find the values of y such that the equation above can 
be solved for a real number x. To solve this equation for 


x, divide both sides by 3, getting 4 = e2* which implies 


that 2x = In . Thus 


The expression above on the right makes sense for every 
positive number y and produces a real number x. Thus 
the range of f is the set of positive numbers. 


The expression above shows that f~! is given by the 
expression 


The domain of f~! equals the range of f. Thus the do- 
main of f—! is the set of positive numbers. 


The range of f—! equals the domain of f. Thus the range 
of f—! is the set of real numbers. 


f(x) =4+In(x — 2) 


solution 


(a) 


(b) 


(d) 


(e) 


49 


(b) 


(c) 


(d) 


(e) 


51 
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The expression 4 + In(x — 2) makes sense when x > 2. 
Thus the domain of f is the interval (2,00). 


To find the range of f, we need to find the numbers y 
such that 
y =4+4+In(x — 2) 

for some x in the domain of f. In other words, we need 
to find the values of y such that the equation above can 
be solved for a number x > 2. To solve this equation for 
x, subtract 4 from both sides, getting y — 4 = In(x — 2), 
which implies that x — 2 = eY—*, Thus 


x=2+e-4, 


The expression above on the right makes sense for every 
real number y and produces a number x > 2 (because e 
raised to any power is positive). Thus the range of f is 
the set of real numbers. 


The expression above shows that f~! is given by the 
expression 

fy) =248. 
The domain of f~! equals the range of f. Thus the do- 
main of f—! is the set of real numbers. 


The range of f~! equals the domain of f. Thus the range 
of f— is the interval (2,00). 


f(x) =5+6e* 
solution 


The expression 5 + 6e”* makes sense for all real numbers 
x. Thus the domain of f is the set of real numbers. 


To find the range of f, we need to find the numbers y 
such that 

y= 546 e/* 
for some x in the domain of f. In other words, we need 
to find the values of y such that the equation above can 
be solved for a real number x. To solve this equation for 
x, subtract 5 from both sides, then divide both sides by 6, 


getting ye = e’*, which implies that 7x = In ue Thus 
y—5 

In ig 
7 


The expression above on the right makes sense for every 
y > 5 and produces a real number x. Thus the range of f 
is the interval (5,00). 


‘— 


The expression above shows that f~! is given by the 
expression 


The domain of f~! equals the range of f. Thus the do- 
main of f—! is the interval (5,00). 


The range of f~! equals the domain of f. Thus the range 
of f—! is the set of real numbers. 


What is the area of the region under the curve y = 1 
between the lines x = 1 and x = e?, and above the x-axis? 


solution The area of this region is In(e), which equals 
2. 
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3.6 Approximations and Area with e and In 


Learning Objectives 


By the end of this section you should be able to 
e approximate In(1 + t) for small values of |f\; 
e approximate e! for small values of |t|; 
e approximate (1+ £)* when |x| is much larger than |r|; 


e explain the area formula that led to e and the natural logarithm. 


Approximation of the Natural Logarithm 


The next example leads to an important result. 


[= Example1 Discuss the behavior of In(1 + t) for |f] a small number. 


solution 
y The table here shows the value of In(1 + ft), 

rounded off to six significant digits, for some t In(1 +¢) 
small values of |t|. This table leads us to guess 0.05 0.0487902 
that In(1 + t) = ¢ if |t] is a small number, with 0.005 0.00498754 
the approximation becoming more accurate as 0.0005 0.000499875 
|t| becomes smaller. 0.00005 | 0.0000499988 
The graph here confirms that —0.05 —0.0512933 
In(1+t)=¢t —0.005 —0.00501254 
if |f| is small. At this scale, we cannot see the —0.0005 | —0.000500125 
difference between In(1 + t) and ¢ for t in the —0.00005 | —0.0000500013 


interval |—0.05,0.05]. 


The graphs of y = In(1+t) 

(orange) and y = t (blue) on 

[—0.1, 0.1]. To explain the behavior in the example above, suppose t > 0. Recall from the 

previous section that In(1-+ t) is the area of the yellow region below. If t is a 

The word “small” in this context | small positive number, then the area of this region is approximately the area of the 

does not have a rigorous meaning, rectangle below. This rectangle has base ft and height 1; thus the rectangle has area ft. 
but think of numbers t such as We conclude that In(1 +t) ¥ t. 


those in the table above. For 
purposes of visibility, t as shown 
in the figure is larger than what we 
have in mind. 


y 


The yellow region has area 
In(1 +t). The rectangle has 
area t. Thus In(1+t) * t. 


x 
11+t 


The result below shows again why the natural logarithm deserves the name 
natural. No base for logarithms other than e produces such a nice approximation. 


To remember whether In(1 + £) or : > - 
Int is approximately t for |t| small, | Approximation of the natural logarithm 
take t = O and recall that In1 = 0; 
this should point you toward the If |f| is small, then In(1 + t) & t. 
correct approximation 
In(1+#) & Ft. 
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Consider now the figure here, where we assume t is positive but not necessarily 
small. In this figure, In(1 + f) equals the area of the yellow region. 
The yellow region here contains the lower rectangle; thus the lower rectangle has 


a smaller area. The lower rectangle has base ¢ and height faa and hence has area 


t 
Tt . Thus 


t 


The large rectangle in the figure has base ¢t and height 1 and thus has area t. 


The yellow region is contained in the large rectangle; thus the large rectangle has a 
bigger area. In other words, 
In(1 +t) <t. 


Putting together the inequalities from the previous two paragraphs, we have the 
result below. 


Inequalities with the natural logarithm 


Ift >0,then yo; <In(1+#) <t. 


Approximations with the Exponential Function 


Now we turn to approximations of e*. In the next section, we will see important 
applications of these approximations involving e. 


Discuss the behavior of e* for |x| a small number. 


solution 
The table shows the value of e*, rounded off ; 
appropriatetly, for some small values of |x|. This ws e* 
table leads us to guess that eX + 1+ xif |x| isa 0.05 1.051 
small number, with the approximation becoming 0.005 1.00501 
more accurate as |x| becomes smaller. 0.0005 1.0005001 
The graph here confirms that 9.00005 | 1.000050001 
ee —0.05 0.951 
—0.005 0.99501 
if |x| is small. At this scale, we cannot see the dif- —0.0005 0.9995001 
ference between e* and 1 + x for x in the interval —0 0.00005 | 0.999950001 


[—0.05, 0.05]. 
To explain the behavior in the example above, suppose |x| is small. Then, as we 

already know, x * In(1 +x). Thus 
eve eln(1+x) 


=1+4x. 


Hence we have the following result. 
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i 1+t 


The area of the lower rectangle is 
less than the area of the yellow 
region. The area of the yellow 

region is less than the area of the 

large rectangle. 


This result is valid for all positive 
numbers t, regardless of whether t 
is small or large. 


—0.1 —0.05 0.05 0.1 . 

The graphs of y = e* (orange) and 

y =1+-x (blue) on [—0.1,0.1]. To 

save space, the horizontal axis has 

been drawn at y = 0.85 instead of 
at the usual location y = 0. 
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; Ee 
50 100 


The graphs of 
y= (1+ 1)" (orange) and 
y =e (blue) on [1,100]. 


Notice how e appears naturally in 
formulas that seem to have nothing 
to do with e. For example, 

1 1000000 . 
(1+ zp00000) 
approximately e. If we had not 
discovered e through other means, 
we probably would have discovered 

x 

it by investigating (1+ 1) for 
large values of x. 


This estimate is quite 
accurate—the first eight digits in 
the exact value of 1.00002*° are 
1.0008003. 


Another useful approximation gives good estimates for e’ even when r is not 


small. As an example, consider the following table of values of (1+ 1) - 


x | G44) 
100 2.70481 
1000 2.71692 
10000 2.71815 
100000 2.71827 
1000000 2.71828 


Values of (1+ ae rounded off to six digits. 


The last entry in the table above is the value of e, rounded off to six digits. In 


other words, it appears that 
x 


1 
(1 + -) ~e 
x 
for large values of x. An even more general approximation is valid, as we now show. 
Let r be any number, and suppose x is a number with |x| much larger than |r|. 


Thus B is small. Then, as we already know, eX ett = Thus 


Hence we have the following result. 


Approximation of the exponential function 


If |x| is much larger than |r|, then 


(a+ ")’ Ae. 


Estimate 1.000029. 


solution We have 


40 _ 40 _ (4 , 40x0.00002 \ *° 0.0008 \ 4° 
1.00002" = (1 + 0.00002)! = (1 + #*Gp0002 \"" _ (1 + O98) 


~~ e9-0008 


= 1+ 0.0008 
= 1.0008, 
where the first approximation comes from the box above (40 is much larger than 


0.0008) and the second approximation comes from the box before that (0.0008 is 
small). 


The same reasoning as used in the example above leads to the following result. 


Raising 1 plus a small number to a power 


Suppose t and n are numbers such that |f| and |nt| are small. Then 


(14+¢)" = 14nt. 


n 
The estimate in the box above holds because (1 + t)” = (1 + mt) we™ ws 1+nt. 
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An Area Formula 


The area formula 


area(+, 1:6") = tarea(+,1,c) 


played a crucial role in the previous section, leading to the definitions of e and the 
natural logarithm. Now we explain why this formula is true. 

The solution to the next example contains the key idea that will help us derive 
the area formula. In this example and the other results in the remainder of this 


section, we cannot use the equation area(+, 1,c) = Inc. Using that equation would 
be circular reasoning because we are now trying to show that area(+, 12) = 


tarea(+, 1,c), which was used to show that area(+, ic). = ine. 


Explain why area(+, 1,2) = area(+,2,4) = area(},4,8). Example 4 


solution We need to explain why the three regions below have the same area. 


y y y 
17 1F7 TF 
1 
Y= x 
1/27 1/27 
_1 
1/4 5 1/4 f i yx 
: a A ; ot 
1 2 4 8 1 8 1 2 4 8 
Define a function f with domain [1,2] by 
1 
x)=- 
fx) =+ 
and define a function g with domain [2,4] by Stretching the region on the left 


horizontally by a factor of 2 and 
1px y1 vertically by a factor of ; gives the 
a(x) = af (3) ~ 2X 7 yx" center region. Thus these two 
2 regions have the same area. 


Our results on function transformations (see Section 1.3) show that the graph of 
g is obtained from the graph of f by stretching horizontally by a factor of 2 and 
stretching vertically by a factor of 4. In other words, the region above in the center is 
obtained from the region above on the left by stretching horizontally by a factor of 2 
and stretching vertically by a factor of 7. The Area Stretch Theorem (see Appendix) 
now implies that the area of the region in the center is 2 - 5 times the area of the 
region on the left. Because 2 - = 1, this implies that the two regions have the same 
area. 

To show that the region above on the right has the same area as the region above 


on the left, follow the same procedure, but now define a function 1 with domain 


4,8] b Stretching the region on the left 
y & & 
h Lex 11 1 horizontally by a factor of 4 and 
(x) = af (z) ~~ 4 + x vertically by a factor of i gives the 


region on the right. Thus these two 
regions have the same area. 


The graph of is obtained from the graph of f by stretching horizontally by a factor 
of 4 and stretching vertically by a factor of ie The Area Stretch Theorem now implies 
that the region on the right has the same area as the region on the left. 


By inspecting a table of numbers in the previous section, we noticed that 
area(+, 12) =3 area(+, 1,2). The next result shows why this is true. 
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Example 6 


When you learn calculus, you will 
encounter many of the ideas we 
have been discussing concerning 
area. 


Explain why area(+, 1,27) =3 area(+, 12). 


solution Because 2° = 8, partition the region under the curve y = 1 above the 
x-axis, and between the lines x = 1 and x = 8 into three regions, as shown here. 
The previous example shows that each of these three regions has the same area. 


Thus area(+,1,23) - 3 area(+, 1,2). 


In the example above, there is nothing special about the number 2. We can 
replace 2 by any number c > 1, and using the same reasoning as in the two previous 
examples we can conclude that 


area(4,1,c9) a 3area(+,1,c). 


Furthermore, there is nothing special about the number 3 in the equation above. 
Replace 3 with a positive integer t and use the same reasoning as above to show that 


area(+,1,c') = tarea(+, 1c), 


At this point, we have derived the desired area formula with the restriction that 
t must be a positive integer. If you have understood everything up to this point, 
this is an excellent achievement and a reasonable stopping place. If you want to 
understand the full area formula, then work through the following example, which 
removes the restriction that t be an integer. 


Explain why area(+,1,c‘) = tarea(+,1,c) for every c > 1 and every t > 0. 


solution First we will verify the desired equation when ¢ is a positive rational 


number. So suppose t = >, where m and n are positive integers. Using the 


restricted area formula that we have already derived, but replacing c by c’/™ and 
replacing t by m, we have 


area(+, 1, cum”) =m area(+, 1,6), 
Because (c™/ my" =c", we can rewrite the equation above as 
1 n\ _ 1 n/m 
area(,1,c ) = marea(;,1,c ). 


By the restricted area formula that we have already derived, the left side of the 
equation above equals n area(+, 1,c). Thus 


n area(+, Les marea(+,1,c"/"). 
Dividing the both sides of equation above by m and reversing the two sides gives 
L 4 ifm © 1 
area(5,1,c {= a atea >, 1,0): 


In other words, we have now shown that 


area(4,1, f= tarea(+,1,c) 


whenever f is a positive rational number. Because every positive number can be 
approximated as closely as we like by a positive rational number, this implies that 
the equation above holds whenever t is a positive number. 


Exercises 


For Exercises 1-18, estimate the indicated value without us- 
ing a calculator. 


1 In1.003 2 

2 In 1.0007 ai 

3 In0.993 3 = 

4 1n0.9996 shies 

5 In3.0012 —In3 wu (—-) 

6 In4.001 — In4 ° 

7 0.0013 15 1.00001°+5 

g 0.00092 16 1.00027° 

9 e-0.0083 17 1.0001~6 

10 0.00046 18 1.00003~7 
@ 

11 057 


For Exercises 19-24, estimate the given number. Your calcu- 
lator will be unable to evaluate directly the expressions in 
these exercises. Thus you will need to do more than button 


pushing for these exercises. 
3 (10!) 2 (8) 
19 Y (1+ =m) 22 G (1- <5) 
23 @ (1 + 19-1000) 720" 


20 @ (1+ = 
4 \ (9°) 3.19100 
21 @ (1- 50) 24 @ (1+10-™) 


25 Estimate the slope of the line containing the points 


(5,In5) and (5+1071, In(5+10-1)). 


Problems 
35 Show that 


<In(1+10-”) < = 


1 
1029 4.1 1020" 


36 Estimate the value of 


10° (in(10 ay In(10°) ). 


37 (a) g Using a calculator, verify that 
log(1 + t) © 0.434294t 
for some small numbers t (for example, try t = 0.001 
and then smaller values of f). 


(b) g Explain why the approximation above follows 
from the approximation In(1+ t) * ft. 


38 (a) Using a calculator or computer, verify that 


2' — 1 © 0.693147t 
for some small numbers t (for example, try t = 0.001 
and then smaller values of f). 
(b) Explain why 2' = ef m2 for every number f. 


(c) @ Explain why the approximation in part (a) fol- 
lows from the approximation ex ltt. 
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26 Estimate the slope of the line containing the points 


(4,4) and (4+ 10-10, n(4 + 10-1009)), 


27 g Suppose t is a small positive number. Estimate 


the slope of the line containing the points (4,e*) and 
(4+t,e***), 

28 g Suppose r is a small positive number. Estimate 
the slope of the line containing the points (7, e’) and 
(7+1,e'*7), 

29 g Suppose r is a small positive number. Estimate 
the slope of the line containing the points e”, 6) and 


(e2*",6+1). 


30 g Suppose b is a small positive number. Estimate the 
slope of the line containing the points (e°,5 +b) and 
(e+, 5). 


31 g Find a number r such that 
(+s 


32 g Find a number r such that 


r \ (10) 
(1+igs) 4 
33 g Find the number c such that 
area(+,2, ¢) =3. 


34 g Find the number c such that 


area(4,5, c) =4. 


Part (b) of the problem below gives another reason why the 
natural logarithm deserves the name “natural”. 


39 Suppose x is a positive number. 
(a) Explain why x! = e!!"* for every number t. 
(b) Explain why 
xf —1 
t 


if t is close to 0. 
40 (a) g Using a calculator or computer, verify that 


an ) 


t 4 
~ 10 


(1 + 
for large values of x (for example, try x = 1000 and 
then larger values of x). 
(b) Explain why the approximation above follows from 
= 
the approximation (1 + t) ee, 
41 g Using a calculator, discover a formula for a good ap- 
proximation of 
In(2+t) —In2 
for small values of t (for example, try t = 0.04, t = 0.02, 


t = 0.01, and then smaller values of t). Then explain why 
your formula is indeed a good approximation. 
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42 Show that for every positive number c, we have 


alm 


In(e+t) —Inc® 
for small values of tf. 
43 Show that for every number c, we have 
e' —e xte 
for small values of tf. 


The next two problems combine to show that 
1i¢<e = (ity 

if t > 0. 

44 Show that if f > 0, then1+t < el. 

45 Show that if f > 0, thene’ < (1+1t)'**. 


The next two problems combine to show that 
1\* 1 x+1 
(1+%) <e< (1+) 
if x > 0. 
1 x 
46 Show that if x > 0, then (1 + ra <e. 


1 x+1 
47 Show that if x > 0, then e < (1 + z) : 


48 (a) Show that 
1.01! < e < 1.011, 


(b) Explain why 
1.0110 + 1.91101 


2 
is a reasonable estimate of e. 


49 Show that 
area(+, él) = area(+,1,b) 


for every number b > 1. 
50 Show that if 0 < a <1, then 


area(+,a,1) =—Ina. 


51 Show that 


area(+,a,b) = area(+,1, b) 


whenever 0 <a < b. 
52 Show that 


alo 


area(+,a,b) =In 
whenever 0 <a < b. 


53 Show that sinh x * x if x is close to 0. 
[The definition of sinh was given before Problem 56 in Sec- 
tion 3.5.] 


54 Suppose x is a positive number and n is any number. 
Show that if |t| is a sufficiently small nonzero number, 
then 


(= ale t)" — x" ~ nxt! 
a : 


Worked-Out Solutions to Odd-Numbered Exercises 


For Exercises 1-18, estimate the indicated value without us- 
ing a calculator. 


1 In1.003 

solution In1.003 = In(1 + 0.003) ~ 0.003 
3 In0.993 

solution 1n0.993 = In( 1+ (—0.007) ) = —0.007 
5 1n3.0012 — In3 


solution 
In 3.0012 ~ In3 = In 2012 — jn 1.0004 
= In(1 + 0.0004) 
~ 0.0004 


7 0.0013 


solution 
20-0013 ~ 1 + 0.0013 = 1.0013 


9 e— 9.0083 


solution 
e~ 9.0083 ~ 1 + (—0,0083) = 0.9917 
9 
e 
11 —.; 
28.997 
solution 
9 
eC _ ,9-8.997 _ 0.003 ~ _ 
08.997 md =e x 1+0.003 = 1.003 
e7.001, 2 
sal ( e” ) 
solution 
7.001, 2 
e _ /,7.001—7)2 __ /,0.001)2 
( e7 ) = (e ) ~ (e ) 


— 0.002 


~1+0.002 = 1.002 


15 1.00001°45 


solution Because 0.00001 and 34.5 x 0.00001 are both 
small, we have 


1.0000174> = 1 + 34.5 x 0.00001 
= 1.000345. 


17 1.0001~6 


solution Because 0.0001 and (—6) x 0.0001 are both 
small, we have 


1.0001~° ~ 1+ (—6) x 0.0001 = 0.9994. 


For Exercises 19-24, estimate the given number. Your calcu- 
lator will be unable to evaluate directly the expressions in 
these exercises. Thus you will need to do more than button 
pushing for these exercises. 


3 (10!) 
19 @ (1+ aim) 


3 (10!) 
49100 ) = 


1 0 (1-50) 


. 4 y (9%) - 
solution (1 _ sa) xe * x 0.01832 


solution (1 4 3 = 20.09 


2.191000 
23 @ (1+10-1%) 
solution 


(410° 1000 ) 2.1910 =(( (1+ 107 1000 i) 


om 2 
-_ _ “aid ) 


25 Estimate the slope of the line containing the points 
(5,In5) and (5+ 1071, In(5 + 1071)). 
solution The slope of the line containing the points 
(5,n5) and (5+1071 in(5+107%™)) 


is obtained in the usual way by taking the ratio of the 
difference of the second coordinates with the difference 
of the first coordinates: 


In(5-+10-2) —in5 _ In(1+ 5-107) 
5+1071%_—5 io 
1 4,—100 
_ 5:10 
~~ 49—100 
ol 
= 5. 


Thus the slope of the line in question is approximately 
1 


5: 
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27 g Suppose t is a small positive number. Estimate 
the slope of the line containing the points (4,e*) and 
(4+t,e***), 


solution The slope of the line containing (4,e4) and 
(4+1t,e*+') is obtained in the usual way by taking the 
ratio of the difference of the second coordinates to the 
difference of the first coordinates: 

ett _ ef — o4(et —1) 

4+t-4 t 


& 54.598 


Thus the slope of the line in question is approximately 
54.598. 


29 g Suppose r is a small positive number. Estimate 
the slope of the line containing the points (e?,6) and 
(et, 6+1). 


solution The slope of the line containing (e?,6) and 
(e?*",6 +1) is obtained in the usual way by taking the 
ratio of the difference of the second coordinates to the 
difference of the first coordinates: 

6+r—-6 r 


e2tr — e2 e2(er = 1) 


~ 0.135 


Thus the slope of the line in question is approximately 
0.135. 


31 g Find a number r such that 
r \ (10) 
(1 + =a) 25 


Thus we need to find a number r such that e” = 5. This 


implies that r  In5 = 1.60944. 
33 g Find the number c such that 
area(+,2, ce) =3. 

solution We have 


3 = area(+,2,c) 


= area(+,1,c) area(+,1,2) 
=Inc—In2 

c 
=In 2° 


Thus a = e?, which implies that c = 2e3 ~ 40.171. 
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This bank has been paying 
continuously compounded interest 
for many years. 


This formula is another example of 
how e arises naturally. 


3.7 Exponential Growth Revisited 


Learning Objectives 


By the end of this section you should be able to 
e explain the connection between continuous compounding and e; 
e make computations involving continuous compounding; 
e make computations involving continuous growth rates; 


e estimate doubling time under continuous compounding. 


Continuously Compounded Interest 


Recall that if interest is compounded n times per year at annual interest rate r, then 
after t years an initial amount P grows to 


p(+t)"; 


see Section 3.4 to review the derivation of this formula. 

More frequent compounding leads to a larger amount, because interest is earned 
on the interest more frequently. We could imagine compounding interest once per 
month (1 = 12), or once per day (n = 365), or once per hour (n = 365 x 24 = 
8760), or once per minute (n = 365 x 24 x 60 = 525600), or once per second 
(n = 365 x 24 x 60 x 60 = 31536000), or even more frequently. 

To see what happens when interest is compounded very frequently, we need to 
consider what happens to the formula above when n is very large. Recall from the 


nN 
previous section that if 1 is much larger than r, then (1 + r) ~ e’. Thus 


P(1+ ry" =P((1+ rn)" 
~ P(e)’ 
= Pe" 


In other words, if interest is compounded many times per year at annual interest 
rate r, then after t years an initial amount P grows to approximately Pe". We 
can think of Pe’! as the amount that we would have if interest were compounded 
continuously. This formula is actually shorter and cleaner than the formula involving 
compounding n times per year. 

Many banks and other financial institutions use continuous compounding rather 
than compounding a specific number of times per year. Thus they use the formula 
derived above involving e, which we now restate as follows. 


Continuous compounding 


If interest is compounded continuously at annual interest rate r, then after t 


years an initial amount P grows to 


Pe" 


Continuous compounding always produces a larger amount than compounding 
any specific number of times per year. However, for moderate initial amounts, 
moderate interest rates, and moderate time periods, the difference is not large. 
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Suppose $10,000 is placed in a bank account that pays 5% annual interest. [ = Example1 


(a) If interest is compounded continuously, how much will be in the bank account 
after 10 years? 


(b) If interest is compounded four times per year, how much will be in the bank 
account after 10 years? 


solution 


(a) The continuous compounding formula shows that $10,000 compounded contin- 


é 
uously for 10 years at 5% annual interest grows to become Child ules conmoucndina eideed 


yields more in this example, as 
expected, but the difference is only 
about $51 after 10 years. 


$10, 000¢e9-*19 ~ $16, 487. 


(b) The compound interest formula shows that $10,000 compounded four times per 


year for 10 years at 5% annual interest grows to become Bee Exons 20 [ar ait Exayiple ey 


the dramatic difference continuous 
compounding can make over a very 


4x10 
$10, 000 (1 + 0.05) 0 BS $16, 436. long time period. 


Continuous Growth Rates 


The model presented above of continuous compounding of interest can be applied 
to any situation with continuous growth at a fixed percentage. The units of time do 
not necessarily need to be years, but as usual the same time units must be used in 
all aspects of the model. Similarly, the quantity being measured need not be dollars; 
for example, this model works well for population growth over time intervals that 
are not too large. 

Because continuous growth at a fixed percentage behaves the same as continuous —5P + 
compounding with money, the formulas are the same. Instead of referring to an 
annual interest rate that is compounded continuously, we use the term continuous 
growth rate. In other words, the continuous growth rate operates like an interest 
rate that is continuously compounded. 


7P f+ 


The continuous growth rate gives a good way to measure how fast something is ii 
growing. Again, the magic number e plays a special role. Our result above about 
continuous compounding can be restated to apply to more general situations, as 
follows. 
P 
If a quantity has a continuous growth rate of r per unit time, then after t time 10203040 
units an initial amount P grows to The growth of an initial amount P 
for 40 years at 5% annual 
Pel. continuous growth rate. 


Suppose a colony of bacteria has a continuous growth rate of 10% per hour. [ —sExample2 


(a) By what percent will the colony grow after five hours? 
(b) How long will it take for the colony to grow to 250% of its initial size? 


(c) Explain why the answers to parts (a) and (b) do not depend upon the initial 
size P of the colony of bacteria. 


~100e Chapter3 Exponential Functions, Logarithms, and e 


A continuous growth rate of 10% 
per hour does not imply that the 
colony increases by 10% after one 
hour. In one hour the colony 
increases in size by a factor of e®1, 
which is approximately 1.105, 
which is an increase of 10.5%. 


The graph of ora 


interval [—4,4 


2 4 
eo /2 


on the 


. This famous 


bell-shaped curve plays a major 
role in statistics and probability. If 
you take advanced courses in those 
subjects, you will learn that this 
curve is the normal distribution 
with mean 0 and standard 
deviation 1. This curve shows 
another important use of e. 


solution 


(a) A continuous growth rate of 10% per hour means that we should set r = 0.1. If 
the colony starts at size P at time 0, then at time ¢ (measured in hours) its size 
will be Pe®1. 


Thus after five hours the size of the colony will be Pe”, which is an increase by 
a factor of e°> over the initial size P. Because e° ~ 1.65, this means that the 
colony will grow by about 65% after five hours. 


(b) We want to find ¢ such that 
Peo! = 2 5P. 


Dividing both sides by P, we see that 0.1f = In 2.5. Thus 


In2.5 
t — “0.1~ ~~ 9.16. 


Because 0.16 = : and because one-sixth of an hour is 10 minutes, we conclude 
that it will take about 9 hours, 10 minutes for the colony to grow to 250% of its 
initial size. 

(c) Parts (a) and (b) involve percentage growth. As can be seen in the solutions to 


parts (a) and (b), the initial size P of the colony cancels out of the equations. 
Thus the solutions to parts (a) and (b) do not depend upon P. 


Doubling Your Money 


The following example shows how to compute how long it takes to double your 
money with continuous compounding. 


How many years does it take for money to double at 5% annual interest compounded. 
continuously? 


solution After t years an initial amount P compounded continuously at 5% annual 
interest grows to Pe®-°!, We want this to equal twice the initial amount. Thus we 
must solve the equation 

Pe"? = 2P 


which is equivalent to the equation e-9! = 2, which implies that 0.05 = In2. Thus 


_ In2__ 0.693 _ 69.3 
0.05 0.05 5 


~ 13.9. 
Hence the initial amount of money will double in about 13.9 years. 


Suppose we want to know how long it takes money to double at 4% annual 
interest compounded continuously instead of 5%. Repeating the calculation above, 


but with 0.04 replacing 0.05, we see that money doubles in about we years at 4% 
annual interest compounded continuously. More generally, money doubles in about 


oo years at R percent interest compounded continuously. Here R is expressed as a 


percent, rather than as a number. In other words, 5% interest corresponds to R = 5. 


For quick estimates, usually it is best to round up the 69.3 appearing in the 


expression os to 70. Using 70 instead of 69 is easier because 70 is evenly divisible 


by more numbers than 69 (some people even use 72 instead of 70, but using 70 
gives more accurate results than using 72). Thus we have the following useful 
approximation formula. 
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Doubling time 


At R percent annual interest compounded continuously, money doubles in 
approximately 


70 
R 


For example, this formula shows that at 5% annual interest compounded con- 


tinuously, money doubles in about e years, which equals 14 years. This estimate 
of 14 years is close to the more precise estimate of 13.9 years that we obtained in 


Example 3. Furthermore, the computation using the # estimate is easy enough to 
do without a calculator. 


The Dilbert comic in Section 3.4 asserts that at 5% compound interest per year, $100 
will grow to one million dollars in 190 years. Explain how this assertion can be 
verified to be at least approximately correct without using calculator. 


solution The result above implies that at 5% annual interest compounded contin- 
uously, money doubles in approximately 2 years, which equals 14 years. 

One million divided by 100 equals 10,000. Thus we need for the initial amount 
to increase by a factor of 10,000. Recall that 210 ~ 1000. Thus doubling 10 times 
increases the original amount by a factor of 1000. To get to 10,000, we need to 
increase by a factor of 10 more. Because 10 ~ 8 = 23, this means that the amount 
needs to double 3 more times, for a total of doubling 13 times. Each doubling time 
takes 14 years. Now 14 x 13 = 182. 

Thus our rough estimate is that this process should take about 182 years, which is 
reasonably close to the 190 years asserted by the comic. This rought approximation 
is certainly good enough to tell us that the comic has the right order of magnitude. 
If the comic had claimed 19 years or 1900 years, then we would know that those 
claims were wrong. 


Instead of focusing on how long it takes money to double at a specified interest 
rate, we could ask what interest rate is required to make money double in a specified 
time period, as in the following example. 


What annual interest rate is needed so that money will double in seven years when 
compounded continuously? 


solution After seven years an initial amount P compounded continuously at R% 


annual interest grows to Pe7®/100. We want this to equal twice the initial amount. 
Thus we must solve the equation 


Pe7R/100 _ op 


which is equivalent to the equation e78/100 = 2, which implies that 


7R 
ia 
100. 
— 100In2 69.3 
R= ~~ 2 99, 
; 9.9 


Hence about 9.9% annual interest will make money double in seven years. 


This approximation formula again 
shows the usefulness of the natural 
logarithm. The number 70 here is 
really an approximation of 69.3, 
which is an approximation of 

100 In2. 


Example 4 


When possible, do quick and rough 
estimates like this to check that 
your more precise answer is at 
least approximately correct. 
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This formula also applies for 
continuous growth rates and for 
units other than years. For 
example, a colony of bacteria that 
doubles in size after 5 hours will 
have a continuous growth rate of 


14% per hour (because ne = 14). 


Suppose we want to know what annual interest rate is needed to double money 
in 11 years when compounded continuously. Repeating the calculation above, but 


with 11 replacing 7, we see that about 


e 3 % annual interest would be needed. More 


generally, we see that to double money in ¢ years, es percent interest is needed. 
For quick estimates, usually it is best to round up the 69.3 appearing in the 


69.3 


expression ~>~ to 70. Thus we have the following useful approximation formula. 


Doubling rate 


percent. 


The annual interest rate needed for money to double in ft years with continuous 
compounding is approximately 


For example, this formula shows that for money to double in seven years when 
compounded continuously requires about OK annual interest, which equals 10%. 
This estimate of 10% is close to the more precise estimate of 9.9% that we obtained 


in Example 5. 


Exercises 


1 


10 


g How much would an initial amount of $2000, com- 
pounded continuously at 6% annual interest, become 
after 25 years? 


g How much would an initial amount of $3000, com- 
pounded continuously at 7% annual interest, become 
after 15 years? 


g How much would you need to deposit in a bank 
account paying 4% annual interest compounded contin- 
uously so that at the end of 10 years you would have 
$10,000? 


6 How much would you need to deposit in a bank 
account paying 5% annual interest compounded contin- 
uously so that at the end of 15 years you would have 
$20,000? 


g Suppose a bank account that compounds interest con- 
tinuously grows from $100 to $110 in two years. What 
annual interest rate is the bank paying? 


g Suppose a bank account that compounds interest con- 
tinuously grows from $200 to $224 in three years. What 
annual interest rate is the bank paying? 


g Suppose a colony of bacteria has a continuous growth 
rate of 15% per hour. By what percent will the colony 
have grown after eight hours? 


g Suppose a colony of bacteria has a continuous growth 
rate of 20% per hour. By what percent will the colony 
have grown after seven hours? 


g Suppose a country’s population increases by a total 
of 3% over a two-year period. What is the continuous 
growth rate for this country? 


g Suppose a country’s population increases by a total 
of 6% over a three-year period. What is the continuous 
growth rate for this country? 


11 


12 


13 


14 


15 


16 


17 


18 


19 


20 


21 


22 


g Suppose the amount of the world’s computer hard 
disk storage increases by a total of 200% over a four- 
year period. What is the continuous growth rate for the 
amount of the world’s hard disk storage? 


g Suppose the number of cell phones in the world in- 
creases by a total of 150% over a five-year period. What is 
the continuous growth rate for the number of cell phones 
in the world? 


| Suppose a colony of bacteria has a continuous growth 
rate of 30% per hour. If the colony contains 8000 cells 
now, how many did it contain five hours ago? 


g Suppose a colony of bacteria has a continuous growth 
rate of 40% per hour. If the colony contains 7500 cells 
now, how many did it contain three hours ago? 


g Suppose a colony of bacteria has a continuous growth 
rate of 35% per hour. How long does it take the colony 
to triple in size? 


g Suppose a colony of bacteria has a continuous growth 
rate of 70% per hour. How long does it take the colony 
to quadruple in size? 


About how many years does it take for money to double 
when compounded continuously at 2% per year? 

About how many years does it take for money to double 
when compounded continuously at 10% per year? 
About how many years does it take for $200 to become 
$800 when compounded continuously at 2% per year? 
About how many years does it take for $300 to become 
$2,400 when compounded continuously at 5% per year? 


g How long does it take for money to triple when com- 
pounded continuously at 5% per year? 


g How long does it take for money to increase by a factor 
of five when compounded continuously at 7% per year? 


23 g Find a formula for estimating how long money takes 
to triple at R percent annual interest rate compounded 
continuously. 

24 o Find a formula for estimating how long money takes 
to increase by a factor of ten at R percent annual interest 
compounded continuously. 

25 g@ Suppose one bank account pays 5% annual interest 
compounded once per year, and a second bank account 
pays 5% annual interest compounded continuously. If 
both bank accounts start with the same initial amount, 
how long will it take for the second bank account to 
contain twice the amount of the first bank account? 

26 g Suppose one bank account pays 3% annual interest 
compounded once per year, and a second bank account 
pays 4% annual interest compounded continuously. If 
both bank accounts start with the same initial amount, 
how long will it take for the second bank account to 
contain 50% more than the first bank account? 

27 g Suppose a colony of 100 bacteria cells has a continuous 
growth rate of 30% per hour. Suppose a second colony 
of 200 bacteria cells has a continuous growth rate of 20% 
per hour. How long does it take for the two colonies to 
have the same number of bacteria cells? 


Problems 


33 Using compound interest, explain why 
0.05)" — 0.05 
(1 ay ) <e 


for every positive integer n. 


34 Suppose in Exercise 9 we had simply divided the 3% in- 
crease over two years by 2, getting 1.5% per year. Explain 
why this number is close to the more accurate answer of 
approximately 1.48% per year. 


35 Suppose in Exercise 11 we had simply divided the 200% 
increase over four years by 4, getting 50% per year. Ex- 
plain why we should not be surprised that this number 
is not close to the more accurate answer of approximately 
27.5% per year. 


36 Explain why every function f with exponential growth 
(see Section 3.4 for the definition) can be written in the 
form 

f(x) = ce, 


where c and k are positive numbers. 


28 


29 


30 


31 


32 


37 


38 
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g Suppose a colony of 50 bacteria cells has a continuous 
growth rate of 35% per hour. Suppose a second colony 
of 300 bacteria cells has a continuous growth rate of 15% 
per hour. How long does it take for the two colonies to 
have the same number of bacteria cells? 


Suppose a colony of bacteria has doubled in five hours. 
What is the approximate continuous growth rate of this 
colony of bacteria? 


Suppose a colony of bacteria has doubled in two hours. 
What is the approximate continuous growth rate of this 
colony of bacteria? 


g Suppose a colony of bacteria has tripled in five hours. 
What is the continuous growth rate of this colony of 
bacteria? 


g Suppose a colony of bacteria has tripled in two hours. 
What is the continuous growth rate of this colony of 
bacteria? 


In Section 3.4 we saw that if a population doubles every d 
time units, then the function p modeling this population 
growth is given by the formula 


pi=pe:2", 


where po is the population at time 0. Some books do not 
use the formula above but instead use the formula 

p(t) = poeti92)/4, 
Show that the two formulas above are really the same. 
[Which of the two formulas in this problem do you think is 
cleaner and easier to understand? ] 


In Section 3.2 we saw that if a radioactive isotope has half- 
life h, then the function modeling the number of atoms 
in a sample of this isotope is 


a(t) =ag-274/", 


where a is the number of atoms of the isotope in the 
sample at time 0. Many books do not use the formula 
above but instead use the formula 


a(t) = age (tn2)/h, 
Show that the two formulas above are really the same. 
[Which of the two formulas in this problem do you think is 
cleaner and easier to understand? ] 


Worked-Out Solutions to Odd-Numbered Exercises 


1 g How much would an initial amount of $2000, com- 
pounded continuously at 6% annual interest, become 
after 25 years? 


solution After 25 years, $2000 compounded continu- 
ously at 6% annual interest would grow to 2000¢9-06% 25 
dollars, which equals 2000e!° dollars, which is approxi- 
mately $8963. 
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3 


11 


6 How much would you need to deposit in a bank 
account paying 4% annual interest compounded contin- 
uously so that at the end of 10 years you would have 
$10,000? 


solution We need to find P such that 
10 = ne ene 
Thus 


10000 
~ 204 


= 6703. 


In other words, the initial amount in the bank account 


should be *370° 


dollars, which is approximately $6703. 


g Suppose a bank account that compounds interest con- 
tinuously grows from $100 to $110 in two years. What 
annual interest rate is the bank paying? 


solution Let r denote the annual interest rate paid by 
the bank. Then 
110 = 100e?". 


Dividing both sides of this equation by 100 gives 1.1 = er 
which implies that 2r = In 1.1, which is equivalent to 


Z— =~ 0.0477. 


Thus the annual interest is approximately 4.77%. 


g Suppose a colony of bacteria has a continuous growth 
rate of 15% per hour. By what percent will the colony 
have grown after eight hours? 


solution A continuous growth rate of 15% per hour 
means that r = 0.15. If the colony starts at size P at 


time 0, then at time t (measured in hours) its size will be 
Pe!-15t, 


Because 0.15 x 8 = 1.2, after eight hours the size of the 
colony will be Pe!2, which is an increase by a factor of 
e!2 over the initial size P. Because e!? ~ 3.32, this means 
that the colony will be about 332% of its original size after 
eight hours. Thus the colony will have grown by about 
232% after eight hours. 


g Suppose a country’s population increases by a total 
of 3% over a two-year period. What is the continuous 
growth rate for this country? 


solution A 3% increase means that we have 1.03 times as 
much as the initial amount. Thus 1.03P = Pe?", where P is 
the country’s population at the beginning of the measure- 
ment period and r is the country’s continuous growth 
rate. Thus e2’ = 1.03, which means that 2r = In 1.03. 


Thus r = In}.08 ~ 0.0148. Thus the country’s continu- 
ous growth rate is approximately 1.48% per year. 


g Suppose the amount of the world’s computer hard 
disk storage increases by a total of 200% over a four- 
year period. What is the continuous growth rate for the 
amount of the world’s hard disk storage? 


solution A 200% increase means that we have three 
times as much as the initial amount. Thus 3P = Pe*’, 
where P is amount of the world’s hard disk storage at 
the beginning of the measurement period and r is the 


13 


15 


17 


19 


21 


23 


continuous growth rate. Thus e*’ = 3, which means that 


4r = |In3. Thus r = In3 ~ 0.275. Thus the continuous 
growth rate is approximately 27.5%. 


g Suppose a colony of bacteria has a continuous growth 
rate of 30% per hour. If the colony contains 8000 cells 
now, how many did it contain five hours ago? 


solution Let P denote the number of cells at the initial 
time five hours ago. Thus we have 8000 = Pe93*5_ or 
8000 = Pe!°. Thus 


P = 8000/e!> = 1785. 


g Suppose a colony of bacteria has a continuous growth 
rate of 35% per hour. How long does it take the colony 
to triple in size? 


solution Let P denote the initial size of the colony, and 
let t denote the time that it takes the colony to triple in 
size. Then 3P = Pe®95!, which means that e°>' = 3. Thus 


0.35 = In3, which implies that ¢ = 73 ~ 3.14. Thus 
the colony triples in size in approximately 3.14 hours. 


About how many years does it take for money to double 
when compounded continuously at 2% per year? 


solution At 2% per year compounded continuously, 
money will double in approximately B years, which 
equals 35 years. 


About how many years does it take for $200 to become 
$800 when compounded continuously at 2% per year? 


solution At 2% per year, money doubles in approxi- 
mately 35 years. For $200 to become $800, it must double 
twice. Thus this will take about 70 years. 


g How long does it take for money to triple when com- 
pounded continuously at 5% per year? 


solution To triple an initial amount P in t years at 5% 
annual interest compounded continuously, the following 
equation must hold: 


pe ax 3e. 


Dividing both sides by P and then taking the natural 
logarithm of both sides gives 0.05t = In3. Thus t = ins. 


Thus it would take ing years, which is about 22 years. 


g Find a formula for estimating how long money takes 
to triple at R percent annual interest rate compounded 
continuously. 


solution To triple an initial amount P in ¢ years at R 
percent annual interest compounded continuously, the 
following equation must hold: 


pee = SP 


Dividing both sides by P and then taking the natural 
logarithm of both sides gives Rt/100 = In3. Thus 
i= 100 nS Because In3 * 1.10, this shows that money 


triples in about 0 years. 


25 


27 


g Suppose one bank account pays 5% annual interest 
compounded once per year, and a second bank account 
pays 5% annual interest compounded continuously. If 
both bank accounts start with the same initial amount, 
how long will it take for the second bank account to 
contain twice the amount of the first bank account? 


solution Suppose both bank accounts start with P dol- 
lars. After t years, the first bank account will contain 
P(1.05)! dollars and the second bank account will contain 
Pe®-0t dollars. Thus we need to solve the equation 
Pe-05t =" 
P(1.05)! 


The initial amount P drops out of this equation (as ex- 

pected), and we can rewrite this equation as follows: 
0.05 (c9.05)! t 

~ 705 1.05F Gra, 


Taking the natural logarithm of the first and last terms 
above gives 


0.05 
e 
2 


0.05 
In2=ftln Te t(In e°- — In 1.05) 


= ¢(0.05 — In1.05), 
which we can then solve for t, getting 


_ In2 
~ 0.05 — In 1.05° 


Using a calculator to evaluate the expression above, we 
see that t is approximately 573 years. 


t 


@ Suppose a colony of 100 bacteria cells has a continuous 
growth rate of 30% per hour. Suppose a second colony 
of 200 bacteria cells has a continuous growth rate of 20% 
per hour. How long does it take for the two colonies to 
have the same number of bacteria cells? 


solution After ft hours, the first colony contains 1009-3 
bacteria cells and the second colony contains 200e924 bac- 
teria cells. Thus we need to solve the equation 


29 


31 
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100e93! = 200¢e9#. 


Dividing both sides by 100 and then dividing both sides 
by e0-2t gives the equation 


O.1¢ __ 2 


Thus 0.1t = In2, which implies that 


Thus the two colonies have the same number of bacteria 
cells in a bit less than 7 hours. 


Suppose a colony of bacteria has doubled in five hours. 
What is the approximate continuous growth rate of this 
colony of bacteria? 


solution The approximate formula for doubling the 
number of bacteria is the same as for doubling money. 
Thus if a colony of bacteria doubles in five hours, then it 
has a continuous growth rate of approximately (70/5)% 
per hour. In other words, this colony of bacteria has a 
continuous growth rate of approximately 14% per hour. 


g Suppose a colony of bacteria has tripled in five hours. 
What is the continuous growth rate of this colony of 
bacteria? 


solution Let r denote the continuous growth rate of this 
colony of bacteria. If the colony initially contains P bacte- 
ria cells, then after five hours it will contain Pe” bacteria 
cells. Thus we need to solve the equation 


Pe" = 3P. 


Dividing both sides by P gives the equation er = 3, 
which implies that 5r = In3. Thus 


In3 
= — # 0.2197. 
Ps 


Thus the continuous growth rate of this colony of bacteria 
is approximately 22% per hour. 
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Chapter Summary 


To check that you have mastered the most important concepts and skills covered in this chapter, 
make sure that you can do each item in the following list: 


e Define logarithms. 


e Use common logarithms to determine how many 


digits a number has. 
e Use the formula for the logarithm of a power. 
e Model radioactive decay using half-life. 
e Use the change-of-base formula for logarithms. 


e Use the formulas for the logarithm of a product 
and a quotient. 


e Use logarithmic scales for measuring earthquakes, 


sound, and stars. 


Model population growth using functions with 
exponential growth. 


Compute compound interest. 


Approximate the area under a curve using 
rectangles. 


Explain the definition of e. 


Explain the definition of the natural logarithm. 


e Approximate e* and In(1 + x) for |x| small. 


Compute continuously compounded interest. 


Estimate how long it takes to double money at a 
given interest rate. 


To review a chapter, go through the list above to find items that you do not know how to do, then reread the material in 
the chapter about those items. Then try to answer the chapter review questions below without looking back at the chapter. 


Chapter Review Questions 


1 


2 
3 
4 


5 


10 


11 


12 


13 
14 


Find a formula for (f o g)(x), where f(x) = 3x¥%2 and 
g(x) = xv?, 

Explain how logarithms are defined. 

Explain why logarithms with base 0 are not defined. 


What is the domain of the function f defined by 
f(x) = log, (5x +1)? 

What is the range of the function f defined by 
F(x) = logy x? 


Explain why 3!°837 = 7. 
Explain why log; (5444) = 444. 


Without using a calculator or computer, estimate the 
number of digits in 2100. 


Find a number x such that log, (4* +1) = 2. 
Find all numbers x such that 


log x + log(x+2) =1. 


Evaluate log; J/125. 
Find a number b such that log, 9 = —2. 
6 How many digits does 47° have? 


6 At the time this book was written, the largest 
known prime number not of the form 2” — 1 was 
19249 . 219018586 +1. How many digits does this prime 
number have? 


15 
16 
17 


18 


19 


20 


21 


22 


23 
24 
25 


26 


g Find the smallest integer m such that 8” > 10°0?. 
@ Find the largest integer k such that 15* < 11900, 
Explain why log 200 = 2 + log 2. 


Explain why log V300 = 1+ ss 
Which of the expressions 

log x 
log y 


can be rewritten using only one log? 


logx—logy and 


Find a formula for the inverse of the function f defined 
by f(x) =4+5log,(7x +2). 


Find a formula for (fo g)(x), where f(x) = 7** and 
g(x) = log, x. 
Find a formula for (f 0 g)(x), where f(x) = log, x and 
g(x) = 2r-9 


@ Evaluate log, , 456. 

Suppose log, t = 4.3. Evaluate log, (#70). 

Suppose log, w = 3.1 and log, z = 2.2. Evaluate 
49w? 


log, “3 


g Suppose $7000 is deposited in a bank account paying 
4% interest per year, compounded 12 times per year. How 
much will be in the bank account at the end of 50 years? 


27 


28 


29 


30 


31 


32 


33 


34 


35 


36 


37 


38 
39 


40 


41 


42 


43 


g Suppose $5000 is deposited in a bank account that 
compounds interest four times per year. The bank ac- 
count contains $9900 after 13 years. What is the annual 
interest rate for this bank account? 


g A colony that initially contains 100 bacteria cells is 
growing exponentially, doubling in size every 75 minutes. 
Approximately how many bacteria cells will the colony 
have after 6 hours? 


@ A colony of bacteria is growing exponentially, dou- 
bling in size every 50 minutes. How many minutes will 
it take for the colony to become six times its current size? 


g A colony of bacteria is growing exponentially, increas- 
ing in size from 200 to 500 cells in 100 minutes. How 
many minutes does it take the colony to double in size? 


Explain why a population cannot have exponential 
growth indefinitely. 


g How many years will it take for a sample of cesium-137 
(half-life of 30 years) to have only 3% as much cesium-137 
as the original sample? 


g An earthquake with Richter magnitude 6.8 has seismic 
waves how many times as large as an earthquake with 
Richter magnitude 6.1? 


Explain why adding ten decibels to a sound multiplies 
the intensity of the sound by a factor of 10. 


Most stars have an apparent magnitude that is a positive 
number. However, four stars (not counting the sun) have 
an apparent magnitude that is a negative number. Explain 
how a star can have a negative apparent magnitude. 


What is the definition of e? 


What are the domain and range of the function f defined 
by f(x) =e*? 


What is the definition of the natural logarithm? 


What are the domain and range of the function g defined 
by g(y) =Iny? 


Find a number t such that In(4t + 3) = 5. 
What number tf makes (ef+8)! as small as possible? 
Find a number w such that e2”~7 = 6. 


Find a formula for the inverse of the function g defined 
by g(x) = 8—3e*. 


44 


45 


46 


47 


48 


49 


50 


51 


52 


53 


54 


55 


56 


57 


58 


59 
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Find a formula for the inverse of the function h defined 
by h(x) = 1—5In(x + 4). 


Show that In(In(5°) ) = 1+ In5. 


Find the area of the region under the curve y = 1 above 


the x-axis, and between the lines x = 1 and x = e. 


Find a number c such that the area of the region under 


the curve y = 1 above the x-axis, and between the lines 
x =landx=cis 45. 


g What is the area of the region under the curve y = 1 
above the x-axis, and between the lines x = 3 and x = 5? 


Draw an appropriate figure and use it to explain why 
In(1.0001) ~ 0.0001. 


Estimate the slope of the line containing the points 
(2,In(6 + 10-°°°)) and (6,1n6). 


000.002 


Estimate the value of 1000 


Estimate the slope of the line containing the points 
(6, e9-0002) and (2,1). 


6 Nae 


g Estimate the value of (1 — 788 


g How much would an initial amount of $12,000, com- 
pounded continuously at 6% annual interest, become 
after 20 years? 


g How much would you need to deposit in a bank 
account paying 6% annual interest compounded contin- 
uously so that at the end of 25 years you would have 
$100,000? 


| A bank account that compounds interest continuously 
grows from $2000 to $2878.15 in seven years. What annual 
interest rate is the bank paying? 


Approximately how many years does it take for money to 
double when compounded continuously at 5% per year? 


Suppose a colony of bacteria has doubled in 10 hours. 
What is the approximate continuous growth rate of this 
colony of bacteria? 


g At 5% interest compounded continuously but paid 
monthly (as many banks do), how long will it take to 
turn a hundred dollars into a million dollars? (See the 
Dilbert comic in Section 3.4.) 


Trigonometric Functions 


This chapter introduces the trigonometric functions. These remarkably useful 
functions appear in many parts of mathematics. 


Trigonometric functions live most comfortably in the context of the unit circle. 


Thus this chapter begins with a careful examination of the unit circle, including a 
discussion of negative angles and angles greater than 360°. 

Many formulas become simpler if angles are measured in radians rather than 
degrees. Hence we will become familiar with radians before defining the basic 
trigonometric functions—the cosine, sine, and tangent. 

After defining the trigonometric functions in the context of the unit circle, we will 


see how these functions allow us to compute the measurements of right triangles. 


We will also dip into the vast sea of trigonometric identities. 


281 


Chapter 


The Transamerica Pyramid in San 
Francisco. Architects used 
trigonometry to design the unusual 
triangular faces of this building. 
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-1 


The unit circle. 


The unit circle and 
the line x = 3. 


4.1 The Unit Circle 


Learning Objectives 


By the end of this section you should be able to 
e find points on the unit circle; 


e find the radius of the unit circle corresponding to any angle, including 
negative angles and angles greater than 360°; 


compute the length of a circular arc; 


e find the coordinates of the endpoint of the radius of the unit circle 
corresponding to any multiple of 30° or 45°. 


The Equation of the Unit Circle 


Trigonometry takes place most conveniently in the context of the unit circle. Thus 
we begin this chapter by acquainting ourselves with this crucial object. 


The unit circle 


The unit circle is the circle with radius 1 centered at the origin. 


The unit circle intersects the horizontal axis at the points (1,0) and (—1,0), and it 
intersects the vertical axis at the points (0,1) and (0,—1), as shown in the figure 
here. 

The unit circle in the xy-plane is described by the equation below. You should 
become thoroughly familiar with this equation. 


Equation of the unit circle 


The unit circle in the xy-plane is the set of points (x,y) such that 


Find the points on the unit circle whose first coordinate equals 3. 


solution We need to find the intersection of the unit circle and the line in the 
xy-plane whose equation is x = 4, as shown here. To find this intersection, set x 
equal to s in the equation x? + y* = 1 and then solve for y. In other words, we need 
to solve the equation 


2\2 
(3) ty =1. 
This simplifies to the equation y* = 5, which implies that y 3 or y < 
Thus the points on the unit circle whose first coordinate equals $ are (4, <2) and 
(3-9). 


The next example shows how to find the coordinates of the points where the unit 
circle intersects the line through the origin with slope 1 (which in the xy-plane is 
described by the equation y = x). 
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Find the points on the unit circle whose two coordinates are equal. 


solution We need to find the intersection of the unit circle and the line in the 
xy-plane whose equation is y = x. To find this intersection, set y equal to x in the 
equation x? + y* = 1 and then solve for x. In other words, we need to solve the 
equation 

oP a, 


This simplifies to the equation 2x* = 1, which implies that 


1 V2 
V2 2° 


Thus es y2) and (— = — v2) are the points on the unit circle whose coordinates 
are equal. 


Angles in the Unit Circle 


The positive horizontal axis, which plays a special role in trigonometry, is the set 
of points on the horizontal axis that lie to the right of the origin. When we want 
to call attention to the positive horizontal axis, sometimes we draw it thicker than 
normal, as shown here. 

We will also occasionally refer to the negative horizontal axis, the positive vertical 
axis, and the negative vertical axis. These terms are sufficiently descriptive so that 
definitions are almost unneeded, but here are the formal definitions. 


Positive and negative horizontal and vertical axes 


e The positive horizontal axis is the set of points in the coordinate plane of 
the form (x,0), where x > 0. 


e The negative horizontal axis is the set of points in the coordinate plane of 
the form (x,0), where x < 0. 


e The positive vertical axis is the set of points in the coordinate plane of the 
form (0,y), where y > 0. 


e The negative vertical axis is the set of points in the coordinate plane of the 
form (0,y), where y < 0. 


We will be dealing with the angle between a radius of the unit circle and the 
positive horizontal axis, measured counterclockwise from the positive horizontal 
axis. Counterclockwise refers to the opposite direction from the motion of a clock’s 
hands. 

For example, the figure here shows the radius of the unit circle whose endpoint 
is ee ~), The result of Example 2 implies that this radius has a 45° angle with 
the positive horizontal axis. 


The radius corresponding to an angle 


For @ > 0, the radius of the unit circle corresponding to 6 degrees is the 


radius that has angle @ degrees with the positive horizontal axis, as measured 
counterclockwise from the positive horizontal axis. 


| 


The unit circle and the line 
through the origin with slope 1. 


The unit circle with a thickened 
positive horizontal axis. 


The radius that has a 45° angle 
with the positive horizontal axis. 
The arrow indicates the 
counterclockwise direction. 
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Example 4 


The radius corresponding to 100° 
lies slightly to the left of the 
positive vertical axis because 100° 
is slightly bigger than 90°. 


The radius corresponding to 200° 
lies somewhat below the negative 
horizontal axis because 200° is 
somewhat bigger than 180°. 


Clockwise refers to the direction 
in which a clock’s hands move, as 
shown by the arrows in the next 
example. 


Sketch the radius of the unit circle corresponding to each of the following angles: 
90°, 180°, and 360°. 


solution The radius ending at (0,1) on the positive vertical axis has a 90° angle 
with the positive horizontal axis. 

Similarly, the radius ending at (—1,0) on the negative horizontal axis has a 180° 
angle with the positive horizontal axis. 

Going all the way around the circle corresponds to a 360° angle, getting us back 
to where we started with the radius ending at (1,0) on the positive horizontal axis. 

The figure below shows each of these key angles and its corresponding radius. 


90° 180° 360° 


Sketch the radius of the unit circle corresponding to each of the following angles: 
20°, 100°, and 200°. 


solution The figure below shows each angle, along with its corresponding radius 
in blue: 


20° 100° 200° 


Negative Angles 


Sometimes it is useful to consider the radius of the unit circle corresponding to a 
negative angle. By a negative angle we simply mean an angle that is measured 
clockwise from the positive horizontal axis. 


The radius corresponding to a negative angle 


For @ < 0, the radius of the unit circle corresponding to 6 degrees is the 


radius that has angle |@| degrees with the positive horizontal axis, as measured 
clockwise from the positive horizontal axis. 
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Sketch the radius of the unit circle corresponding to each of the following angles: 
=30", =60",.and +90", 


solution 


—30° —60° —90° The hands of a clock move in a 
clockwise direction. 


A radius can correspond to more than one angle. For example, consider the 
radius below on the left. Measuring clockwise from the positive horizontal axis, the 
radius corresponds to —60°, as shown in the center. Or measuring counterclockwise 
from the positive horizontal axis, the same radius corresponds to 300°, as shown on 
the right. 


The radius on the left corresponds to —60° (as in the center) and to 300° (as on the right). 


Each angle (positive or negative) corresponds to a unique radius of the unit circle, 
but a given radius corresponds to more than one angle. The figure above should 
convince you that each radius corresponds to some positivie ange and also to some 
negative angle. Actually, as we will soon see, each radius corresponds to infinitely 
many positive angles and infinitely many negative angles. 
In summary, the radius on the unit circle corresponding to an angle is determined 
as follows. s 


Positive and negative angles f . . ¥ 


e Angle measurements for a radius on the unit circle are made from the ; 
positive horizontal axis. f 


e Positive angles correspond to moving counterclockwise from the positive 
horizontal axis. 


% on ae 
e Negative angles correspond to moving clockwise from the positive hori- Meet / 


zontal axis. 


These bees are moving ina 
counterclockwise direction. 
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Example 6 


The same radius corresponds to 
40°, 400°, 760°, and so on. 


The same radius corresponds to 
40°, —320°, —680°, and so on. 


Angles Greater than 360° 


Sometimes we must consider angles with absolute value greater than 360°. Such 
angles arise by starting at the positive horizontal axis and looping around the circle 
one or more times. The next example shows this procedure. 


Consider the radius of the unit circle corresponding to 40°. Discuss other angles 
that correspond to this radius. 


solution Starting from the positive horizontal axis and moving counterclockwise, 
we could end up at the same radius by going completely around the circle (360°) 
and then continuing for another 40° for a total of 400°, as shown below in the 
center. Or we could go completely around the circle twice (720°) and then continue 
counterclockwise for another 40° for a total of 760°, as shown below on the right. 


40° 400° 760° 


We can get another set of angles for the same radius by measuring clockwise 
from the positive horizontal axis. The figure below in the center shows that the 
radius corresponding to 40° also corresponds to —320°. Or we could go completely 
around the circle in the clockwise direction (—360°) and then continue clockwise to 
the radius (another —320°) for a total of —680°, as shown below on the right. 


40° —320° —680° 


For each real number @, there is one radius of the unit circle corresponding to @ 
degrees. However, for each radius of the unit circle, there are infinitely many angles 
corresponding to that radius because we can add integer multiples of 360°. Here is 
the precise result. 
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Length of a Circular Arc 


Here is an intuitive definition of the length of a curve: Place a string on the curve, 
then straighten the string into a line segment and declare its length to be the length 
of the curve. 

We will now find a formula for the length of a circular arc, starting with a simple 
example. 


What is the length of a circular arc on the unit circle corresponding to 90°? 
Example 7 


solution The circular arc on the unit circle corresponding to 90° is shown here as 


the thickened part of the unit circle. 
To find the length of this circular arc, recall that the length (circumference) of 

the entire unit circle equals 27: (from the familiar expression 27tr with r = 1). The 

circular arc here is one-fourth of the unit circle. Thus its length equals ar which 

equals *. 1 
More generally, suppose 0 < @ < 360 and consider a circular arc corresponding 

to 0 degrees on a circle with radius r, as shown in the thickened part of the circle 


here. The length of this circular arc equals the fraction of the entire circle taken up 
by this circular arc times the circumference of the entire circle. In other words, the The 90° circular arc. 


length of this circular arc equals ao - 27tr, which equals oar 
In the following summary of the result that we derived above, we assume 
0<@ < 360. 
Length of a circular arc 
r 
An arc corresponding to 6 degrees on a circle with radius r has length oar 
In the special case where 6 = 360, the formula above states that a circle with 


radius r has length 27cr, which is the familiar formula for the circumference of a 
circle with radius r. 


ae . O7cr 
This circular arc has length 7g. 


The London Eye is a giant Ferris wheel in England with a diameter of 394 feet. The 
London Eye rotates about 12.3° each minute. What is the speed, in miles per hour, 
of passengers on the outer edge of the London Eye? 


Example 8 


solution The radius of the London Eye is 334 feet, which equals 197 feet. The 
formula above tells us that passengers travel 


(12.3) (197) 
180 


feet per minute, which equals approximately 42.29 feet per minute. Multiplying by 
60, we see that the passengers travel about 2537 feet per hour. Dividing by 5280 (the 
number of feet in a mile), we conclude that passengers travel about 0.48 miles per 
hour. 


The London Eye. 


Special Points on the Unit Circle 


The radius of the unit circle that corresponds to 45° has its endpoint at (4, \) 
see Example 2. The coordinates of the endpoint can also be found for the radius 
corresponding to 30° and for the radius corresponding to 60°. To do this, we first 
need to examine the dimensions of a right triangle with those angles. 
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The unlabeled vertical side of the 
large equilateral triangle has 
length 1. Thus in the top triangle, 
the vertical side has length 5 


60° 


30° 


IS 


Example 9 


The table below gives the endpoint 
of the radius of the unit circle 
corresponding to some special 
angles. 


angle | endpoint 
of radius 
0° (1,0) 


ase | (¥2,¥2) 
oo | (4,93) 
90° (0,1) 
180° | (—1,0) 


Exercises 37-42 ask you to extend 
this table to some other special 
angles. As we will see soon, the 
trigonometric functions were 
invented to extend this table to all 
angles. 


Trigonometric Functions 


Consider a right triangle, one of whose angles is 30°. Because the angles of a 
triangle add up to 180°, the other acute angle of the triangle is 60°. Suppose this 
triangle has a hypotenuse of length 1. Our goal is to find the lengths of the other 
two sides of the triangle. 

Flip the triangle across the base adjacent to the 30° angle, creating the figure 
shown here. Notice that all three angles in the large triangle are 60°. Thus the large 
triangle is an equilateral triangle. We already knew that two sides of this large 
triangle have length 1, as labeled here; now we know that the third side also has 
length 1. 

In each of the smaller triangles, the side opposite the 30° angle has half the length 
of the vertical side of the large triangle. Thus the vertical side in the top triangle 
has length 4. The Pythagorean Theorem then implies that the horizontal side has 


length 2 (you should verify this). Thus the dimensions of this triangle are as in 
the figure shown below. 


Dimensions of a triangle with angles of 30°, 60°, and 90° 


In a triangle with angles of 30°, 60°, and 90° and hypotenuse of length 1, 


e the side opposite the 30° angle has length 4; 


e the side opposite the 60° angle has length SEs 


(a) Find the coordinates of the endpoint of the radius of the unit circle correspond- 
ing to 30°. 


(b) Find the coordinates of the endpoint of the radius of the unit circle correspond- 
ing to 60°. 
solution 


(a) The radius corresponding to 30° is shown below on the left. If we drop a 
perpendicular line segment from the endpoint of the radius to the horizontal 
axis, as shown below, we get a 30°- 60°-90° triangle. The hypotenuse of that 
triangle is a radius of the unit circle and hence has length 1. Thus the side 


opposite the 60° angle has length x and the side opposite the 30° angle has 


length 5. Hence the radius corresponding to 30° has its endpoint at pe 3). 


60° 


30° 60° 


v3 


v3 4). This radius has endpoint (5, %). 


This radius has endpoint (+=, 


(b) The radius corresponding to 60° is shown above on the right. The same 
reasoning as used in part (a) shows that this radius has its endpoint at (3, 2), 


Exercises 


1 Find all numbers f¢ such that (3, t) is a point on the unit 
circle. 


2 Find all numbers ¢ such that (3, t) is a point on the unit 
circle. 


3 Find all numbers ¢ such that (t, — 2) is a point on the unit 
circle. 


4 Find all numbers ¢ such that (t, —3) is a point on the unit 
circle. 


5 Find the points where the line through the origin with 
slope 3 intersects the unit circle. 


6 Find the points where the line through the origin with 
slope 4 intersects the unit circle. 


For Exercises 7-14, sketch the unit circle and the radius cor- 
responding to the given angle. Include an arrow to show the 
direction in which the angle is measured from the positive 
horizontal axis. 


7 20° 10 330° 13. —75° 
8 80° 11 460° 14 —170° 
9 160° 12 —10° 


15 What is the angle between the hour hand and the minute 
hand on a clock at 4 0’clock? 


16 What is the angle between the hour hand and the minute 
hand on a clock at 5 o’clock? 

17 What is the angle between the hour hand and the minute 
hand on a clock at 4:30? 

18 What is the angle between the hour hand and the minute 
hand on a clock at 7:15? 

19 What is the angle between the hour hand and the minute 
hand on a clock at 1:23? 


20 What is the angle between the hour hand and the minute 
hand on a clock at 11:17? 


For Exercises 21-24, give the answers to the nearest second. 


21 At what time between 1 o’clock and 2 o’clock are the 
hour hand and the minute hand of a clock pointing in 
the same direction? 

22 At what time between 4 o’clock and 5 o’clock are the 
hour hand and the minute hand of a clock pointing in 
the same direction? 

23 Find two times between 1 pM and 2 pm when the hour 
hand and the minute hand of a clock are perpendicular. 

24 Find two times between 4 pM and 5 pm when the hour 
hand and the minute hand of a clock are perpendicular. 

25 Suppose an ant walks counterclockwise on the unit cir- 
cle from the point (1,0) to the endpoint of the radius 
corresponding to 70°. How far has the ant walked? 

26 Suppose an ant walks counterclockwise on the unit cir- 
cle from the point (1,0) to the endpoint of the radius 
corresponding to 130°. How far has the ant walked? 

27 What angle corresponds to a circular arc on the unit circle 

i ua 
with length 5? 

28 What angle corresponds to a circular arc on the unit circle 

with length B? 
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29 g What angle corresponds to a circular arc on the unit 
circle with length 32 

30 | What angle corresponds to a circular arc on the unit 
circle with length 1? 


For Exercises 31-32, assume the surface of the earth is a 
sphere with diameter 7926 miles. 

31 g Approximately how far does a ship travel when sailing 
along the equator in the Atlantic Ocean from longitude 
20° west to longitude 30° west? 

32 g Approximately how far does a ship travel when sailing 
along the equator in the Pacific Ocean from longitude 
170° west to longitude 120° west? 

33 g Suppose a ship travels for 800 miles along the equator 
in the Pacific Ocean. What is the change in longitude 
during that trip? 

34 Suppose a ship travels for 300 miles along the equator 
in the Atlantic Ocean. What is the change in longitude 
during that trip? 

35 Find the lengths of both circular arcs on the unit circle 
connecting the points (1,0) and es =, 

36 Find the lengths of both circular arcs on the unit circle 
connecting the points (1,0) and (— 2 2), 

For Exercises 37-42, find the endpoint of the radius of the 
unit circle corresponding to the given angle. 


37 120° 
38 240° 


39 —30° 
40 —150° 


41 390° 
42 510° 


For Exercises 43-48, find the angle corresponding to the ra- 
dius of the unit circle ending at the given point. Among 
the infinitely many possible correct solutions, choose the one 
with the smallest absolute value. 


a (-b 8) 48 (PB —-) a7 (2-8) 
aa (-8 4) 46 (8) a8 (4-98) 


For Exercises 49-52, suppose a spider moves along the edge 
of a circular web at a distance of 3 cm from the center. 
49 g If the spider begins on the far right side of the web 
and creeps counterclockwise until it reaches the far left 
side of the web, approximately how far does it travel? 


50 g If the spider begins on the far right side of the web 
and creeps counterclockwise until it reaches the top of 
the web, approximately how far does it travel? 


51 g If the spider crawls along the edge of the web a dis- 
tance of 2 cm, approximately what is the angle formed 
by the line segment from the center of the web to the spi- 
der’s starting point and the line segment from the center 
of the web to the spider’s finishing point? 


52 g If the spider crawls along the edge of the web a dis- 
tance of 5 cm, approximately what is the angle formed 
by the line segment from the center of the web to the spi- 
der’s starting point and the line segment from the center 
of the web to the spider’s finishing point? 


53 Find the lengths of both circular arcs on the unit circle 
connecting the point (4, a) and the endpoint of the 
radius corresponding to 130°. 
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54 Find the lengths of both circular arcs on the unit circle 


connecting the point es = 5) and the endpoint of the 
radius corresponding to 50°. 


55 Find the lengths of both circular arcs on the unit circle 


connecting the point (— ve — ) and the endpoint of 
the radius corresponding to 125°. 


Problems 


56 Find the lengths of both circular arcs on the unit circle 


connecting the point (— wee — 7) and the endpoint of the 


radius corresponding to 20°. 

57 What is the slope of the radius of the unit circle corre- 
sponding to 30°? 

58 What is the slope of the radius of the unit circle corre- 
sponding to 60°? 


Some problems require considerably more thought than the exercises. 


59 Suppose m is a real number. Find the points where the 
line through the origin with slope m intersects the unit 
circle. 


Use the following information for Problems 60-65: A grad 
is a unit of measurement for angles that is sometimes used 
in surveying, especially in some European countries. A com- 
plete revolution once around a circle is 400 grads. 
[These problems may help you work comfortably with an- 
gles in units other than degrees. In the next section we will 
introduce radians, the most important units used for angles.] 
60 How many grads are in a right angle? 
61 The angles in a triangle add up to how many grads? 
62 Each angle of an equilateral triangle has how many grads? 
63 Convert 37° to grads. 


64 Convert 37 grads to degrees. 


65 Discuss advantages and disadvantages of using grads as 
compared to degrees. 


66 Verify that each of the following points is on the unit 
circle. 


(a) (5,5) (b) (73,13) (©) (47, 79) 
The next problem shows that the unit circle contains in- 
finitely many points for which both coordinates are rational. 


67 Show that if m and n are integers, not both zero, then 
@ —n* 2mn ) 
m2 abs n2 di m2 ah. n2 


is a point on the unit circle. 


Worked-Out Solutions to Odd-Numbered Exercises 


Do not read these worked-out solutions before attempting to do the 
exercises yourself. Otherwise you may mimic the techniques shown 
here without understanding the ideas. 


1 Find all numbers f¢ such that (3, t) is a point on the unit 
circle. 


solution For (4, t) to be a point on the unit circle means 
that the sum of the squares of the coordinates equals 1. 
In other words, 


(4) +P =1. 
Thus #2 = 3, which implies that f = 2 ort = = 


Because /8 = /4-2 = V/4- \/2 = 2V2, we can rewrite 
this as t = zy2 ort = 2, 


3 Find all numbers ¢ such that (t, — 2) is a point on the unit 
circle. 


solution For (t,-2) to be a point on the unit circle 
means that the sum of the squares of the coordinates 
equals 1. In other words, 


2\2 
P+ (-§) = 1: 


Thus # = ee, which implies that t = veil ort=-— seu 


5 Find the points where the line through the origin with 
slope 3 intersects the unit circle. 


Best way to learn: Carefully read the section of the textbook, then do 
all the odd-numbered exercises and check your answers here. If you 
get stuck on an exercise, then look at the worked-out solution here. 


solution The line through the origin with slope 3 is char- 
acterized by the equation y = 3x. Substituting this value 
for y into the equation for the unit circle (x* + y* = 1) 
gives x? + (3x)? = 1, which simplifies to the equation 
10x? = 1. Thus x = valu or x = ane Using each of 
these values of x along with the equation y = 3x gives 


the points (70 ay 10) and ( 710 av 10) as the points 


of intersection of the line y = 3x and the unit circle. 


For Exercises 7-14, sketch the unit circle and the radius cor- 
responding to the given angle. Include an arrow to show the 
direction in which the angle is measured from the positive 
horizontal axis. 


7 20° 


solution 


9 


11 


13 


15 


17 


160° 
solution 
160° 
ay 1 
460° 
solution 
460° 
Ww | 
—75° 
solution (— \ 
LM | 
What is the angle between the hour hand and the minute 


hand on a clock at 4 o’clock? 


solution At 4 o’clock, the minute hand is at 12 and 
the hour hand is at 4. The angle between those two 
clock hands takes up one-third of a circle. Because going 
around the entire circle is a 360° angle, the one-third 
of the circle between 12 and 4 forms an angle of 120° 
(120 = 3 - 360). 


What is the angle between the hour hand and the minute 
hand on a clock at 4:30? 


solution At 4:30, the hour and minute hands are sepa- 
rated by 1.5 numbers on the clock (because the minute 
hand is at 6 and the hour hand is halfway between 4 and 
5). Because going around the entire circle is a 360° angle 
and the clock face has 12 numbers, the angle between two 
consecutive numbers on the clock is 30° (30 = b - 360). 
Thus the angle between the hour hand and the minute 
hand at 4:30 is 45° (45 = 1.5 x 30). 


19 
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What is the angle between the hour hand and the minute 
hand on a clock at 1:23? 


solution At 1:23, the hour hand is at position 1 + B, 
which equals 3. 

In five minutes the minute hand moves one number on 
the face of the clock (for example, from five minutes after 
the hour to ten minutes after the hour, the minute hand 
moves from 1 to 2). Thus in one minute the minute hand 
moves 5 number on the face of the clock. Thus at 23 
minutes after the hour, the minute hand is at number & 
on the face of the clock (because =4+ 2, the minute 
hand is 2 of the way between 4 and 5). 

Thus at 1:23, the hour hand and minute hand differ by 
2 _ 3 which equals we. Each number on the clock 
represents an angle of 30°, and thus the angle between 


the hour hand and minute hand at 1:23 is uw - 30°, which 


equals a which equals 96.5°. 


For Exercises 21-24, give the answers to the nearest second. 


21 


23 


At what time between 1 o’clock and 2 o’clock are the 
hour hand and the minute hand of a clock pointing in 
the same direction? 


solution Atm minutes after 1 o’clock, the minute hand 
will be at number . and the hour hand will be at number 


1+ a on the clock (see the solution to Exercise 19 for an 
explanation in the case when m = 23). We want the hour 
hand and the minute hand to be in the same location, 
which means that 


Solving the equation above for m gives m = oO Because 
7 = 5+ a7 the hour and minute hands point in the 
same direction at 1:05 plus a of a minute. Now 2 of 
a minute equals 60 - a seconds, which is approximately 
27.3 seconds. Thus the time between 1 o’clock and 2 
o’clock at which the hour hand and minute hand point 
in the same direction is approximately 1:05:27. 


Find two times between 1 pm and 2 pm when the hour 
hand and the minute hand of a clock are perpendicular. 


solution Atm minutes after 1 pm, the minute hand will 
be at number 5 and the hour hand will be at number 


1+ 20 on the clock (see the solution to Exercise 19 for an 
explanation in the case when m = 23). 


The minute hand will make a 90° angle with the hour 
hand (measured clockwise from the hour hand) if 


where the addition of 3 numbers on the clock repre- 
sents one-fourth of a rotation around the clock (because 


4 = i). Solving the equation above for m gives m = a. 
Because 20 = 21+ a the hour hand and the minute 


hand are perpendicular at 1:21 pm plus a of a minute. 
Now a of a minute equals 60 - a seconds, which is ap- 
proximately 49.1 seconds. Thus one time between 1 pm 
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25 


27 


29 


and 2 pm at which the hour hand and minute hand are 
perpendicular is approximately 1:21:49 pm. 


The minute hand will make a 270° angle with the hour 
hand (measured clockwise from the hour hand) if 


where the addition of 9 numbers on the clock represents 
three-fourths of a rotation around the clock (because 
a = 3). Solving the equation above for m gives m = a 
Because 600 = 54+ t. the hour hand and the minute 
hand are perpendicular at 1:54 pm plus t of a minute. 
Now & of a minute equals 60 - & seconds, which is ap- 
proximately 32.7 seconds. Thus the second time between 
1 pM and 2 pM at which the hour hand and minute hand 
are perpendicular is approximately 1:54:33 pM. 


Suppose an ant walks counterclockwise on the unit cir- 
cle from the point (1,0) to the endpoint of the radius 
corresponding to 70°. How far has the ant walked? 


solution We need to find the length of the circular arc 
on the unit circle corresponding to 70°. This length equals 


ae which equals as 


What angle corresponds to a circular arc on the unit circle 
with length 3? 


solution Suppose @ degrees corresponds to an arc on 


the unit circle with length Z Thus or = Solving 


this equation for 6, we get @ = 36. Thus the angle in 
question is 36°. 


g What angle corresponds to a circular arc on the unit 
circle with length 32 


solution Suppose @ degrees corresponds to an arc on 


the unit circle with length 3. Thus on = 3. Solving 
this equation for @, we get 6 = 450 Thus the angle in 


question is #0 , which is approximately 143.2°. 


For Exercises 31-32, assume the surface of the earth is a 
sphere with diameter 7926 miles. 


31 


33 


g Approximately how far does a ship travel when sailing 
along the equator in the Atlantic Ocean from longitude 
20° west to longitude 30° west? 


solution Because the diameter of the earth is approx- 
imately 7926 miles, the radius of the earth is approxi- 
mately 3963 miles. The arc along which the ship has 
sailed corresponds to 10°. Thus the length of this arc is 


1071-3963 


T80 miles, which is approximately 


approximately 
692 miles. 


g Suppose a ship travels for 800 miles along the equator 
in the Pacific Ocean. What is the change in longitude 
during that trip? 


solution Let @ denote change in longitude during this 


670-3963 _ — 800-180 _ ° 
~~ T80 _ = 800. Thus 0 = 30637 ~ 11.6°. 


trip. Then 


35 


Find the lengths of both circular arcs on the unit circle 
connecting the points (1,0) and (2. NAY. 


solution The radius of the unit circle ending at the point 
(2, ¥2) corresponds to 45°. One of the circular arcs 
connecting (1,0) and (2 v2) is shown below as the 
thickened circular arc; the other circular arc connecting 
(1,0) and ee, a) is the unthickened part of the unit 
circle below. 

‘ . 4570 F us 
The length of the thickened arc is 780° which equals q: 
The entire unit circle has length 27t. Thus the length of 


the other circular arc is 277 — ai which equals is 


The thickened 
circular arc has 


length re The other 
ne has 

a 
length ee 


45° 


For Exercises 37-42, find the endpoint of the radius of the 
unit circle corresponding to the given angle. 


37 


39 


120° 


solution The radius corresponding to 120° is shown be- 
low. The angle from this radius to the negative horizontal 
axis equals 180° — 120°, which equals 60°. Drop a per- 
pendicular line segment from the endpoint of the radius 
to the horizontal axis, forming the right triangle below. 
We already know that one angle of this right triangle is 
60°; thus the other angle must be 30°, as labeled below. 


The side of the right triangle opposite the 30° angle has 
length _ the side of the right triangle opposite the 60° 


angle has length es Looking at the figure above, we see 
that the first coordinate of the endpoint of the radius is 
the negative of the length of the side opposite the 30° 
angle, and the second coordinate of the endpoint of the 
radius is the length of the side opposite the 60° angle. 
Thus the endpoint of the radius is (— a, wa, 

—30° 


solution The radius corresponding to —30° is shown in 
the figure. Draw a perpendicular line segment from the 
endpoint of the radius to the horizontal axis, forming the 


right triangle below. We already know that one angle of 
this right triangle is 30°; thus the other angle must be 60°. 


The side of the right triangle opposite the 30° angle has 
length 3; the side of the right triangle opposite the 60° 


angle has length we Looking at the figure, we see that 
the first coordinate of the endpoint of the radius is the 
length of the side opposite the 60° angle, and the second 
coordinate of the endpoint of the radius is the negative 
of the length of the side opposite the 30° angle. Thus the 


endpoint of the radius is (3, — ne 


oe)’ 


41 390° 


solution The radius corresponding to 390° is obtained 
by starting at the horizontal axis, making one complete 
counterclockwise rotation, and then continuing for an- 
other 30°. The resulting radius is shown below. Drop 
a perpendicular line segment from the endpoint of the 
radius to the horizontal axis, forming the right triangle 
below. We already know that one angle of this right 
triangle is 30°; thus the other angle must be 60°. 


The side of the right triangle opposite the 30° angle has 
length . the side opposite the 60° angle has length _, 
Thus the endpoint of the radius is es ay 


Pal 


1 


For Exercises 43-48, find the angle corresponding to the ra- 

dius of the unit circle ending at the given point. Among 

the infinitely many possible correct solutions, choose the one 

with the smallest absolute value. 

43 (-3,%3) 
solution Draw the radius whose endpoint is (— a we) 
Drop a perpendicular line segment from the endpoint of 
the radius to the horizontal axis, forming a right triangle. 
The hypotenuse of this right triangle is a radius of the 
unit circle and thus has length 1. The horizontal side has 
length and the vertical side of this triangle has length 


ae because the endpoint of the radius is (—4, ¥2). 


45 


47 
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60° 


Thus we have a 30°- 60°-90° triangle, with the 30° angle 
opposite the horizontal side of length i, as labeled above. 
Because 180° — 60° = 120°, the radius corresponds to 
120°, as shown above. 


In addition to corresponding to 120°, this radius corre- 
sponds to 480°, 840°, and so on. This radius also corre- 
sponds to —240°, —600°, and so on. But of all the possible 
choices for this angle, the one with the smallest absolute 
value is 120°. 


(F,-¥) 


solution Draw the radius whose endpoint is (2 = 2) : 
Draw a perpendicular line segment from the endpoint 
of the radius to the horizontal axis, forming a right tri- 
angle. The hypotenuse of this right triangle is a radius 


of the unit circle and thus has length 1. The horizontal 
side has length 2 and the vertical side of this triangle 


also has length ee because the endpoint of the radius is 
(2,-32). 


J 


Thus we have here an isosceles right triangle, with two 
angles of 45° as labeled above. As can be seen from the 
figure, the radius thus corresponds to —45°. 


In addition to corresponding to —45°, this radius corre- 
sponds to 315°, 675°, and so on. This radius also corre- 
sponds to —405°, —765°, and so on. But of all the possible 
choices for this angle, the one with the smallest absolute 
value is —45°. 


(=, -2) 


27 2 


solution Draw the radius whose endpoint is 


(— ay = oy, Draw a perpendicular line segment from 


the endpoint of the radius to the horizontal axis, forming 
a right triangle. The hypotenuse of this right triangle is 
a radius of the unit circle and thus has length 1. The 
horizontal side has length 2 and the vertical side of this 
triangle also has length ne because the endpoint of the 


radius is (— a =). 
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457 1 


457 
—135° 


Thus we have here an isosceles right triangle, with two an- 
gles of 45° as labeled above. Because the radius makes a 
45° angle with the negative horizontal axis, it corresponds 
to —135°, as shown here (because 135° = 180° — 45°). 


In addition to corresponding to —135°, this radius corre- 
sponds to 225°, 585°, and so on. This radius also corre- 
sponds to —495°, —855°, and so on. But of all the possible 
choices for this angle, the one with the smallest absolute 
value is —135°. 


For Exercises 49-52, suppose a spider moves along the edge 
of a circular web at a distance of 3 cm from the center. 


49 


51 


53 


g If the spider begins on the far right side of the web 
and creeps counterclockwise until it reaches the far left 
side of the web, approximately how far does it travel? 


solution The web has circumference 27 - 3 cm, which 
equals 671 cm. Moving counterclockwise from the far 
right side of the web to the far left side of the web covers 
a distance of one-half of the circumference. Thus the 
spider has traveled > cm, which equals 37t cm, which 
is approximately 9.4 cm. 


g If the spider crawls along the edge of the web a dis- 
tance of 2 cm, approximately what is the angle formed 
by the line segment from the center of the web to the spi- 
der’s starting point and the line segment from the center 
of the web to the spider’s finishing point? 


solution Let @ denote the angle (measured in degrees) 
formed by the line segment from the center of the web 
to the spider’s starting point and the line segment from 
the center of the web to the spider’s finishing point. Thus 


3 = 2. Solving for @ gives 0 = 120 & 38.2. 


Find the lengths of both circular arcs on the unit circle 
connecting the point (4, 2) and the endpoint of the 


radius corresponding to 130°. 
solution The radius of the unit circle ending at the point 


(i ¥3) corresponds to 60°. One of the circular arcs 


connecting (i 2) and the endpoint of the radius corre- 
sponding to 130° is shown in the figure as the thickened 


55 


57 


circular arc; the other circular arc connecting these two 
points is the unthickened part of the unit circle. 


The thickened arc corresponds to 70° (because 
70° = 130° — 60°). Thus the length of the thickened 
arc is ne which equals is The entire unit circle has 
length 27t. Thus the length of the other circular arc below 


is 27t — a which equals ae 


The thickened 
130° circular arc has 
60° length ae The other 
circular arc has 
length 297 
gr 18 


Find the lengths of both circular arcs on the unit circle 


connecting the point (— Es _ a) and the endpoint of 
the radius corresponding to 125°. 


solution The radius of the unit circle ending at 


(=42,- 32) corresponds to 225° (because 225° = 


180° + 45°). One of the circular arcs connecting 


(— = — a) and the endpoint of the radius correspond- 


ing to 125° is shown below as the thickened circular arc; 
the other circular arc connecting these two points is the 
unthickened part of the unit circle. 


The thickened arc corresponds to 100° (because 
100° = 225° — 125°). Thus the length of the thickened 


arc is 1007 which equals OT The entire unit circle has 


length 27r. Thus the length of the other circular arc is 


27m — Sug which equals Se 


(<fav\ 
i 


The thickened 
circular arc has 


length ug The other 
circular arc has 
length ae, 


What is the slope of the radius of the unit circle corre- 
sponding to 30°? 


solution The radius of the unit circle corresponding 
to 30° has its initial point at (0,0) and its endpoint at 


(3, 5). Thus the slope of this radius is (4 — o/(22 —0), 


which equals = 


Ja which equals - 


4.2 Radians 


Learning Objectives 


By the end of this section you should be able to 
e convert radians to degrees and convert degrees to radians; 
e find the length of a circular arc that is described by radians; 
e find the area of a circular slice; 


e find the coordinates of the endpoint of the radius of the unit circle 
corresponding to any multiple of z radians or > radians. 


A Natural Unit of Measurement for Angles 


We have been measuring angles in degrees, with 360° corresponding to a rotation 
through the entire circle. Hence 180° corresponds to a rotation through one-half the 
circle (thus generating a line), and 90° corresponds to a rotation through one-fourth 
the circle (thus generating a right angle). 

There is nothing natural about the choice of 360 as the number of degrees in a 
complete circle. Mathematicians have introduced another unit of measurement for 
angles, called radians. Radians are often used rather than degrees because working 
with radians can lead to much nicer formulas than working with degrees. 

The unit circle has circumference 27t. In other words, an ant walking around the 
unit circle once would walk a total distance of 27r. Because going around the circle 
once corresponds to traveling a distance of 27t, the following definition is a natural 
choice for a unit of measurement for angles. As we will see, this definition makes 
the length of an arc on the unit circle equal to the corresponding angle as measured 
in radians. 


Radians are a unit of measurement for angles such that 271 radians correspond 
to a rotation through an entire circle. 


Radians and degrees are two different units for measuring angles, just as feet 
and meters are two different units for measuring lengths. 


Convert each of the following angles to degrees. Then sketch the radius of the unit 
circle corresponding to each angle. 


(a) 27 radians; (b) zt radians; (c) + radians. 
solution 


(a) To translate between radians and degrees, note that a rotation through an entire 
circle equals 27 radians and also equals 360°. Thus 


27 radians = 360°. 


(b) Rotation through half a circle equals 7t radians (because rotation through an 


entire circle equals 27t radians). Rotation through half a circle also equals 180°. 


Thus 
7t radians = 180°. 
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The use of 360° to denote a 
complete rotation around the circle 
probably arose from trying to make 
one day’s rotation of the earth 
around the sun (or the sun around 
the earth) correspond to 1°, as 
would be the case if the year had 
360 days instead of 365 days. 


Try to think of the geometry of key 
angles directly in terms of radians 
instead of translating to degrees: 


eOne complete rotation around a 
circle is 27t radians. 


eThe angles of a triangle add up 
to 7 radians. 


eA right angle is a radians. 
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(c) Because rotation through an entire circle equals 27t radians, a right angle (which 


amounts to one-fourth of a circle) equals an radians, which equals 7 radians. 
A right angle also equals 90°. Thus 


5 radians = 90°. 


z radians 7m radians 27t radians 


Convert each of the following angles to radians. Then sketch the radius of the unit 
circle corresponding to each angle. 


Here are more examples of angles — (a) 30°; (b) 45°; (c) 60°. 
directly in terms of radians instead 
of translating to degrees: solution 


e Each angle of an equilateral 


Se tee (a) If both sides of the equation 180° = zr radians are divided by 6, we get 
triangle is 3 radians. 


e The line y = x in the xy-plane 30° = z radians. 
makes an angle of a radians 


with the positive x-axis. 


: 2 o_ a : i 
= Innate ue (b) If both sides of the equation 90° = = radians are divided by 2, we get 


hypotenuse of length 1 and 


another side with length - the 45° = a radians. 
angle opposite the side with 
length } is & radians. (c) If both sides of the equation 180° = 7 radians are divided by 3, we get 


60° = 5 radians. 


1 1 1 
degrees radians 

30° 5 radians 
45° 7 radians 

4 & radians r radians 3 radians 

TU ‘ 
60° 3 radians 

0 Ta. 

am Q radians The table here summarizes the translations between degrees and radians for some 
180° m radians key angles. After you work frequently with radians, you will refer to this table less 
sae | deeded often because these translations will become part of your automatic vocabulary. 

7 radians 


To find a formula for converting any number of radians to degrees, start with the 
Translation between degrees and — equation 27 radians = 360° and divide both sides by 271, getting 
radians for commonly used angles. 
180\° 
1 radian = (—) : 
7 


Multiply both sides of the equation above by any number @ to get the formula for 
converting radians to degrees. 


Converting radians to degrees 


@ radians = Sy 


To convert in the other direction (from degrees to radians), start with the equation 
360° = 27c radians and divide both sides by 360, getting 


0 7 ai 
= 130 radians. 


Multiply both sides of the equation above by any number @ to get the formula for 
converting degrees to radians. 


Converting degrees to radians 


o wae : 
Ch 180 radians 


You do not need to memorize the two boxed formulas above for converting 
between radians and degrees. You need to remember only the defining equation 


27 radians = 360°, 


from which you can derive the other formulas as needed. The following two 
examples illustrate this procedure (without using the two boxed formulas above). 


Convert as radians to degrees. 
solution Start with the equation 27r radians = 360°. Divide both sides by 2 to 
obtain 


7 radians = 180°. 


Now multiply both sides by a, obtaining 


7 radians = @ - 180° = 14°. 


The next example illustrates the procedure for converting from degrees to radians. 


Convert 11° to radians. 


solution Start with the equation 360° = 27 radians. Divide both sides by 360 to 
obtain 
1° = — radians 
180 


Now multiply both sides by 11, obtaining 


~ _. Live : 
1 = 780 radians. 
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One radian ~ 57.3° because 
180 2 57.3, 


The term “radian” first appeared 
in print in 1873. 


Example 4 


Because ie = 0.19199, this 
example shows that 
11° = 0.19119 radians. 
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Although the symbol 7t is a Greek 
letter, the ancient Greeks did not 
use this letter to represent the ratio 
of the circumference of a circle to 
its diameter. The first book to use 
the symbol 7 as we use it today 
was published in 1706 by the 
Welsh mathematician William 
James. 


Negative angles are measured 
clockwise from the positive 
horizontal axis. 


The Radius Corresponding to an Angle 


The radius of the unit circle corresponding to @ degrees was defined in Section 4.1. 
The definition is the same when using radians, except that the angle with the 
positive horizontal axis should be measured in radians rather than degrees. Thus 
here is the definition for a positive number of radians. 


The radius corresponding to an angle 


For @ > 0, the radius of the unit circle corresponding to @ radians is the 
radius that has angle @ radians with the positive horizontal axis, as measured 
counterclockwise from the positive horizontal axis. 


For example, the radius corresponding to a radians, the radius corresponding to 
7m radians, and the radius corresponding to 271 radians are shown in the solution 
to Example 1. The solution to Example 2 shows the radius corresponding to & 
radians, the radius corresponding to f radians, and also the radius corresponding 
to 5 radians. 

In Section 4.1 we introduced negative angles, which are measured clockwise from 
the positive horizontal axis. We can now think of such angles as being measured 
in radians instead of degrees. Thus we have the following definition for the radius 
corresponding to a negative number of radians. 


The radius corresponding to a negative angle 


For 6 < 0, the radius of the unit circle corresponding to 6 radians is the radius 
that has angle |6| radians with the positive horizontal axis, as measured clockwise 
from the positive horizontal axis. 


Sketch the radius of the unit circle corresponding to each of the following angles: 
— a radians, — 5 radians, —7t radians. 


solution 


IT ‘ me 5 ‘ 
=a radians =F radians —7t radians 


We have defined the radius of the unit circle corresponding to any positive or 
negative angle measured in radians. For completeness, we also state explicitly that 
the radius corresponding to 0 radians is the radius along the positive horizontal 
axis. 

In the previous section we saw that we could obtain angles larger than 360° by 
starting at the positive horizontal axis and moving counterclockwise around the 
circle for more than a complete rotation. The same principle applies when working 
with radians, except that a complete counterclockwise rotation around the circle is 
measured as 271 radians rather than 360°. The next example illustrates this idea. 


Sketch the radius of the unit circle corresponding to each of the following angles: 
7m radians, 37 radians, 57 radians. 


solution The radius corresponding to 7 radians is shown below on the left. 

As shown in the center figure below, we end up at the same radius by moving 
counterclockwise completely around the circle (27¢ radians) and then continuing for 
another 7 radians, for a total of 371 radians. 

The figure below on the right shows that we also end up at the same radius by 
moving counterclockwise around the circle twice (47 radians) and then continuing 
for another zt radians for a total of 57t radians. 


7 radians 370 radians 57t radians 


In the figure above, we could continue to add multiples of 271, showing that the 
same radius corresponds to 7 + 27tn radians for every positive integer n. 
In the next example, we add negative multiples of 27r to the angle. 


Sketch the radius of the unit circle corresponding to each of the following angles: 
7m radians, —7t radians, —37t radians. 


solution The radius corresponding to 7t radians is shown below on the left. 

The figure below in the center shows that the radius corresponding to 7t radians 
also corresponds to —7t radians. 

Or we could go completely around the circle in the clockwise direction (—27r 
radians) and then continue clockwise to the same radius (another —7r radians) for a 
total of —37c radians, as shown below on the right. 


7 radians —7t radians —37 radians 


In the figure above, we could continue to subtract multiples of 27 radians, 
showing that the same radius corresponds to 7 + 27mm radians for every integer n. 

If we had started with any angle @ radians instead of 7t radians in the two 
previous examples, we would obtain the following result. 


Multiple choices for the angle corresponding to a radius 


A radius of the unit circle corresponding to @ radians also corresponds to @ + 27tn 
radians for every integer n. 
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Example 6 


The same radius corresponds to 7t 
radians, 37¢ radians, 57 radians, 
and so on. 


Example 7 


The same radius corresponds to 7t 
radians, —7 radians, —37t 
radians, and so on. 
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The circular arc on the unit circle 
corresponding to 1 radian has 
length 1. 


Example 8 


The minute hand of a clock travels 
through an angle of 27 radians 
every hour. 


Length of a Circular Arc 


In the previous section, we found a formula for the length of a circular arc corre- 
sponding to an angle measured in degrees. We will now derive the formula that 
should be used when measuring angles in radians. 

We begin by considering a circular arc on the unit circle corresponding to one 
radian (which is a bit more than 57°), as shown here. The entire circle corresponds 


to 27 radians; thus the fraction of the circle contained in this circular arc is aa Thus 
the length of this circular arc equals it times the circumference of the entire unit 


circle. In other words, the length of this circular arc equals a - 27t, which equals 1. 
Similarly, suppose 0 < @ < 27. The fraction of the circle contained in a circular 


arc corresponding to @ radians is _. Thus the length of a circular arc on the unit 


circle corresponding to @ radians is o -27t. Hence we have the following result. 


Length of a circular arc 


If 0 < 6 < 27, then a circular arc on the unit circle corresponding to 6 radians 
has length 0. 


The formula above using radians is much cleaner than the corresponding formula 
using degrees (see Section 4.1). This formula should not be a surprise, because we 
defined radians so that 27r radians equals the whole circle, which has length 27c for 
the unit circle. In fact, the definition of radians was chosen precisely to make this 
formula come out so nicely. 


Suppose the distance from the center of a large wall clock to the endpoint of the 
minute hand is 1 foot. 


(a) What time is it when the endpoint of the minute hand has traveled a distance 
of a feet since 10 AM? 


(b) What time is it when the endpoint of the minute hand has traveled a distance 
of 27t feet since 10 am? 


(c) What time is it when the endpoint of the minute hand has traveled a distance 
of 37t feet since 10 am? 


(d) How far does the endpoint of the minute hand travel from 10 am until 12:15 rpm? 


solution 

(a) The endpoint of the minute hand travels along the unit circle (with feet as the 
units of measurement). Thus when the minute hand has traveled a feet it 
makes an angle of = radians with its initial position. Because 5 radians is a 
right angle, when the minute hand has traveled a distance of 5 feet since 10 Am 
the time is 10:15 Am. 


(b) Traveling on the unit circle (with feet as the units) for a distance of 277 feet is 
exactly one full rotation around the circle. Thus when the minute hand has 
traveled a distance of 27t feet since 10 AM, the time is 11 Am. 


(c) Traveling on the unit circle (with feet as units) for a distance of 37t feet is 1.5 full 
rotations around the circle. Thus when the minute hand has traveled a distance 
of 371 feet since 10 AM, the time is 11:30 Am. 


(d) At 12:15 pm, the minute hand has made two complete revolutions plus one- 
fourth of a revolution since 10 am. Thus the distance traveled by the endpoint 


of the minute hand is 4 -27t feet, which equals is feet. 


Area of a Slice 


The following example will help us find a formula for the area of a slice inside a 
circle. 


If a 14-inch pizza is cut into eight slices of equal size, what is the area of one slice? 
(Pizza sizes are measured in terms of the diameter of the pizza.) 


solution The diameter of the pizza is 14 inches; thus the radius of the pizza is 
7 inches. Using the familiar formula 77? for the area inside a circle with radius r, 


we see that the entire pizza has area 497¢ square inches. One slice is one-eighth of 


the entire pizza. Thus a slice of this pizza has area aa square inches, which is 


approximately 19.2 square inches. 


To find the general formula for the area of a slice inside a circle, consider a circle 
with radius r. The area inside this circle is 71r?. The area of a slice with angle 
@ radians equals the fraction of the entire circle taken up by the slice times 7177. 


The whole circle corresponds to 27t radians, and thus the fraction taken up by a 
slice with angle 6 is eX. Putting all this together, we see that the area of the slice 


with angle 6 radians is (4)(1?), which equals 46r?. Thus we have the following 
formula. 


To test that the formula above is correct, we can let @ equal 27t radians, which 
means that the slice is the entire circle. The formula above tells us that the area 
should equal 4(27)r?, which equals mr2, which is indeed the area inside a circle 
with radius r. 


Special Points on the Unit Circle 


The table below shows the endpoint of the radius of the unit circle corresponding to 
some special angles. This is the same as the table in Section 4.1, except now we use 
radians rather than degrees. 


angle endpoint of radius 
0 radians (1,0) 
% radians es 3) 
ie ; V2 2 Coordinates of the endpoint of the radius of the 
q tadians (“3 “5) unit circle corresponding to some special angles. 
% radians (4, 13) 
a radians (0,1) 
7 radians (—1,0) 


The trigonometric functions cosine and sine, which we will meet in the next 
section, were invented so that the table above can be extended to include any angle 
6 in the left column. 

The next example shows how to find the endpoints of the radius of the unit circle 
associated with additional special angles. Similar techniques work for any integer 
multiple of & or ne 
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Example 9 


The yellow region has area Or. 
This clean formula would not be as 
nice if the angle @ were measured 
in degrees instead of radians. 
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Example 10 


60° 


Find the coordinates of the endpoint of the radius of the unit circle corresponding 


to a radians. 


solution Recall that integer multiples of 27t radians do not matter when locating 
the radius corresponding to an angle. Thus we write 


147 127+ 27 2 
3 3 ae 


and we will use oe radians instead of i radians in this problem. 


At this point you may be more comfortable switching to degrees. Note that af 
radians equals 120°. Thus now we need to find the coordinates of the endpoint of 
the radius of the unit circle corresponding to 120°. 

The radius corresponding to 120° is shown in the figure here. The angle from 
this radius to the negative horizontal axis equals 180° — 120°, which equals 60°, as 
shown in the figure. Drop a perpendicular line segment from the endpoint of the 
radius to the horizontal axis, forming a right triangle. We already know that one 
angle of this right triangle is 60°; thus the other angle must be 30°, as labeled in the 
figure. 

The side of the right triangle opposite the 30° angle has length 5; the side of the 


right triangle opposite the 60° angle has length - Looking at the figure, we see 
that the first coordinate of the endpoint of the radius is the negative of the length of 
the side opposite the 30° angle. The second coordinate of the endpoint of the radius 
is the length of the side opposite the 60° angle. Thus the endpoint of the radius is 


(-1, #8) 
2/7 2 )° 
Exercises 
In Exercises 1-8, convert each angle to radians. 25 Suppose an ant walks counterclockwise on the unit circle 
from the point (0,1) to the endpoint of the radius corre- 
1 15° 5 270° : 57 ; 
sponding to om radians. How far has the ant walked? 
2 40° 6 240° 
7 : 26 Suppose an ant walks counterclockwise on the unit cir- 
3 —45 7 1080 cle from the point (—1,0) to the endpoint of the radius 
4 —60° 8 1440° corresponding to 6 radians. How far has the ant walked? 


In Exercises 9-16, convert each angle to degrees. 


9 47 radians 
10 67t radians 


11 5 radians 


12 10 radians 


13 3 radians 
14 5 radians 


15 — 2 radians 


16 _32 radians 


For Exercises 17-24, sketch the unit circle and the radius cor- 
responding to the given angle. Include an arrow to show the 
direction in which the angle is measured from the positive 


horizontal axis. 
17 an radians 
18 3 radian 
19 2 radians 
20 5 radians 


21 ue radians 


22 -5 radians 
23 —1 radian 


24 _8 radians 


27 


28 @ 


29 


30 


Find the lengths of both circular arcs of the unit circle 
connecting the point (1,0) and the endpoint of the radius 
corresponding to 3 radians. 


Find the lengths of both circular arcs of the unit circle 
connecting the point (1,0) and the endpoint of the radius 
corresponding to 4 radians. 

g Find the lengths of both circular arcs of the unit cir- 
cle connecting the point i — 2) and the point whose 
radius corresponds to 1 radian. 

g Find the lengths of both circular arcs of the unit cir- 


cle connecting the point (— ney v2) and the point whose 
radius corresponds to 2 radians. 


Exercises 31-34 refer to a watch whose hour hand has length 
1cm. 


31 


32 


How far does the endpoint of the hour hand of the watch 
travel each day? 


How far does the endpoint of the the hour hand of the 
watch travel in three hours? 


33 g How long does it take for the the endpoint of the hour 
hand of the watch to travel 5 cm? 


34 g How long does it take for the the endpoint of the hour 
hand of the watch to travel 2 meters? 

35 For a 16-inch pizza, find the area of a slice with angle 3 
radians. 

36 For a 14-inch pizza, find the area of a slice with angle 5 
radians. 


37 Suppose a slice of a 12-inch pizza has an area of 20 square 
inches. What is the angle of this slice? 


38 Suppose a slice of a 10-inch pizza has an area of 15 square 
inches. What is the angle of this slice? 


Problems 


51 Find the formula for the length of a circular arc corre- 
sponding to @ radians on a circle with radius r. 


52 Most dictionaries define acute angles and obtuse angles 
in terms of degrees. Restate these definitions in terms of 
radians. 


53 Find a formula for converting from radians to grads. [See 
the note before Problem 60 in Section 4.1 for the definition 
of grads.] 


54 Find a formula for converting from grads to radians. 
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39 g Suppose a slice of pizza with an angle of 2 radians 
has an area of 21 square inches. What is the diameter of 
this pizza? 

40 g Suppose a slice of pizza with an angle of 1.1 radians 
has an area of 25 square inches. What is the diameter of 
this pizza? 


For each of the angles in Exercises 41-46, find the endpoint 
of the radius of the unit circle that corresponds to the given 
angle. 


41 2 radians 44 32 radians 
45 ss radians 


43 7 radians 46 Un radians 


42 i radians 


For each of the angles in Exercises 47-50, find the slope of the 
radius of the unit circle that corresponds to the given angle. 


47 _ radians 


48 TE radians 


49 7 radians 


50 32 radians 


55 Suppose the region bounded by the thickened radii and 
circular arc shown below is removed. Find a formula 
(in terms of 6) for the perimeter of the remaining region 
inside the unit circle. 


ax 


Assume 0 < 0 < 270. 


Worked-Out Solutions to Odd-Numbered Exercises 


In Exercises 1-8, convert each angle to radians. 
1-5? 
solution Start with the equation 
360° = 27 radians. 


Divide both sides by 360 to obtain 


is TO cass 
1 = 130 radians. 


Now multiply both sides by 15, obtaining 


o _ 157 . _ . 
15 = 730 radians = D radians. 


3 —45° 
solution Start with the equation 


360° = 27t radians. 


Divide both sides by 360 to obtain 
1 


ie 180 radians. 
Now multiply both sides by —45, obtaining 
o 457 . _ . 
—45° = 730 radians = Z radians. 


5 270° 


solution Start with the equation 
360° = 27 radians. 
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Divide both sides by 360 to obtain 15 = 2 radians 
y= Ta radians. solution Start with the equation 
Now multiply both sides by 270, obtaining 2n radians = 360". 
2707 an Divide both sides by 2 to obtain 
270° = radians = —— radians. ; 
180 2 7 radians = 180°. 


Now multiply both sides by — z, obtaining 
7 1080° 
Beis radians = = - 180° = —120°. 
solution Start with the equation 3 3 


360° = 27 radians. 


For Exercises 17-24, sketch the unit circle and the radius cor- 

responding to the given angle. Include an arrow to show the 

(osetia. direction in which the angle is measured from the positive 
180 horizontal axis. 


Divide both sides by 360 to obtain 


Now multiply both sides by 1080, obtaining 17 22 +a digs 
18 


1080° = a radians = 67 radians. solution 
In Exercises 9-16, convert each angle to degrees. VEX 


9 47 radians 


solution Start with the equation 


27 radians = 360°. 


The radius corresponding to radians, 
Multiply both sides by 2, obtaining 


which equals 50°. 
47 radians = 2 - 360° = 720°. 
19 2 radians 
11 3 radians solution 
solution Start with the equation 
2 
27 radians = 360°. 
Divide both sides by 2 to obtain 1 
7 radians = 180°. 
Now divide both sides by 9, obtaining 
- 180° The radius corresponding to 2 radians, 
9 radians = > = 20°. which is approximately 114.6°. 
11 : 
13 3 radians 21 = radians 
solution Start with the equation solution 
27 radians = 360°. 
llz 


Divide both sides by 271 to obtain 


“5/ 
1 radian = isa . ar. 
8 


Now multiply both sides by 3, obtaining 


3 radians — 3. 180° _ 540° 
POA SE ge ga The radius corresponding to 


which equals 396°. 


l1lz 


radians, 


23 


25 


27 


—1 radian 


solution 


The radius corresponding to —1 radian, 
which is approximately —57.3°. 


Suppose an ant walks counterclockwise on the unit circle 
from the point (0,1) to the endpoint of the radius corre- 


sponding to a radians. How far has the ant walked? 


solution The radius whose endpoint equals (0,1) corre- 
sponds to = radians, which is the smaller angle shown 
below. 

5m 
4 
radians lies i radians beyond the negative horizontal 
axis (halfway between the negative horizontal axis and 
the negative vertical axis). Thus the ant ends its walk at 
the endpoint of the radius corresponding to the larger 


angle shown below. 


Because oa = a+ ne the radius corresponding to 


The ant walks along the thickened circular arc shown 
above. This circular arc corresponds to a - 5 radians, 
which equals 3h radians. Thus the distance walked by 
the ant is 3m 


g Find the lengths of both circular arcs of the unit circle 
connecting the point (1,0) and the endpoint of the radius 
corresponding to 3 radians. 


solution Because 3 is a bit less than 71, the radius cor- 
responding to 3 radians lies a bit above the negative 
horizontal axis, as shown below. The thickened circular 
arc corresponds to 3 radians and thus has length 3. The 
entire unit circle has length 27r. Thus the length of the 
other circular arc is 27t — 3, which is approximately 3.28. 


29 
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g Find the lengths of both circular arcs of the unit cir- 


cle connecting the point (2. — v2) and the point whose 


radius corresponds to 1 radian. 


solution The radius of the unit circle whose endpoint 


us ‘ 
equals (=, - =) corresponds to — q radians, as shown 
with the clockwise arrow below. The radius correspond- 
ing to 1 radian is shown with a counterclockwise arrow. 


Thus the thickened circular arc above corresponds to 
1+ z radians and thus has length 1 + ne which is approx- 
imately 1.79. The entire unit circle has length 277. Thus 


the length of the other circular arc below is 277 — (1+ nae 


which equals ces — 1, which is approximately 4.50. 


Exercises 31-34 refer to a watch whose hour hand has length 
1cm. 


31 


33 


35 


37 


How far does the endpoint of the hour hand of the watch 
travel each day? 


solution The the endpoint of the hour hand travels 27t 
cm for each complete revolution. Each day, the hour hand 
makes two complete revolutions. Thus the the endpoint 
of the hour hand travels 47t cm each day. 


g How long does it take for the the endpoint of the hour 
hand of the watch to travel 5 cm? 


solution Because a complete revolution of the hour hand 
takes 12 hours, in one hour the hour hand moves through 
an angle of an radians, which equals z radians. Thus 
in one hour, the endpoint of the hour hand travels 5 cm. 
Thus it takes $ hours for the hour hand to travel 1 cm. 
Multiplying by 5, we see that it takes 30 hours for the 


hour hand to travel 5 cm. Because 20 = 9.55, we see that 
it takes a bit more than nine and one-half hours for the 
endpoint of the hour hand to travel 5 cm. 


For a 16-inch pizza, find the area of a slice with angle 3 
radians. 


solution Pizzas are measured by their diameters; thus 
this pizza has a radius of 8 inches. Thus the area of the 
slice is 1 : 4 - 82, which equals 24 square inches. 
Suppose a slice of a 12-inch pizza has an area of 20 square 
inches. What is the angle of this slice? 


solution This pizza has a radius of 6 inches. Let 6 denote 
the angle of this slice, measured in radians. Then 
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— 1). 22 
20 = 58 -6°. 
Solving this equation for 6, we get 6 = u radians. 


39 g Suppose a slice of pizza with an angle of 2 radians 
has an area of 21 square inches. What is the diameter of 
this pizza? 


solution Let r denote the radius of this pizza. Thus 


_1 5,2 
eh = a7 er 


Solving this equation for r, we get r = / 232 ~ 7.1. Thus 
the diameter of the pizza is approximately 14.2 inches. 


For each of the angles in Exercises 41-46, find the endpoint 
of the radius of the unit circle that corresponds to the given 
angle, 


41 Ss radians 


solution Note that ss radians equals 150°. 


The radius corresponding to 150° is shown below. The an- 
gle from this radius to the negative horizontal axis equals 
180° — 150°, which equals 30°. Drop a perpendicular line 
segment from the endpoint of the radius to the horizontal 
axis, forming the right triangle below. We already know 
that one angle of this right triangle is 30°; thus the other 
angle must be 60°, as labeled below. 

The side of the right triangle opposite the 30° angle has 
length A; the side of the right triangle opposite the 60° 
angle has length wes Looking at the figure, we see that 
the first coordinate of the endpoint of the radius is the 
negative of the length of the side opposite the 60° angle. 
The second coordinate of the endpoint of the radius is 
the length of the side opposite the 30° angle. Thus the 


endpoint of the radius is (—¥*, 5). 


lig 
0° 


50° 


43 i radians 


solution Note that — a radians equals —45°. 


The radius corresponding to —45° is shown in the figure. 


Draw a perpendicular line segment from the endpoint 
of the radius to the horizontal axis, forming the right 
triangle in the figure. We already know that one angle of 
this right triangle is 45°; thus the other angle must also 
be 45°, as labeled in the figure. 


The hypotenuse of this right triangle is a radius of the 
unit circle and thus has length 1. The other two sides 


each have length 2. Looking at the figure, we see that 


the first coordinate of the endpoint of the radius is 2 


The second coordinate of the endpoint of the radius is 


_ =. Thus the endpoint of the radius is es — 2). 


q 


45 sis radians 


solution Note that Sis =2n+ Thus the radius cor- 


responding to Sls radians is obtained by starting at the 
horizontal axis, making one complete counterclockwise 
rotation (which is 27t radians), and then continuing for 
another = radians. The resulting radius is shown below. 
Its endpoint is (0,1). 


For each of the angles in Exercises 47-50, find the slope of the 
radius of the unit circle that corresponds to the given angle. 


47 oe radians 


solution As we saw in the solution to Exercise 41, the 
endpoint of the radius corresponding to aa radians is 


(= = 5). Thus the slope of this radius is 


which equals — Wa which equals — Es 


49 — a radians 


solution As we saw in the solution to Exercise 43, the 
endpoint of the radius corresponding to — i radians is 


Ce, a aA), Thus the slope of this radius is 


which equals —1. 
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4.3 Cosine and Sine 


Learning Objectives 


By the end of this section you should be able to 


e evaluate the cosine and sine of any multiple of 30° or 45° CG radians or 
a radians); 


e determine whether the cosine (or sine) of an angle is positive or negative 
from the location of the corresponding radius; 


e sketch the radius corresponding to @ if given either cos @ or sin@ and the 
sign of the other quantity; 


e find cos @ and sin @ if given one of these quantities and the quadrant of the 
corresponding radius. 


Definition of Cosine and Sine 


The table here shows the endpoint of the radius of the unit circle corresponding to 
some special angles. This table comes from tables in Sections 4.1 and 4.2. 

We might consider extending the table above to other angles. For example, 
suppose we want to know the endpoint of the radius corresponding to is radians. 
Unfortunately, the coordinates of the endpoint of that radius do not have a nice 
form—neither coordinate is a rational number or even the square root of a rational 
number. The cosine and sine functions, which we are about to introduce, were 
invented to help us extend this table to all angles. 

Before introducing the cosine and sine functions, we state a common assumption 
about notation in trigonometry. 


Angles without units 
If no units are given for an angle, then assume the units are radians. 


The figure below shows a radius of the unit circle corresponding to @ (here @ 
might be measured in either radians or degrees). The endpoint of this radius is used 
to define the cosine and sine, as follows. 


The cosine of 6, denoted cos 6, is the first coordinate of the endpoint of the 
radius of the unit circle corresponding to 0. 


The sine of @, denoted sin 6, is the second coordinate of the endpoint of the 
radius of the unit circle corresponding to 6. 


The two definitions above can be combined into a single statement, as follows. 


Cosine and sine 


The endpoint of the radius of the unit circle corresponding to @ has coordinates 
(cos 6, sin @). 


0 0 endpoint 
radians | degrees | of radius 
0 0° (1,0) 
7 ° V3 1 
6 | 3 | Cy+a) 
1 0 v2 v2 
a | & | Cre) 
7 ° 1 V3 
Zs | © | (3-"r) 
a 90° (0,1) 
7 180° (—1,0) 
27 360° (1,0) 


Coordinates of the endpoint of the 
radius of the unit circle 
corresponding to special angles. 


(cos 6, sin 8) 


This figure defines cosine and sine. 
If you understand this figure well, 
then you can figure out a big 
chunk of trigonometry. 
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Here units are not specified for the 
7 
angle =. Thus we assume we are 


dealing with 5 radians. 


Sy, 


The radius corresponding to 2 
radians has endpoint (0,1). 


ray 


Compare this table to the first table 
in this section and make sure you 
understand what is going on here. 


1 


The radius corresponding to — 5 
radians has endpoint (0,—1). 


Most calculators can work in 
radians or degrees. When you use 
a calculator to compute values of 
cosine or sine, be sure your 
calculator is set to work in the 
appropriate units. 


Evaluate cos = and sin 
solution The radius corresponding to 5 radians has endpoint (0,1). Thus 
7 i 
cos =0 and sins =1. 


Using degrees instead of radians, we could write cos 90° = 0 and sin 90° = 1. 


The table below gives the cosine and sine of some special angles. This table is 
obtained by breaking the last column of the previous table into two columns, with 
the first coordinate labeled as cosine and the second coordinate labeled as sine. 


6 (radians) | 0 (degrees) cos 0 sind 
0 0° 1 0 
7U ° V3 1 
6 oy “2 f 
7U fo) V2 v2 
a 7 os = 
TU ° 1 V3 
zg ee 2 = 
7 ° 
> 90 0 1 
us 180° —1 0 

270 360° 1 0 


The next example extends the table above to another special angle. 


Evaluate cos (— 5) and sin (— 5) ; 


solution The radius corresponding to — radians has endpoint (0, —1) as shown 
here. Thus 


cos(—F) =0 and sin(—4) —1. 


Using degrees instead of radians, we have cos(—90°) = 0 and sin(—90°) = —1. 


In addition to adding a row for — 5 radians (which equals —90°), we could add 


many more entries to the table for the cosine and sine of special angles. Possibilities 


would include oe radians (which equals 120°), *E radians (which equals 150°), 


the negatives of all the angles already in the table, and so on. This would quickly 
become far too much information to memorize. Instead of memorizing, concentrate 
on understanding the definitions of cosine and sine. 

Similarly, do not become dependent on a calculator for evaluating the cosine and 
sine of special angles. If you need numeric values for cos2 or sin17°, then use a 
calculator. But if you get in the habit of using a calculator for evaluating expressions 
such as cos 0 or sin(—180°), then cosine and sine will become simply buttons on 
your calculator and you will not be able to use these functions meaningfully. 

Note that cos and sin are functions; thus cos(@) and sin(@) might be a better 
notation than cos @ and sin @. In an expression such as 


cos 10 
cos5 ’ 


we cannot cancel cos in the numerator and denominator, just as we cannot cancel a 


f (10) 


function f in the numerator and denominator of ¥6) Similarly, the expression 


above is not equal to cos 2, just as - S is usually not equal to f (2). 
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The Signs of Cosine and Sine 


The coordinate axes divide the coordinate plane into four regions, often called 
quadrants. The quadrant in which a radius lies determines whether the cosine 
and sine of the corresponding angle are positive or negative. The figure below 


shows the sign of the cosine and the sign of the sine in each of the four quadrants. 


Thus, for example, an angle corresponding to a radius lying in the region marked 
“cos @ < 0,sin@ > 0” (the upper-left quadrant) will have a cosine that is negative 
and a sine that is positive. 


cos@é <0, sind > 0 cos@ > 0, sind > 0 


cos@é <0, sind <0 cos@ > 0, sin@d <0 


Recall that the cosine of an angle is the first coordinate of the endpoint of the 
corresponding radius. Thus the cosine is positive in the two quadrants where the 
first coordinate is positive, as shown in the figure above. Also, the cosine is negative 
in the two quadrants where the first coordinate is negative. 

Similarly, the sine of an angle is the second coordinate of the endpoint of the 
corresponding radius. Thus the sine is positive in the two quadrants where the 
second coordinate is positive, as shown in the figure above. Also, the sine is negative 
in the two quadrants where the second coordinate is negative. 

The next example should help you understand how the quadrant determines the 
sign of the cosine and sine. 


(a) Evaluate cos i and sin us 


(b) Evaluate cos 3h and sin 3H 


7U : TU 
(c) Evaluate cos(— 7) and sin(—{). 
(d) Evaluate cos(— 3m) and sin(— Sf). 
solution The four angles a 37 ie and an radians (or, equivalently, 45°, 
135°, —45°, and —135°) are shown in the next figure. Each coordinate of the radius 
corresponding to each of these angles is either ve or — _ the only issue to worry 
about in computing the cosine and sine of these angles is the sign. 
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There is no need to memorize this 
figure, because you can always 
reconstruct it if you understand 
the definitions of cosine and sine. 


To remember that cos @ is the first 
coordinate of the endpoint of the 
radius corresponding to 0 and 
sin 6 is the second coordinate, keep 
cosine and sine in alphabetical 
order. 
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Quadrants can be labeled by the 
descriptive terms upper/lower and 
right/left. For example, the radius 


corresponding to Ss radians 
(which equals 135°) is in the 
upper-left quadrant. 


Example 4 


The radius corresponding to angle 
6 with cos @ = 0.4 and sin@ < 0. 


(cos 6, sin 6) 


The point (cos 0, sin @) is on the 
unit circle. 
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DP 


= vadians 37 radians — = radians _ 3m radians 
4 4 4 4 


(a) Both coordinates of the endpoint of the radius corresponding to t radians are 


positive. Thus cos i = v2 and sin i = v2. 
(b) The first coordinate of the endpoint of the radius corresponding to 3 radi- 
ans is negative; the second coordinate is positive. Thus cos “a = =e and 
- 3 _ V2 
sin. “Loos 


(c) The first coordinate of the endpoint of the radius corresponding to — a radians 


is positive and the second coordinate is negative. Thus cos(—7) = v2 and 


sin(—F) =-Y. 
(d) Both coordinates of the endpoint of the radius corresponding to — 3m radians 
are negative. Thus cos(— 32) = a and sin(— 32) = =v. 


The next example shows how to use information about the signs of the cosine 
and sine to locate the corresponding radius. 


Sketch the radius of the unit circle corresponding to an angle @ such that 


cos@=0.4 and siné <0. 


solution Because cos 6 is positive and sin @ is negative, the radius corresponding 
to @ lies in the lower-right quadrant. To find the endpoint of this radius, which has 
first coordinate 0.4, start with the point 0.4 on the horizontal axis and then move 
vertically down to reach a point on the unit circle. Then draw the radius from the 
origin to that point, as shown here. 


The Key Equation Connecting Cosine and Sine 

By definition of cosine and sine, the point (cos 6,sin @) is on the unit circle, which 

is the set of points in the coordinate plane such that the sum of the squares of the 

coordinates equals 1. In the xy-plane, the unit circle is described by the equation 
a? y? =1. 


Thus the following crucial equation holds. 


Relationship between cosine and sine 


(cos 6)? + (sin@)* =1 


for every angle 0. 
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Given either cos @ or sin 6, the last equation can be used to solve for the other 
quantity, provided that we have enough additional information to determine the 
sign. The following example illustrates this procedure. 


Suppose @ is an angle such that sin@ = 0.6, and suppose also that 5 <O0< 7. 


Evaluate cos 0. 


solution The equation above implies that (cos @)* + (0.6)* = 1. Because (0.6) = 
0.36, this implies that 
(cos 0)? = 0.64. 


Thus cos @ = 0.8 or cos@ = —0.8. The additional information that a <0<7 
implies that cos @ is negative, as can been seen in the figure. Thus 


cos@ = —0.8. 


The Graphs of Cosine and Sine 


Before graphing the cosine and sine functions, we should think carefully about the 
domain and range of these functions. Recall that for each real number 0, there is a 
radius of the unit circle corresponding to @. 

Recall also that the coordinates of the endpoints of the radius corresponding to 


the angle 6 are labeled (cos 6@,sin@), thus defining the cosine and sine functions. 


These functions are defined for every real number @. Thus the domain of both cosine 
and sine is the set of real numbers. 
As we have already noted, a consequence of (cos 6, sin @) lying on the unit circle 
is the equation 
(cos 6)? + (sin@)* = 1. 


Because (cos @)* and (sin @)? are both nonnegative, the equation above implies that 


(cos@)* <1 and (sin@)? <1. 


Thus cos @ and sin @ must both be between —1 and 1. 


Cosine and sine are between —1 and 1 


-—1<cos@<1 and —1<sin@<1 


for every angle 0. 


These inequalities could also be written in the following form: 
|cos@] <1 and |sin@| <1. 


The first coordinates of the points of the unit circle are precisely the values of the 
cosine function. Every number in the interval [—1, 1] is the first coordinate of some 
point on the unit circle. Thus we can conclude that the range of the cosine function 
is the interval [—1,1]. A similar conclusion holds for the sine function (use second 
coordinates instead of first coordinates). 

In summary, we have the following results. 


Domain and range of cosine and sine 


e The domain of both cosine and sine is the set of real numbers. 


e The range of both cosine and sine is the interval [—1, 1]. 


These inequalities can be used as a 
crude test of the plausibility of a 
result. For example, suppose you 
do a calculation and determine that 
cos 6 = 2, which is impossible. 
Thus either there is a mistake in 


your calculation or solutions 
corresponding to cos @ = 2 should 
be discarded (see the solution to 
Exercise 33 for an example). 
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The Greek mathematician 


Hipparchus, depicted here in a 
19!"-century illustration, 
developed trigonometry over 2100 
years ago as a tool for calculations 
in astronomy. 


The word sine comes from the 
Latin word sinus, which means 
curve. 


Because the domain of the cosine and the sine is the set of real numbers, we 
cannot show the graph of these functions on their entire domain. To understand 
what the graphs of these functions look like, we start by looking at the graph of 
cosine on the interval {—67r, 671]. 


The graph of cosine on the interval [—67t, 671]. 


Let’s begin examining the graph above by noting that the point (0,1) is on the 
graph, as expected from the equation cos0 = 1. Note that the horizontal axis has 
been called the @-axis. 

Moving to the right along the 6-axis from the origin, we see that the graph crosses 
the 6-axis at the point 0), as expected from the equation cos 2 = 0. Continuing 
further to the right, we see that the graph hits its lowest value when @ = 71, as 


expected from the equation cos 77 = —1. The graph then crosses the 6-axis again at 


the point (32, 0), as expected from the equation cos 3h = 0. Then the graph hits its 


highest value again when @ = 271, as expected from the equation cos(27t) = 1. 

The most striking feature of the graph above is its periodic nature—the graph 
repeats itself. To understand why the graph of cosine exhibits this periodic behavior, 
consider a radius of the unit circle starting along the positive horizontal axis and 
moving counterclockwise. As the radius moves, the first coordinate of its endpoint 
gives the value of the cosine of the corresponding angle. After the radius moves 
through an angle of 27: radians, it returns to its original position. Then it begins the 
cycle again, returning to its original position after moving through a total angle of 
47, and so on. Thus we see the periodic behavior of the graph of cosine. 

In Section 4.6 we will examine the properties of cosine and its graph more deeply. 
For now, let’s turn to the graph of sine. Here is the graph of sine on the interval 
[—670, 671]. 


\ 
7 or lim 
2 2 


The graph of sine on the interval |—67t, 671]. 


This graph goes through the origin, as expected because sin0 = 0. Moving to the 
right along the 6-axis from the origin, we see that the graph hits its highest value 
when 6 = a as expected because sin Z = 1. Continuing further to the right, we see 
that the graph crosses the 6-axis at the point (71,0), as expected because sin 7 = 0. 
The graph then hits its lowest value when @ = 37 as expected because sin Ss =-—1. 
Then the graph crosses the 6-axis again at (27,0), as expected because sin(27t) = 0. 

Surely you have noticed that the graph of sine looks much like the graph of 
cosine. It appears that shifting one graph somewhat to the left or right produces the 
other graph. We will see that this is indeed the case when we delve more deeply 
into properties of cosine and sine in Section 4.6. 


Exercises 


Give exact values for the quantities in Exercises 1-10. Do not 
use a calculator for any of these exercises—otherwise you 
will likely get decimal approximations for some solutions 


rather than exact answers. More importantly, good under- 


standing will come from working these exercises by hand. 


1 


2 


3 


4 


5 


6 
7 


8 


18 


(a) cos(37t) (b)  sin(37t) 

(a) cos(— 3) (b) sin(— 31) 

(a) cos us (b) sin us 

(a) cos iz (b) sin a 

(a) cos a (b) sin a 

(a) cos as (b) sin aE 

(a) cos 210° (b) sin 210° 

(a) cos300° (b) sin 300° 

(a) cos360045° (b) sin 360045° 

(a) cos(—360030° ) (b) sin(—360030° ) 
Find the smallest number @ larger than 47t such that 


cos @ = 0. 


Find the smallest number @ larger than 67 such that 
sin@ = Se 

Find the four smallest positive numbers @ such that 
cos @ = 0. 

Find the four smallest positive numbers @ such that 
sin@ = 0. 

Find the four smallest positive numbers @ such that 
sin@ = 1. 

Find the four smallest positive numbers @ such that 
cos@ = 1. 

Find the four smallest positive numbers @ such that 
cos@ = —1. 


Find the four smallest positive numbers @ such that 
sin@ = —1. 


Problems 


35 


36 


37 


38 


39 


(a) Sketch a radius of the unit circle corresponding to 
an angle 6 such that cos @ = g. 


(b) Sketch another radius, different from the one in 
part (a), also illustrating cos @ = 5. 

(a) Sketch a radius of the unit circle corresponding to 
an angle @ such that sin@ = —0.8. 


(b) Sketch another radius, different from the one in 
part (a), also illustrating sin@ = —0.8. 


Find angles u and v such that cosu = cosv but 
sinu A sinv. 
Find angles u and v such that sinu = sinv but 


cosu # cosv. 


Show that In(cos@) is the average of In(1 — sin@) and 
In(1 + sin@) for every 6 in the interval (— a) a) 


19 


28 


29 


30 


31 


32 


33 
34 


40 


41 
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Find the four smallest positive numbers @ such that 
siné = I. 
2 


Find the four smallest positive numbers @ such that 
cos? = 4, 


Suppose 0 < 6 < 4 and cos@ = 2. Evaluate sin 9. 
Suppose 0 < 6 < z and sin = 3. Evaluate cos 0. 
Suppose 2 <@< mand sin@ = z. Evaluate cos 6. 
Suppose z <@< mand sin@ = z. Evaluate cos 6. 
g Suppose — 5 < @ <0 and cos@ = 0.1. Evaluate sin 0. 


g Suppose — a < @ <0 and cosé@ = 0.3. Evaluate sin 0. 


Find the smallest number x such that 


sin(e*) = 0. 
Find the smallest number x such that 
cos(e* +1) = 0. 
g Find the smallest positive number x such that 
sin(x* +x +4) =0. 
g Find the smallest positive number x such that 
cos(x? + 2x +6) =0. 


Let 6 be the acute angle between the positive horizontal 
axis and the line with slope 3 through the origin. Evaluate 
cos @ and sin@. 


Let 6 be the acute angle between the positive horizontal 
axis and the line with slope 4 through the origin. Evaluate 
cos @ and sin @. 


Suppose 5(cos 6)* — 7cos @ — 6 = 0. Evaluate | sin 6]. 


Suppose 13(sin x)? — 14sin x — 24 = 0. Evaluate | cos x]. 


Suppose you have borrowed two calculators from friends, 
but you do not know whether they are set to work in 
radians or degrees. Thus you ask each calculator to evalu- 
ate cos 3.14. One calculator gives an answer of —0.999999; 
the other calculator gives an answer of 0.998499. Without 
further use of a calculator, how would you decide which 
calculator is using radians and which calculator is using 
degrees? Explain your answer. 


Suppose you have borrowed two calculators from friends, 
but you do not know whether they are set to work in 
radians or degrees. Thus you ask each calculator to eval- 
uate sinl. One calculator gives an answer of 0.017452; 
the other calculator gives an answer of 0.841471. Without 
further use of a calculator, how would you decide which 
calculator is using radians and which calculator is using 
degrees? Explain your answer. 
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42 A good scientific calculator will show that 
cos 710 = 0.999999998, 


where of course the left side means the cosine of 710 
radians. Thus cos 710 is remarkably close to 1. Use the 
approximation 7t * 368 (which has an error of less than 
3 x 1077) to explain why cos 710 © 1. 


43 Suppose m is a real number. Let 6 be the acute angle 
between the positive horizontal axis and the line with 
slope m through the origin. Evaluate cos @ and sin @. 

44 Explain why there does not exist a real number x such 
that 20°" = 2. 


45 Explain why 7°°S* < 4 for every real number x. 


46 
47 


48 


49 


Explain why 5 < eSM* for every number real number x. 


Explain why the equation 

(sinx)? —4sinx +4=0 
has no solutions. 
Explain why the equation 

(cos x)? +4cosx —6=0 


has no solutions. 


Explain why there does not exist a number @ such that 
log cos @ = 0.1. 


Worked-Out Solutions to Odd-Numbered Exercises 


Give exact values for the quantities in Exercises 1-10. Do not 
use a calculator for any of these exercises—otherwise you 
will likely get decimal approximations for some solutions 
rather than exact answers. More importantly, good under- 
standing will come from working these exercises by hand. 


1 (a) cos(37t) (b)  sin(37t) 


solution Because 37 = 27 + 7t, an angle of 37 radians 
(as measured counterclockwise from the positive hori- 
zontal axis) consists of a complete revolution around the 
circle (27r radians) followed by another 7t radians (180°), 
as shown below. The endpoint of the corresponding ra- 
dius is (—1,0). Thus cos(37t1) = —1 and sin(37z) = 0. 


3 (a) cos 442 (b) sin UZ 


solution Because TU 27 4 7 - Te an angle of iin 
radians (as measured counterclockwise from the positive 
horizontal axis) consists of a complete revolution around 
the circle (27t radians) followed by another 2 radians 


(90°), followed by another a radians (45°), as shown be- 
low. Hence the endpoint of the corresponding radius is 
(0 2), Thus cos HA = = and sin UZ — v2 


om 


5 


7 


2 a 
(a) cos (b) sin 3 


solution Because a = a + a an angle of or radians 
(as measured counterclockwise from the positive horizon- 


tal axis) consists of = radians (90°) followed by another 


5 radians (30°), as shown below. The endpoint of the 


corresponding radius is (-4, v3) Thus cos an = -4 
and sin a = cee 

1 
(a) cos210° (b) sin 210° 


solution Because 210 = 180 + 30, an angle of 210° (as 
measured counterclockwise from the positive horizon- 
tal axis) consists of 180° followed by another 30°, as 
shown below. The endpoint of the corresponding radius 


is (22 2), Thus cos 210° = ae and sin 210° = —}. 


9 


11 


13 


15 


(a) cos360045° (b) sin 360045° 

solution Because 360045 = 360 x 1000 + 45, an angle 
of 360045° (as measured counterclockwise from the posi- 
tive horizontal axis) consists of 1000 complete revolutions 
around the circle followed by another 45°. The endpoint 


of the corresponding radius is (2, wen Thus 


cos 360045° = Me and sin 360045° = 


V2 
a 


Find the smallest number @ larger than 471 such that 
cos @ = 0. 
solution Note that 


570 
cos 5 =... 


0 =cos = =cos 3 
2 2 


and that the only numbers whose cosine equals 0 are of 


(2n+1)7 
2 


the form , where n is an integer. The smallest 


number of this form larger than 477 is 8 Thus a is 


the smallest number larger than 47t whose cosine equals 
0. 


Find the four smallest positive numbers @ such that 
cos @ = 0. 


solution Think of a radius of the unit circle whose end- 
point is (1,0). If this radius moves counterclockwise, 
forming an angle of @ radians with the positive horizontal 
axis, the first coordinate of its endpoint first becomes 0 


when @ equals 5 (which equals 90°), then again when @ 
equals om (which equals 270°), then again when @ equals 
aa (which equals 360° + 90°, or 450°), then again when 


6 equals is (which equals 360° + 270°, or 630°), and so 
on. Thus the four smallest positive numbers 6 such that 


ma 3m 5m 77 
cos @ = 0 are as 7 and me 


Find the four smallest positive numbers @ such that 
sin@ = 1. 


solution Think of a radius of the unit circle whose end- 
point is (1,0). If this radius moves counterclockwise, 
forming an angle of @ radians with the positive hori- 
zontal axis, then the second coordinate of its endpoint 
first becomes 1 when @ equals a (which equals 90°), 


then again when 6 equals sls (which equals 360° + 90°, 


17 


19 


21 


23 
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or 450°), then again when @ equals af (which equals 


2 x 360° + 90°, or 810°), then again when @ equals 1S 


(which equals 3 x 360° + 90°, or 1170°), and so on. Thus 


the four smallest positive numbers @ such that sin@ = 1 


m 5m 97 q 8 
are 7, 3, and ——. 


Find the four smallest positive numbers @ such that 
cos@ = —1. 


solution Think of a radius of the unit circle whose end- 
point is (1,0). If this radius moves counterclockwise, 
forming an angle of @ radians with the positive horizontal 
axis, the first coordinate of its endpoint first becomes —1 
when 6 equals 7t (which equals 180°), then again when 
6 equals 37 (which equals 360° + 180°, or 540°), then 
again when 6 equals 57t (which equals 2 x 360° + 180°, 
or 900°), then again when @ equals 77t (which equals 
3 x 360° + 180°, or 1260°), and so on. Thus the four 
smallest positive numbers @ such that cos@ = —1 are 71, 
37, 57, and 77. 


Find the four smallest positive numbers @ such that 
. 1 
sin@ = 5. 


solution Think of a radius of the unit circle whose end- 
point is (1,0). If this radius moves counterclockwise, 
forming an angle of @ radians with the positive horizontal 


axis, the second coordinate of its endpoint first becomes 1 


when @ equals z (which equals 30°), then again when 6 


equals >E (which equals 150°), then again when @ equals 
Ie (which equals 360° + 30°, or 390°), then again when 
@ equals *2 (which equals 360° + 150°, or 510°), and so 
on. Thus the four smallest positive numbers 6 such that 


sin? = : are a ag 137 and ee 


Suppose 0 < @ < 4 and cos@ = 3. Evaluate sin 0. 
solution We know that 

(cos @)* + (sin@)? = 1. 
Thus 


(sin 0)? = 1 — (cos)? 


Because 0 < 0 < x we know that sin@ > 0. Thus taking 
square roots of both sides of the equation above gives 


sin @ = 5 


Suppose e <@< mand siné = 2. Evaluate cos 6. 
solution We know that 
(cos 0)? + (sin@)? = 1. 


Thus 
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25 


27 


29 


(cos 0)? = 1— (siné)* 


ail 
=r" 


Because 5 < @ < 7, we know that cos 6 < 0. Thus taking 
square roots of both sides of the equation above gives 


cos@ = — 9 


g Suppose -5 < @ < 0and cos@ = 0.1. Evaluate sin @. 
solution We know that 
(cos 0)? + (sin@)? = 1. 
Thus 
(sin 0)? = 1— (cos@)? 
=1— (0.1)? 
= 0.99. 


Because 5 < @ < 0, we know that sin@ < 0. Thus 
taking square roots of both sides of the equation above 
gives 

sin@ = — 0.99 = —0.995. 


Find the smallest number x such that 
sin(e*) = 0. 


solution Note that e* is an increasing function. Because 
e* is positive for every real number x, and because 71 is 
the smallest positive number whose sine equals 0, we 
want to choose x so that e* = 7. Thus x = In7z.. 


g Find the smallest positive number x such that 
sin(x* +x+4) =0. 


solution Note that x2 +x +4 isan increasing function 
on the interval [0, co). If x is positive, then x* +x +4 > 4. 
Because 4 is larger than zt but less than 271, the smallest 
number bigger than 4 whose sine equals 0 is 27r. Thus we 
want to choose x so that x2 + x + 4 = 27. In other words, 
we need to solve the equation 


31 


33 


x? ++ (4—27) =0. 


Using the quadratic formula, we see that the solutions to 
this equation are 


—14/82—15 


= 2 


A calculator shows that choosing the plus sign in the 
equation above gives x © 1.0916 and choosing the minus 
sign gives x ~ —2.0916. We seek only positive values of x, 
and thus we choose the plus sign in the equation above, 
getting x ~ 1.0916. 


Let 6 be the acute angle between the positive horizontal 
axis and the line with slope 3 through the origin. Evaluate 
cos @ and sin @. 


solution From the solution to Exercise 5 in Section 4.1, 
we see that the endpoint of the relevant radius on the 


unit circle has coordinates (ve, vy. Thus 


Vv10 _ 3v10 


cos @ = 0 and sin@ = =i ee 


Suppose 5(cos @)* — 7cos @ — 6 = 0. Evaluate | sin 6}. 


solution Let y = cos@. The equation above can be 
rewritten as 
5y* —7y—6 = 0. 
Solving for y (using either the quadratic formula or by 
factoring the left side of the equation above), we have 
y= -3 or y=2. 
However, y = cos 6, and there does not exist a real num- 


ber 6 such that cos@ = 2. Hence y = -2, and hence 
cos 8 = —2. Now 


(sin 0)? = 1 — (cos)? 


= Zs 
=L— 36 
_ 16 
= 25° 
Thus sin @ = 5 = z Thus | sin@| = z 
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4.4 More Trigonometric Functions 


Learning Objectives 


By the end of this section you should be able to 
e evaluate the tangent of any multiple of 30° or 45° (FZ radians or > radians); 


e find the equation of the line making a given angle with the positive 
horizontal axis and containing a given point; 


e sketch a radius of the unit circle corresponding to a given value of the 
tangent function; 


e compute cos @, sin @, and tan 0 if given just one of these quantities and the 
location of the corresponding radius; 


e evaluate sec 6, csc @, and cot @ as the reciprocal of one of the other 
trigonometric functions. 


The previous section introduced the cosine and the sine. This section introduces the 
tangent along with three more trigonometric functions. 


Definition of Tangent 


Recall that cos @ and sin @ are defined to be the first and second coordinates of the 
endpoint of the radius of the unit circle corresponding to @. The ratio of these two 
numbers turns out to be sufficiently useful to deserve its own name. 


The tangent of an angle @, denoted tan @, is defined by 


provided that cos 6 # 0. 


The radius of the unit circle corresponding to 6 has its initial point at (0,0) and its 


endpoint at (cos @,sin@). Thus the slope of this line segment equals — ane which 
equals tan @. Thus we have the following result. 


Tangent as slope 
tan @ is the slope of the radius of the unit circle corresponding to 0. 


(cos 0, sin @) 
slope = tan@ 
6 


Recall that the slope of the line 
segment connecting two points is 
the difference of the second 
coordinates divided by the 
difference of the first coordinates. 


Much of what you need to know 
about trigonometry can be derived 
from careful consideration of this 


figure. 
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This radius, which makes an angle 


of t radians (45°) with the 
positive horizontal axis, has 


slope 1. Thus tan vi = 1. 


If you have trouble remembering 


sin @ 


whether tan @ equals co5@ OF 


cos 0 
sin 0’ 


would lead to tan 0 being 


undefined. 


note that the wrong choice 


1 


2. 


3 


+ 


x 


This line has a 28° angle with the 


positive x-axis and contains (3,1). 


tané <0 


tané@ >0 


tan@ > 0 


solution The radius corresponding to 7 7 radians (which equals 45°) has its end- 


point at es v2), For this point, the end coordinate divided by the first coordi- 


nate equals 1. Thus 
tan 4 q = tan45° = 


The equation above is no surprise, because the line through the origin that makes a 
45° angle with the positive horizontal axis has slope 1. 


The table below gives the tangent of some angles. This table is obtained from the 
table of cosines and sines of special angles in Section 4.3 simply by dividing the sine 
of each angle by its cosine. 


@ (radians) | @ (degrees) tané 
0 0° 0 
z FS 
a 45° 1 
a 60° v3 
5 90° undefined 
7 180° 0 


The table above shows that the tangent of 5 radians (or equivalently the tangent 
of 90°) is not defined. The reason for this is that cos 5 = 0, and division by 0 is not 
defined. 

Similarly, tan 6 is not defined for each angle @ such that cos 6 = 0. In other words, 
tan @ is not defined for 6 = mi ar =e 

The tangent function allows us 46 find the equation of a line making a given 
angle with the positive horizontal axis and containing a given point. 


Find the equation of the line in the xy-plane that contains the point (3,1) and makes 
an angle of 28° with the positive x-axis. 


solution A line that makes an angle of 28° with the positive x-axis has slope 
tan 28°. Thus the equation of the line is y — 1 = (tan 28°) (x — 3). Because tan 28° = 
0.531709, we could rewrite this as 


y & 0.531709x — 0.59513. 


The Sign of Tangent 


The quadrant in which a radius lies determines whether the tangent of the corre- 
sponding angle is positive or negative. The figure here shows the sign of the tangent 
in each of the four quadrants. 

The tangent of an angle is the ratio of the second and first coordinates of the 
endpoint of the corresponding radius. Thus the tangent is positive in the quadrant 
where both coordinates are positive and also in the quadrant where both coordinates 
are negative. The tangent is negative in quadrants where one coordinate is positive 
and the other coordinate is negative. 

There is no need to memorize this figure. You can always reconstruct it if you 
understand the definition of tangent. 
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Sketch the radius of the unit circle corresponding to an angle @ such that 
1 
tan = 5. 


solution Because tan @ is the slope of the radius of the unit circle corresponding 
to 0, we seek a radius with slope 7 Because 5 > 0, any radius with slope i must lie 
in either the upper-right quadrant or the lower-left quadrant. 

One such radius is shown in the figure below on the left, and another such radius 
is shown below in the figure in the center. 


Aa 


Connections Among Cosine, Sine, and Tangent 


Given any one of cos @ or sin @ or tan @, the equations 


2 i 2 sin 0 
0) = = 
(cos 6)“ + (sin@é)“ =1 and tané cos 8 


can be used to solve for the other two quantities, provided that we have enough 
additional information to determine the sign. 


Suppose 7 <6 < 3h and tan @ = 4. Evaluate cos @ and sin @. 


solution In solving such problems, a sketch can help us understand what is going 
on. In this case, the angle @ is between 7 radians (which equals 180°) and 3 
radians (which equals 270°). Furthermore, the corresponding radius has a fairly 
steep slope of 4. Thus the sketch here gives a good depiction of the situation. 

To solve this problem, rewrite the information that tan @ = 4 in the form 


sin @ 
cos @ 


Multiplying both sides of this equation by cos 0, we get sin@ = 4cos 6, which we 
substitute in the equation (cos @)* + (sin@)* = 1, getting 


(cos 0)* + (4cos 6)? = 1, 


which implies that 17(cos @)* = 1. Thus cos @ = wit or cos6 = — a A glance at 
the figure above shows that cos @ is negative. Thus 
1 V17 


cos @ = — =-— 


./17 17° 


The equation sin @ = 4cos 6 now implies that 


4 4AV/17 


sin @ = = 


V17 17 


The first two figures show two 
radii corresponding to two different 
values of @ such that tand = 5. 
Each of these radii has slope 7 The 
third figure shows that these two 
radii lie on the same line. 


Example 4 


an 
J 


The angle between 7 and =~ 
whose tangent equals 4. 


ra 
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The Polish astronomer Nicolaus 


Copernicus, shown here in a 
Warsaw statue, used trigonometry 
in his 1543 book to help explain 
why the sun, not the earth, is at 
the center of the solar system. 


The blue line segment has slope 
tan 6. The orange line segment has 
length tan. 


The Graph of Tangent 


Before graphing the tangent function, we should think about its domain and range. 
As we noted, the tangent is defined for all real numbers except odd multiples of ae 
The tangent of an angle is the slope of the corresponding radius of the unit circle. 
Every real number is the slope of some radius of the unit circle. Thus the range of 
the tangent function equals the set of real numbers. 
The table below gives the domain and range of three trigonometric functions. 
Here the set of real numbers is denoted using the interval notation (—ov, 00). 


Domain and range of cosine, sine, and tangent 


| domain 


cosine (—00, 00) 
sine (=co;ea)) 
real numbers that are 


tangent | not odd multiples of a 


The figure below shows that the graph of the tangent function goes through the 
origin, as expected from the equation tan0 = 0. Moving to the right along the 0-axis 
(the horizontal axis) from the origin, we see that the point (7,1) is on the graph, as 


expected from the equation tan F = 1. 


6r 


The graph of tangent on 
the interval (—3 7, 370). 


This graph has been vertically 

7 i truncated to show only values of 
the tangent that have absolute 
value less than 6. The blue lines 
are asymptotes of the graph. 


6+ 


Continuing further to the right along the @-axis toward the point where 6 = a 
we see that as @ gets close to 5, the values of tan @ rapidly become very large. 

To understand why tan@ is large when @ is slightly less than a right angle, 
consider the figure here, which shows an angle a bit less than 2 radians. We know 
that the blue line segment has slope tan @. Thus the blue line segment lies on the 
line y = (tan @)x. Hence the point on the blue line segment with x = 1 has y = tan 8. 
In other words, the orange line segment has length tan 0. 

The orange line segment becomes very long when the blue line segment comes 
close to making a right angle with the positive horizontal axis. Thus tan @ becomes 
large when @ is just slightly less than a right angle. 

This behavior can also be seen numerically as well as graphically. For example, 


sin( — 0.01) * 0.99995 and  cos(4 — 0.01) ~ 0.0099998. 


sin(F—0.01) 
Thus tan( 4 — 0.01), which equals —---——,, is approximately 100. 
cos ( 7 —0.01) 
What's happening here is that if 9 is a number just slightly less than 5, then en 
sin 
cos 0” 


is just slightly less than 1 and cos @ is just slightly more than 0. Thus the ratio 
which equals tan @, will be large. 
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In addition to the behavior of the graph near the lines where @ is an odd multiple 
of a another striking feature of the graph above is its periodic nature. We will 
discuss this property of the graph of the tangent in Section 4.6 when we examine 
the properties of the tangent more deeply. 


Three More Trigonometric Functions 


The three main trigonometric functions are cosine, sine, and tangent. Three more 
trigonometric functions are sometimes used. These functions are simply the mul- 
tiplicative inverses of the functions we have already defined. Here are the formal 
definitions. 


The secant of an angle 0, denoted sec 6, is defined by 


1 
————. 
eee cos @ 


Cosecant 


The cosecant of an angle 0, denoted csc 0, is defined by 


i 
— 
ee sin 8 


Cotangent 


The cotangent of an angle 0, denoted cot @, is defined by 


In all three of these definitions, the function is not defined for values of @ that 
would result in a division by 0. For example, the cosecant function is not defined at 
integer multiples of 7. 

Because the cotangent is defined to be the cosine divided by the sine and the 
tangent is defined to be the sine divided by the cosine, we have the following 
consequence of the definitions. 


Tangent and cotangent are multiplicative inverses. 


If @ is an angle such that both tan @ and cot 6 are defined, then 


1 
t= —=, 
2 tan 0 


Many books place too much emphasis on the secant, cosecant, and cotangent. You 
will rarely need to know anything about these functions beyond their definitions. 
Whenever you do encounter one of these functions, simply replace it by its definition 
in terms of cosine, sine, and tangent and then use your knowledge of those more 
familiar functions. By concentrating on cosine, sine, and tangent rather than all six 
trigonometric functions, you will attain a better understanding with less clutter in 
your mind. 


The secant, cosecant, and 
cotangent functions do not exist in 
France, in the sense that students 
there do not learn about these 
functions. 


The scientific calculator on an 
iPhone (obtained by rotating the 
standard calculator sideways) has 
buttons for cos, sin, and tan but 
omits buttons for sec, csc, and cot. 
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[ —ExampleS (a) Evaluate sec 60°. (b) Evaluate csc 7. (c) Evaluate cot F. 


solution 


(a) We have 


. 1 1 
sec 60 m0 60 i 


So that you will be comfortable 
with these functions in case you 
encounter them elsewhere, some of Note that | sec @| > 1 for all @ such that sec @ is defined. 
the exercises in this section require 

you to use the secant, cosecant, or (b) We have 


cotangent. After this section we csc Z = a J2 = 1.414. 
will rarely use these functions in 4 sin a B 
this book. 
Note that | csc @| > 1 for all 6 such that csc @ is defined. 
(c) We have 
cos 5 5 1 
cot, = = = — © 0.577. 
3 sin 3 ae V3 

Exercises 


1 | Find the equation of the line in the xy-plane that goes 13 Suppose — O; <@ <0 and cos@ = =. Evaluate: 
through the origin and makes an angle of 0.7 radians (a) sin@ (b) tané 
with the positive x-axis. 
1 


2 g Find the equation of the line in the xy-plane that goes 14 Suppose — a < @ <0 and cos@ = 5. Evaluate: 
through the origin and makes an angle of 1.2 radians (a) sind (b) tané 
with the positive x-axis. 


7 : 
3 6 Find the equation of the line in the xy-plane that con- 15 Suppose 0 <0 < 5 and tan@ = q. Evaluate: 


tains the point (3,2) and makes an angle of 41° with the (a) cosé (b) siné 
positive x-axis. 
. Evaluate: 


WIN 


7 — 
4 6 Find the equation of the line in the xy-plane that con- iG SEP 2 an ane 


tains the point (2,5) and makes an angle of 73° with the (a) cosé (b) sin 
positive x-axis. 

5 g Find a number ¢ such that the line through the origin 
that contains the point (4,f) makes a 22° angle with the 


17 Suppose -~F <6 <0 and tané = —3. Evaluate: 
(a) cosé (b) siné 


Rosie Roncontsh ane, 18 Suppose -~F <@ <0 and tan@ = —2. Evaluate: 
6 g Find a number w such that the line through the origin (a) e088 (b) Bing 
that contains the point (7,w) makes a 17° angle with the 
positive horizontal axis. 19 Suppose 0 <0 < 5 and cos 6 = 5 Evaluate: 
7 Find the four smallest positive numbers @ such that (a) sec (b) cscé (c) cotd 
tané = 1. 
na : 
8 Find the four smallest positive numbers @ such that 20 Suppose 0 < @ < = and sin@ = z. Evaluate: 
tan@ = —1. (a) cscé (b) secé (c) coté 
9 Suppose 0 < 6 < . and cos @ = 5 Evaluate: 
(a) sin@ (b) tand Cree tas 
10 Suppose 0 < @ < s and sin@ = i. Evaluate: cos 15° = ~ 2 * v3 and sin22.5° = v2 5 v2 
(a) cos@ (b) tané@ 
7 in Exercises 21-30 find exact expressions for the indicated 
11 Suppose > < @ < mand sin@ = 3. Evaluate: quantities. 
(a) cosé (b) tané [These values for cos 15° and sin 22.5° will be derived in Ex- 


a amples 3 and 4 in Section 5.5.] 
12 Suppose x < 8 < mand sind = 3. Evaluate: 


(a) cosé@ (b) tané 


21 
22 
23 
24 


sin 15° 25 cot 15° 29 sec15° 
cos 22.5° 26 cot22.5° 30 sec 22.5° 
tan 15° 27 csc 15° 

tan 22.5° 28 csc 22.5° 


Suppose u and v are in the interval (0, oF with 


tanu=2 and tanv=3. 


In Exercises 31-40, find exact expressions for the indicated 
quantities. 


Problems 


43 


44 


45 


46 


47 


48 


49 


50 


(a) Sketch a radius of the unit circle corresponding to 
an angle 6 such that tan@ = Me 
(b) Sketch another radius, different from the one in 
part (a), also illustrating tan@ = b 
(a) Sketch a radius of the unit circle corresponding to 
an angle @ such that tan @ = 7. 
(b) Sketch another radius, different from the one in 
part (a), also illustrating tan @ = 7. 
Suppose a radius of the unit circle corresponds to an 
angle whose tangent equals 5, and another radius of the 
unit circle corresponds to an angle whose tangent equals 
_ 5 Explain why these two radii are perpendicular to 
each other. 
Explain why 
ae! 
tan@ 


for every number 6 that is not an integer multiple of a 


tan(@ + 5) = 


Explain why the previous problem excluded integer mul- 
tiples of z from the allowable values for 0. 


Find a number @ such that the tangent of @ degrees is 
larger than 50000. 


g Find a positive number @ such that the tangent of @ 
degrees is less than —90000. 
Explain why 
| sin 6| < | tan 0| 
for all 0 such that tan 0 is defined. 


31 
32 
33 
34 
41 
42 


51 


52 


53 


54 


55 
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cotu 35 sinu 39 secu 
cotv 36 sinv 40 secv 
cos u 37 cscu 

cos 0 38 cscv 

Find the smallest number x such that tane* = 0. 


Find the smallest number x such that tan e* is undefined. 


Suppose you have borrowed two calculators from friends, 
but you do not know whether they are set to work in 
radians or degrees. Thus you ask each calculator to eval- 
uate tan 89.9. One calculator replies with an answer of 
—2.62; the other calculator replies with an answer of 
572.96. Without further use of a calculator, how would 
you decide which calculator is using radians and which 
calculator is using degrees? Explain your answer. 


Suppose you have borrowed two calculators from friends, 
but you do not know whether they are set to work in radi- 
ans or degrees. Thus you ask each calculator to evaluate 
tan 1. One calculator replies with an answer of 0.017455; 
the other calculator replies with an answer of 1.557408. 
Without further use of a calculator, how would you decide 
which calculator is using radians and which calculator is 
using degrees? Explain your answer. 


Suppose @ is not an odd multiple of a Explain why 
the point (tan@,1) is on the line containing the point 
(sin @,cos @) and the origin. 

Explain why log(cot @) = — log(tan@) for every @ in the 
; 7 

interval (0, =x): 

In 1768 the Swiss mathematician Johann Lambert proved 
that if 0 is a rational number in the interval (0, 5 ), then 
tan @ is irrational. Use the equation tan i = 1 to explain 


why this result implies that 7c is irrational. 
[This was the first proof that 7c is irrational.] 


Worked-Out Solutions to Odd-Numbered Exercises 


1 


g Find the equation of the line in the xy-plane that goes 
through the origin and makes an angle of 0.7 radians 
with the positive x-axis. 


solution A line that makes an angle of 0.7 radians with 
the positive x-axis has slope tan 0.7. Thus the equation of 
the line is y = (tan0.7)x. Because tan 0.7 ~ 0.842288, we 
could rewrite this as y + 0.842288x. 


g Find the equation of the line in the xy-plane that con- 
tains the point (3,2) and makes an angle of 41° with the 
positive x-axis. 


solution A line that makes an angle of 41° with the posi- 
tive x-axis has slope tan 41°. Thus the equation of the line 
is y— 2 = (tan41°)(x — 3). Because tan 41° = 0.869287, 
we could rewrite this as y ~ 0.869287x — 0.60786. 


5 


g Find a number ¢ such that the line through the origin 
that contains the point (4,f) makes a 22° angle with the 
positive horizontal axis. 


solution The line through the origin that contains the 
point (4, t) has slope 4. Thus we want tan 22° = 4. Hence 


f = 4tan 22° = 1.6161. 


Find the four smallest positive numbers @ such that 
tan@ = 1. 


solution Think of a radius of the unit circle whose end- 
point is (1,0). If this radius moves counterclockwise, 
forming an angle of @ radians with the positive horizontal 
axis, then the first and second coordinates of its end- 
point first become equal (which is equivalent to having 
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tan@ = 1) when @ equals a (which equals 45°), then 
again when @ equals sis (which equals 225°), then again 


when 6 equals “2 (which equals 360° + 45°, or 405°), 


then again when @ equals isn (which equals 360° + 225°, 


or 585°), and so on. 


Thus the four smallest positive numbers @ such that 


tan@ = 1 are i, oF 27 and 137 


9 Suppose 0 < 6 < 5 and cos @ = 5 Evaluate: 


(a) sin@ (b) tané@ 


solution The figure below gives a sketch of the angle 
involved in this exercise. 


L 


The angle between 0 
and a whose cosine 
equals é- 


(a) We know that 
(cos 0)? + (sin@)? = 1. 


Thus mee (sind)? = 1, 
(sin)? gives 


Solving this equation for 
(sin@)? = oe. 

The sketch above shows that sin@ > 0. Thus taking 
square roots of both sides of the equation above gives 


ang V4 V4-6 2v6 
5 5 5 
(b) 
26 
tan @ anne 9 2/6. 
os 0 5 


11 Suppose a <6< mand siné@ = 3. Evaluate: 
(a) cosé@ (b) tané 


solution The figure below gives a sketch of the angle 
involved in this exercise. 


QY 


The angle between 5 
and 7 whose sine 
equals z. 


(a) We know that 
(cos 0)? + (sin@)? = 1. 


Thus (cos@)? + (2)? = 1. 
(cos @)? gives 


Solving this equation for 
2_5 
(cos @)" = 9. 


The sketch above shows that cos@ < 0. Thus taking 
square roots of both sides of the equation above gives 


(b) 


2 _ 
tang = 309 3 2 2/5 
cos 0 J5 J5 5 
13 Suppose —4 < 6 < 0 and cosé = #. Evaluate: 
PP i] 5 


(a) sind (b) tané 


solution The figure below gives a sketch of the angle 
involved in this exercise. 


The angle between 
- a and 0 whose 
cosine equals 3. 


Ne 


(a) We know that 
(cos 0)? + (sin@)? = 1. 


Thus (4)* + (sin@)? = 1. 
(sin 0) gives 


Solving this equation for 
(sin @)? = i. 

The sketch above shows that sin@ < 0. Thus taking 

square roots of both sides of the equation above gives 


9—-_3 
sind = —5. 
(b) 
sind 2 3 
tan 0 aay 4 a: 


15 Suppose 0 < @ < 4 and tan@ = 4. Evaluate: 


(a) cosé@ (b) sin@ 


solution The figure below gives a sketch of the angle 
involved in this exercise. 


(a) 


(b) 


17 


(a) 


The angle between 0 


and 5 whose 


tangent equals 1, 


Rewrite the equation tan@ = i in the form 


Multiplying both sides of this equation by cos @, we get 


sind 1 


sin@ = i cos 0. 
Substitute this expression for sin@ into the equation 
(cos 6)? + (sin 6)* = 1, getting 
(cos 6)? + ~ (cos 6)* = 1, 
which is equivalent to 


2_ 16 
(cos @)° = 7. 


The sketch above shows that cos@ > 0. Thus taking 
square roots of both sides of the equation above gives 


4 4/17 
\/17 17 — 


We have already noted that sin@ = i cos 6. Thus 


V17 
iz? 


cos@ = 


sin @ = 


Suppose -5 <6 <0 and tané = —3. Evaluate: 


(b) siné 


(a) cosé 


solution The figure below gives a sketch of the angle 
involved in this exercise. 


The angle between 
—£ and 0 whose 
tangent equals —3. 


wal 


6 


: ; a RS sind _ _ 
Rewrite the equation tan@ = —3 in the form aod = 3. 


Multiplying both sides of this equation by cos @, we get 
sind = —3cos 0. 


Substitute this expression for sin@ into the equation 
(cos 0)? + (sin 6)? = 1, getting 


osO” 4 
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(cos 0)? + 9(cos 6)? = 1, 


which is equivalent to 


Be Me 
(cos @)* = 7- 


The sketch above shows that cos@ > 0. Thus taking 
square roots of both sides of the equation above gives 


i V10 
cos@ = —~ = 


Vio 10 
(b) We have already noted that sin@ = —3cos 6. Thus 


19 Suppose 0 < @ < 4 and cos@ = 4. Evaluate: 


(a) secé (b) cscé (c) coté 
solution 
(a) secO = a =75=3 
(b) cscé and TIE. a a 3y2 
(©) cote = Sine 6 A a Y 
Given that 
cos 15° = _ and sin22.5° = = 


in Exercises 21-30 find exact expressions for the indicated 
quantities. 


21 sin15° 
solution We know that 
(cos 15°)* + (sin 15°)? = 1. 
Thus 


(sin 15°)* = 1 — (cos 15°)? 


lara} 
= 
2-3 
=. 


Because sin 15° > 0, taking square roots of both sides of 
V2- 3 


the equation above gives sin 15° = 5 


23 tan 15° 


solution 


326 Chapter4 Trigonometric Functions 


tan15° = Snide Suppose u and v are in the interval (0, oF with 
cos 15° 
= tanu=2 and tanv =3. 
_ v2-V¥v3 
~ 4/2473 V3 In Exercises 31-40, find exact expressions for the indicated 
quantities. 
V2=/3 W2=V/3 
= = 31 cotu 
V2+V3 V2=V/3 
i = = 
t= V3 solution cotu = age 2 
v4—3 33 cos u 
=2-v3 solution We know that 
2=tanu 
25 cot 15° ; 
ij _ sinu 
solution cot 15° = ——_— cos ul" 
tan 15° 
1 To find cos u, make the substitution sin u = \/1 — (cos u)? 
= in the equation above (this substitution is valid because 
2-3 we know that 0 < u < % and thus sinu > 0), getting 
1 2 3 
is a te 5 — V1= (cosu)? 
=e Eee NG 7 COS 1 , 
= 2+ v3 Now square both sides of the equation above, then mullti- 
4—3 ply both sides by (cos u)? and rearrange to get the equa- 
tion 
=2+V3 5(cosu)* = 1. 
Because 0 < u < oe we see that cosu > 0. Thus taking 
27 csc 15° square roots of both sides of the equation above gives 
. cosu = -L, which can be rewritten as cosu = EG 
solution v5 
° 1 35 sinu 
15° = ——— 
ese lo’ = anise 
solution 
| — 
2-3 sinu = \/1— (cosu)? 
_ 2 v2+v3 1 Gal 
V2=V/3 W243 “V5 
_ 2V24+Vv3 _ le 
4—3 5 
= 2 2+Vv3 ~ V5 
_ 25 
29 sec 15° 5 
solution 
1 37 cscu 
sec 15° = ——_— 
cos 15° ; 1 JS 
7 2 solution cscu = ann. 2 
7 V2+/3 39 secu 
ee eee oe solution secu = st Z=Vv5 
V2+V3 V2-v3 41 Find the smallest number x such that tane* = 0. 
= a solution Note that e* is an increasing function. Because 
4-3 


e* is positive for every real number x, and because 71 is 
= the smallest positive number whose tangent equals 0, we 
a ar/2 —V3 want to choose x so that e* = 7. Thus x = Inz. 


Section 4.5 Trigonometry in Right Triangles 327 


4.5 Trigonometry in Right Triangles 


Learning Objectives 


By the end of this section you should be able to 


e compute the cosine, sine, and tangent of any angle of a right triangle if 
given the lengths of any two sides of the triangle; 


e compute the lengths of all three sides of a right triangle if given any angle 
(in addition to the right angle) and the length of any side. 


Trigonometry originated in the study of triangles. In this section we study trigonom- 
etry in the context of right triangles. In the next chapter we will deal with general 
triangles. 


Trigonometric Functions via Right Triangles 


Let0<0< = (or 0° < 6 < 90° if using degrees), and consider the radius of the 
unit circle corresponding to @ radians, as shown here. 

In the figure here, a vertical line segment has been dropped from the endpoint 
of the radius to the horizontal axis, producing a right triangle. The hypotenuse 
of this right triangle is a radius of the unit circle and hence has length 1. Because 
the endpoint of this radius has coordinates (cos 0,sin @), the horizontal side of the 
triangle has length cos 6 and the vertical side of the triangle has length sin 6. To get 
a clearer picture of what is going on, this triangle is displayed below, without the 
unit circle or the coordinate axes cluttering the figure (and for additional clarity, the 
scale has been enlarged). 

If we apply the Pythagorean Theorem to this triangle, we get 


(cos 6)? + (sin@)* = 1, 


which is a familiar equation. 

Using the same angle @ as above, consider now a right triangle where one of 
the angles is @ but where the hypotenuse does not necessarily have length 1. Let c 
denote the length of the hypotenuse of this right triangle. Let a denote the length of 
the other side of the triangle adjacent to the angle @, and let b denote the length of 
the side opposite the angle 0, as shown here. 

The two triangles shown above have the same angles. Thus these two triangles 
are similar. This similarity implies that the ratio of the lengths of any two sides of 
one of the triangles equals the ratio of the lengths of the corresponding sides of the 
other triangle. 

For example, in our first triangle consider the horizontal side and the hypotenuse. 


These two sides have lengths cos @ and 1. Thus the ratio of their lengths is cos 


which equals cos @. In our second triangle, the corresponding sides have lengths a 
and c. Their ratio (in the same order as used for the first triangle) is a Setting these 
ratios from the two similar triangles equal to each other, we have 


a 
cosd = -. 
€ 


Similarly, in our first triangle above consider the vertical side and the hypotenuse. 
These two sides have lengths sin@ and 1. Thus the ratio of their lengths is sing 
which equals sin @. In our second triangle, the corresponding sides have lengths b 


and c. Their ratio (in the same order as used for the first triangle) is e Setting these 
ratios from the two similar triangles equal to each other, we have 


sind = z 
c 


cos 0, sin 0) 


sin @ 


cos 8 


The two triangles above are similar. 
Thus the ratios of corresponding 
sides are equal. 
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Here the word “hypotenuse” is 
shorthand for “the length of the 
hypotenuse”. 


Similarly, “adjacent side” is 
shorthand for “the length of the 
nonhypotenuse side adjacent to the 
angle 0”. 


Also, “opposite side” is shorthand 
for “the length of the side opposite 
the angle 0”. 


The formulas for cos @, sin @, and 
tan 6 in the box above are valid 
only in right triangles, not in all 
triangles. 


0 
2 
3 


Finally, in our first triangle consider the vertical side and the horizontal side. 
These two sides have lengths sin @ and cos @. Thus the ratio of their lengths is sing 


which equals tan @. In our second triangle, the corresponding sides have lengths b 


and a. Their ratio (in the same order as used for the first triangle) is B Setting these 
ratios from the two similar triangles equal to each other, we have 


tan@ = a 
a 


The last three displayed equations form the basis of what is called right-triangle 
trigonometry. We now restate these equations using words instead of symbols. 


Right-triangle characterization of cosine, sine, and tangent 


hypotenuse 
opposite side 


adjacent side 


adjacent side 
hypotenuse 


opposite side 


sin @ = 
hypotenuse 


cos 9 = 
ee op esate etl 
adjacent side 
The figure and the equations in the box above capture the fundamentals of 
right-triangle trigonometry. Be sure that you thoroughly internalize the contents 
of the box above and that you can comfortably use these characterizations of the 
trigonometric functions. 
Some books use the equations in the box above as the definitions of cosine, sine, 
and tangent. That approach makes sense only when @ is between 0 radians and 
5 radians (or between 0° and 90°), because there do not exist right triangles with 


angles bigger than > radians (or 90°), just as there do not exist right triangles with 
negative angles. The characterizations of cosine, sine, and tangent given in the box 
above are highly useful, but keep in mind that the box above is valid only when @ is 
a positive angle less than 7 radians (or 90°). 


Two Sides of a Right Triangle 


Given the lengths of any two sides of a right triangle, the Pythagorean Theorem 
allows us to find the length of the third side. Once we know the lengths of all three 
sides of a right triangle, we can find the cosine, sine, and tangent of any angle of 
the triangle. The next example illustrates this procedure. 


Find the length of the hypotenuse and evaluate cos 6, sin@, and tan @ in this right 
triangle. 


solution Let c denote the length of the hypotenuse of the triangle above. By the 
Pythagorean Theorem, we have 


ct = 37 +2. 


Thus c = V/13. 
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Now cos @ equals the length of the side adjacent to @ divided by the length of the 
hypotenuse. Thus 


adjacent side 2  2V13 


Q _ 
= hypotenuse 4/13 13 


Similarly, sin @ equals the length of the side opposite 6 divided by the length of the 
hypotenuse. Thus 


opposite side 3 3V13 


eels hypotenuse V13 13 


Finally, tan @ equals the length of the side opposite 6 divided by the length of the 
side adjacent to 6. Thus 


opposite side 3 


tan@ = : 
an adjacent side 2 


In Section 5.1 we will see how to find the angle 6 from the knowledge of either 
its cosine, its sine, or its tangent. 
One Side and One Angle of a Right Triangle 


Given the length of any side of a right triangle and any angle (in addition to the 
right angle), we can find the lengths of the other two sides of the triangle. 


In this example the side opposite 
the angle @ is the horizontal side of 
the triangle rather than the vertical 
side. This illustrates the usefulness 
of thinking in terms of opposite 
and adjacent sides rather than 
specific letters such as a, b, and c. 


Find the lengths of the other two sides of the triangle shown here. 


solution The other two sides of the triangle are not labeled. Thus let a denote 
the length of the side adjacent to the 28° angle and let c denote the length of the 
hypotenuse. 

Because we know the length of the side opposite the 28° angle, we will start with 


the sine. We have ae 
opposite side 4 


sin 28° = oe 
hypotenuse € 
Solving for c, we get 
1 
[= one 8.52, 


where the approximation was obtained with the aid of a calculator. 
Next we find the length of the side adjacent to the 28° angle. We have 


opposite side 4 


tan 28° = : 
= adjacent side a 
Solving for a, we get 
4 
= —___ 8 7.52 
4 tan 28° Pat 


where the approximation was obtained with the aid of a calculator. 


Trigonometry has a huge number of practical applications. The next example 
shows how trigonometry can be used to find the height of a building. 


28° 


Real-world problems often do not 
come with labels attached. Thus 
sometimes the first step toward a 
solution is the assignment of 
appropriate labels. 
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85° 


30 


Example 4 


With a tool for measuring angles 
and a bit of trigonometry, a 
surveyor can determine the 

distance to inaccessible objects. 


Standing 30 feet from the base of a tall building, you aim a laser pointer at the 
closest part of the top of the building. You measure that the laser pointer is 5° tilted 
from pointing straight up. The laser pointer is held 6 feet above the ground. How 
tall is the building? 


solution In the sketch here, the rightmost vertical line represents the building and 
the hypotenuse represents the path of the laser beam. Because the laser pointer is 
5° tilted from straight up, the angle formed by the laser beam and a line parallel to 
the ground is 85°, as indicated in the sketch (not drawn to scale). 
The side of the right triangle opposite the 85° angle has been labeled b. Thus the 
height of the building is b + 6. 
> _ Opposite side _D 
Vergara adjacent side 30 


. Solving this equation for b, we get 


b = 30 tan 85° = 343. 


Adding 6, we see that the height of the building is approximately 349 feet. 


The example above shows that using trigonometry, we can find the height of 
a building without going to the top of the building. The next example illustrates 
another practical application of the ideas in this section. 


A surveyor at point B wishes to measure the distance between points A and B, but a 
canyon between A and B prevents a direct measurement. Thus the surveyor moves 
500 meters perpendicular to the line AB to the point C and measures angle BCA 
as 78° (such angles can be measured with a tool called a transit level). What is the 
distance between the points A and B? 


solution Let d denote the distance from A to B. 


A 


500 78° 


From the figure (which is not drawn to scale) we have 


opposite side  d 
adjacent side 500° 


tan 78° = 


Solving this equation for d, we get 
d = 500 tan 78° ~ 2352. 


Thus the distance between A and B is approximately 2352 meters. 


Exercises 


Use the right triangle below for Exercises 1-22. This trian- 
gle is not drawn to scale corresponding to the data in the 


exercises. 
Vv 


b 
u 
a 
1 Suppose a = 2 and b = 7. Evaluate 
(a) c (d) tanu (g) tanv. 
(b) cosu (e) cosv 
(c) sinu (f) sing 
2 Suppose a = 3 and b = 5. Evaluate 
(a) c (d) tanu (g) tanv. 
(b) cosu (e) cosv 
(c) sinu (f) sinv 
3 Suppose b = 2 and c = 7. Evaluate 
(a) a (d) tanu (g) tanv. 
(b) cosu (e) cosv 
(c) sinu (f) sing 
4 Suppose b = 4 and c = 6. Evaluate 
(a) a (d) tanu (g) tanv. 
(b) cosu (e) cosv 
(c) sinu (f) sing 
5 g Suppose a = 5 and u = 17°. Evaluate 
(a) b (b) c. 
6 g Suppose b = 3 and v = 38°. Evaluate 
(a) a (b) c. 
7 g Suppose u = 27°. Evaluate 
(a) cosv (b) sinv (c) tanv. 
8 g Suppose v = 48°. Evaluate 
(a) cosu (b) sinu (c) tanu. 


9 g Suppose c = 8 and u = 1 radian. Evaluate 
(a) a (b) b. 
10 g Suppose c = 3 and v = 0.2 radians. Evaluate 
(a) a (b) b. 
11 g Suppose u = 0.7 radians. Evaluate 
(a) cosv (b) sinv (c) tanv. 
12 g Suppose v = 0.1 radians. Evaluate 
(a) cosu (b) sinu (c) tanu. 
13 Suppose c = 4 and cosu = 2. Evaluate 
(a) a (b) b. 
14 Suppose c = 5 and cosu = t. Evaluate 
(a) a (b) b. 


15 Suppose cos u = 5 Evaluate 


16 


17 


18 


19 


20 


21 


22 


23 


24 


25 


26 @ 


27 


28 


29 


30 
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(a) sinu (c) cosv (e) tanv. 
(b) tanu (d) sinv 

Suppose cosu = 3. Evaluate 
(a) sinu (c) cosv (e) tanv. 
(b) tanu (d) sinv 

Suppose b = 4 and sinv = a Evaluate 
(a) a (b) c. 

Suppose b = 2 and sinv = a Evaluate 
(a) a (b) c. 

Suppose a = 5 and tanv = j. Evaluate 
(a) b (b) c. 

Suppose b = 3 and tanv = 2. Evaluate 
(a) a (b) c. 

Suppose sinv = 3 Evaluate 
(a) cosu (c) tanu (e) tanv. 
(b) sinu (d) cosv 

Suppose sinv = 3. Evaluate 
(a) cosu (c) tanu (e) tanv. 
(b) sinu (d) cosv 


g Find the perimeter of a right triangle that has hy- 
potenuse of length 6 and a 40° angle. 


g Find the perimeter of a right triangle that has hy- 
potenuse of length 8 and a 35° angle. 


] Suppose a 25-foot ladder is leaning against a wall, 
making a 63° angle with the ground (measured from a 
perpendicular line from the base of the ladder to the wall). 
How high up the wall is the end of the ladder? 


Suppose a 19-foot ladder is leaning against a wall, 
making a 71° angle with the ground (measured from a 
perpendicular line from the base of the ladder to the wall). 
How high up the wall is the end of the ladder? 


Suppose you need to find the height of a tall building. 
Standing 20 meters from the base of the building, you 
aim a laser pointer at the closest part of the top of the 
building. You measure that the laser pointer is 4° tilted 
from pointing straight up. The laser pointer is held 2 
meters above the ground. How tall is the building? 


g Suppose you need to find the height of a tall building. 
Standing 15 meters from the base of the building, you 
aim a laser pointer at the closest part of the top of the 
building. You measure that the laser pointer is 7° tilted 
from pointing straight up. The laser pointer is held 2 
meters above the ground. How tall is the building? 


A surveyor at point B wishes to measure the distance 
between points A and B, but buildings between A and B 
prevent a direct measurement. Thus the surveyor moves 
50 meters perpendicular to the line AB to the point C 
and measures that angle BCA is 87°. What is the distance 
between the points A and B? 


g A surveyor at point B wishes to measure the distance 
between points A and B, but a river between A and B 
prevents a direct measurement. Thus the surveyor moves 
200 feet perpendicular to the line AB to the point C and 
measures that angle BCA is 81°. What is the distance 
between the points A and B? 
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For Exercises 31-36, assume the surface of the earth is a 
sphere with radius 3963 miles. The latitude of a point P on 
the earth’s surface is the angle between the line from the cen- 
ter of the earth to P and the line from the center of the earth 
to the point on the equator closest to P, as shown below for 
latitude 40°. 


31 g Dallas has latitude 32.8° north. Find the radius of 
the circle formed by the points with the same latitude as 
Dallas. 

32 o Cleveland has latitude 41.5° north. Find the radius of 
the circle formed by the points with the same latitude as 
Cleveland. 


Problems 


39 In doing several of the exercises in this section, you 
should have noticed a relationship between cos u and 
sin v, along with a relationship between sin u and cosv. 
What are these relationships? Explain why they hold. 


40 In doing several of the exercises in this section, you 
should have noticed a relationship between tanu and 
tan v. What is this relationship? Explain why it holds. 


33 g Suppose you travel east on the surface of the earth 
from Dallas (latitude 32.8° north, longitude 96.8° west), 
always staying at the same latitude as Dallas. You stop 
when reaching latitude 32.8° north, longitude 84.4° west 
(directly south of Atlanta). How far have you traveled? 


34 g Suppose you travel east on the surface of the earth from 
Cleveland (latitude 41.5° north, longitude 81.7° west), al- 
ways staying at the same latitude as Cleveland. You 
stop when reaching latitude 41.5° north, longitude 75.1° 
west (directly north of Philadelphia). How far have you 
traveled? 


35 g How fast is Dallas moving due to the daily rotation of 
the earth about its axis? 


36 g How fast is Cleveland moving due to the daily rotation 
of the earth about its axis? 


37 g Find the perimeter of an isosceles triangle that has 
two sides of length 6 and an 80° angle between those two 
sides. 


38 g Find the perimeter of an isosceles triangle that has 
two sides of length 8 and a 130° angle between those two 
sides. 


41 g Find the lengths of all three sides of a right triangle 
that has perimeter 29 and has a 42° angle. 


42 g Find the latitude of your location, then compute how 
fast you are moving due to the daily rotation of the earth 
about its axis. 


43 Find a formula for the perimeter of an isosceles triangle 
that has two sides of length c with angle @ between those 
two sides. 


Worked-Out Solutions to Odd-Numbered Exercises 


Use the right triangle below for Exercises 1-22. This trian- 
gle is not drawn to scale corresponding to the data in the 
exercises. 

v 


b 
u 
a 
1 Suppose a = 2 and b = 7. Evaluate 
(a) c (d) tanu (g) tanv. 
(b) cosu (e) cosv 
(c) sinu (f) sinv 
solution 


(a) The Pythagorean Theorem implies that c? = 22477. Thus 
c= V247 = 53. 


adjacent side a 2 2/53 


(b) cosu = = 53 53 


hypotenuse 


6 Sie= opposite side b 7 — 753 
hypotenuse c  /53 53 
_ opposite side b 7 
eae adjacent side a 2 
eC eek adjacent side b 7 — 753 
hypotenuse c 4/53 53 
@ anv= opposite side a 2 2753 
hypotenuse c  /53 53 
(g) tano = opposite side a_ 2 


adjacent side b 7 


3 Suppose b = 2 and c = 7. Evaluate 


(a) a (d) tanu (g) tanv. 
(b) cosu (e) cosv 

(c) sinu (f) sinv 

solution 


(a) 


(b) 


(c) 


(d) 


(e) 


(f) 


(a) 


(b) 


(a) 


The Pythagorean Theorem implies that e+? = 72. 


Thus 


a=VP-2 


2 = /45 = V9-5= V9. V5 =3V5. 


adjacent side a 3/5 
cos U = = = 
hypotenuse Cc 7. 
siya opposite side b 2 
hypotenuse c 67 
opposite side b 2 2/5 
tanu = . : = 
adjacent side a = a5 15 
adjacent side Db 2 
cos v = ee 
hypotenuse c 67 
; opposite side a 35 
sinv = =.= 
hypotenuse Cc 7 
ea opposite side a 3/5 


adjacent side 0b 2 


g Suppose a = 5 and u = 17°. Evaluate 
(a) b (b) c. 

solution 

We have 

opposite side _ b 

adjacent side 5 

Solving for b, we get b = 5tan17° © 1.53. 

We have 


tan17° = 


adjacent side 5 


cos 17° = . 
hypotenuse Cc 


Solving for c, we get 


5 
= ci 5.23. 
g Suppose u = 27°. Evaluate 
(a) cosv (b) sinv (c) tanv. 
solution 
Because v = 90° —u, we have v = 63°. Thus 


cos v = cos 63° & 0.454. 
sinv = sin63° = 0.891 
tanv = tan63° = 1.96 


g Suppose c = 8 and u = 1 radian. Evaluate 
(a) a (b) b. 
solution 


We have 
adjacent side a 


hypotenuse 8 


cos1 = 
Solving for a, we get 
a= 8cos1 & 4.32. 


Be sure that your calculator is set to operate in radian 
mode when doing the approximation above. 


(b) 


11 


(a) 


(a) 


(b) 


15 


17 
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We have 
a= opposite side _ b 
hypotenuse 8 
Solving for b, we get 
b = 8sin1 & 6.73. 
g Suppose u = 0.7 radians. Evaluate 
(a) cosv (b) sinv (c) tanv. 
solution 
1 ua 
Because v =  — u, we have v = az 0.7. Thus 
3 
cos v = cos(* — 0.7) ~ 0.6442. 
sinv = sin(5 — 0.7) © 0.7648 
tanv = tan( — 0.7) © 1.187 
Suppose c = 4 and cosu = 2. Evaluate 
(a) a (b) b. 
solution 
We have 
ae adjacent side a 
5 hypotenuse 4 
Solving this equation for a, we get a = z. 
The Pythagorean Theorem implies that (2) +b% = 42 


Thus 


9 16 16 
\i 25 =1/5 = 5 


Suppose cos u = 5: Evaluate 


(a) sinu (c) cosv (e) tanv 
(b) tanu (d) sinv 
solution 
(i=e C= 4/7 24 2/6 
sinu = ,/1— (cosu)* = 5 
26 
tanu = ae “ =2V6 
cos u 5 
b_, 2V6 
cosv = — = sinu = —— 
Cc 5 
. a 
sinv = — =cosu= = 
c 
sinv 5 1 V6 
tanv = 
cos v 2u6 2/6 12 


Suppose b = 4 and sinv = a Evaluate 
(a) a (b) c. 


solution 
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(a) We have 


; opposite side a 
=sinv = =-. 
6 hypotenuse c 


Thus 
c= 6a. 


By the Pythagorean Theorem, we also have 
e=r +16. 
Substituting 6a for c in this equation gives 
36a* = a? + 16. 


Solving the equation above for a shows that 


_ [16 _ 4V35 

35. 35 
(b) We have 
tr inp 
és 
Thus 
c= 6a = 24V35 
35 


19 Suppose a = 5 and tanv = 3. Evaluate 


(a) b (b) c. 
solution 
(a) We have 
= tno = eeentside ~ 5 
Thus : j Fl 3) 
ane ae 


(b) By the Pythagorean Theorem, we have 


4 2. 
CaP +P =254+ x = Se 
Thus 
— 625 25 
a. a: 
21 Suppose sinv = 5: Evaluate 
(a) cosu (c) tanu (e) tanv. 
(b) sinu (d) cosv 
solution 
(a) cosu = 4 =sinv = E 
Ee 3 


(b) sin = y/1— (cos)? = [1 @pe cee 


. 2/2 
(c) tanu = uae 3 =2/2 
0s U - 


even i-th =i OP yt 


(e) 


23 


25 


27 


1 
pace sinv 3 
cosv 2/2 2/2 4 


g Find the perimeter of a right triangle that has hy- 
potenuse of length 6 and a 40° angle. 


solution The side adjacent to the 40° angle has length 
6cos40°. The side opposite the 40° angle has length 
6sin 40°. Thus the perimeter of the triangle is 


6+ 6cos 40° + 6sin 40°, 
which is approximately 14.453. 


g Suppose a 25-foot ladder is leaning against a wall, 
making a 63° angle with the ground (measured from a 
perpendicular line from the base of the ladder to the wall). 
How high up the wall is the end of the ladder? 


solution 


In the sketch here, the vertical line 
represents the wall; the hypotenuse 
represents the ladder. As labeled 
here, the ladder touches the wall 

at height b; thus we need to evalu- 25 b 
ate b. 


63° 
We have sin 63° = Z. Solving this equation for b, we get 
b = 25sin63° & 22.28. 


Thus the ladder touches the wall at a height of approx- 
imately 22.28 feet. Because 0.28 x 12 = 3.36, this is ap- 
proximately 22 feet, 3 inches. 


g Suppose you need to find the height of a tall building. 
Standing 20 meters from the base of the building, you 
aim a laser pointer at the closest part of the top of the 
building. You measure that the laser pointer is 4° tilted 
from pointing straight up. The laser pointer is held 2 
meters above the ground. How tall is the building? 


solution 


In the sketch here, the right- 
most vertical line represents 
the building; the hypotenuse 
represents the path of the 
laser beam. Because the laser 
pointer is 4° tilted from point- b 
ing straight up, the angle 

formed by the laser beam and 

a line parallel to the ground is 

86°, as indicated in the figure R69 
(which is not drawn to scale). 2 


20 
The side of the right triangle opposite the 86° angle has 
been labeled b. Thus the height of the building is b + 2. 
We have tan 86° = x. Solving this equation for b, we get 
b = 20tan86° & 286. 


Adding 2, we see that the height of the building is ap- 
proximately 288 meters. 


29 g A surveyor at point B wishes to measure the distance 
between points A and B, but buildings between A and B 
prevent a direct measurement. Thus the surveyor moves 
50 meters perpendicular to the line AB to the point C 
and measures that angle BCA is 87°. What is the distance 
between the points A and B? 


solution 


Let d denote the distance 
from A to B. From the fig- 
ure (which is not drawn to 
scale) we have 


as 


opposite sided 


tan 87° = : 
ane adjacent side 50 


Solving for d, we get d = 

50 tan 87° ~ 954. Thus the 
distance between A and B is 
approximately 954 meters. 


50 87° 


For Exercises 31-36, assume the surface of the earth is a 
sphere with radius 3963 miles. The latitude of a point P on 
the earth’s surface is the angle between the line from the cen- 
ter of the earth to P and the line from the center of the earth 
to the point on the equator closest to P, as shown below for 
latitude 40°. 


31 g Dallas has latitude 32.8° north. Find the radius of 
the circle formed by the points with the same latitude as 
Dallas. 


solution The figure below shows a cross section of the 
earth. The blue radius is the line segment from the center 
of the earth to Dallas, making a 32.8° angle with the line 
segment from the center of the earth to the point on the 
equator closest to Dallas. 


57.20 
2.8° 


3963 


33 


35 


37 
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The black line segment shows the radius of the circle 
formed by the points with the same latitude as Dallas. 
The angle opposite the black segment in the right triangle 
is 57.2° (because 90 — 32.8 = 57.2). Thus we see from the 
figure that the length of the black segment is 3963 sin 57.2° 
miles, which is approximately 3331.2 miles. 


g Suppose you travel east on the surface of the earth 
from Dallas (latitude 32.8° north, longitude 96.8° west), 
always staying at the same latitude as Dallas. You stop 
when reaching latitude 32.8° north, longitude 84.4° west 
(directly south of Atlanta). How far have you traveled? 


solution Using the formula for the length of a circular 


arc from Section 4.1, we see that the distance traveled 


on the surface of the earth is TAT OLE miles (the 


number 12.4 is used because 12.4 = 96.8 — 84.4, and the 
radius of 3331.2 miles comes from the solution to Exer- 
cise 31). Because Gi < = 721, you have traveled 


approximately 721 miles. 


g How fast is Dallas moving due to the daily rotation of 
the earth about its axis? 


solution From the solution to Exercise 31, we see that 
Dallas travels 27t - 3331.2 miles, which is approximately 
20,931 miles, each 24 hours due to the rotation of the 
earth about its axis. Thus the speed of Dallas due to 
the rotation of the earth is approximately 20981 miles per 


hour, which is approximately 872 miles per hour. 


g Find the perimeter of an isosceles triangle that has 
two sides of length 6 and an 80° angle between those two 
sides. 


solution The figure below shows an isosceles triangle 
that has two sides of length 6 and an angle of 80° between 
those two sides. The blue line bisects the 80° angle into 
two 40° angles and forms one side of a right triangle 
whose hypotenuse has length 6; the length of the side 
opposite the 40° angle has been called a. 


We see that 


a 
in40° = -. 
sin F 


Thus a = 6sin40°. Hence the side of the isosceles tri- 
angle opposite the 80° angle has length 12 sin 40°. Thus 
the perimeter of the triangle is 6 + 6 + 12sin 40°, which 
equals 12 + 12 sin 40°, which is approximately 19.71. 
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Do not memorize the many dozen 
useful trigonometric identities. 
Concentrate on understanding why 
these identities hold. Then you will 
be able to derive the ones you need 
in any particular situation. 


The English word trigonometry 
first appeared in 1614 in an 
English translation of a book 
written in Latin by the German 
mathematician Bartholomeo 
Pitiscus. A prominent crater on 
the moon is named for him. 
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4.6 Trigonometric Identities 


Learning Objectives 


By the end of this section you should be able to 
e derive trigonometric identities and simplify trigonometric expressions; 
e use the trigonometric identities for —6; 
e use the trigonometric identities for - — 6; 


e use the trigonometric identities for @ + 7t and @ + 27. 
Equations come in two flavors. One flavor is an equation such as 
x2 = Ax — 3; 


which holds for only certain values of the variable x. We can talk about solving such 

equations, which means finding the values of the variable (or variables) that make 

the equations valid. For example, the equation above is valid only if x = 1 or x = 3. 
A second flavor is an equation such as 


(x+3 =27+6x4+9, 


which is valid for all numbers x. An equation such as this is called an identity 
because it is identically true without regard to the value of any variables. As another 
example, the logarithmic identity 


log(xy) = log x + logy 


holds for all positive numbers x and y. 

In this section we focus on basic trigonometric identities, which are identities 
that involve trigonometric functions. Such identities are often useful for simplifying 
trigonometric expressions and for converting information about one trigonometric 
function into information about another trigonometric function. We will deal with 
additional trigonometric identities later, particularly in Sections 5.5 and 5.6. 


The Relationship Among Cosine, Sine, and Tangent 


We have already used the most important trigonometric identity, which is 
(cos 6)? + (sin@)* = 1. 


Recall that this identity arises from the definition of (cos @,sin @) as a point on the 
unit circle, whose equation is x? + y? = 1. 

Usually the notation cos7@ is used instead of (cos @)*, and sin*@ is used instead 
of (sin@)*. We have been using the notation (cos @)* and (sin @)? to emphasize the 
meaning of these terms. Now it is time to switch to the more common notation. 
Keep in mind, however, that an expression such as cos?@ means (cos @)?. 


Notation for powers of cosine, sine, and tangent 


If n is a positive integer, then 
e cos”@ means (cos 0)"; 
e —_sin”@ means (sin 0)”; 


e tan”@ means (tan @)”. 
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With our new notation, we now rewrite our most important trigonometric identity. 


Relationship between cosine and sine 


cos?6 + sin*@ = 1 


The trigonometric identity above implies that 


cos@ = +V/1—sin2@ 


and 


sin@ = +1 —cos26, 


with the choices between the plus and minus signs depending on the quadrant in 
which the radius corresponding to 6 lies. 

The equations above can be used, for example, to write tan @ solely in terms of 
cos 0, as follows. 


Write tan @ solely in terms of cos 0. 


solution 


sind, V1—cos?6 


cos ~—— cos @ 


tan@ = 


If both sides of the key trigonometric identity cos*@ + sin?@ = 1 are divided by 


in2 
cos”@ and then we rewrite ane as tan0, we get another useful identity: 
cos 
1 
1+ tan’? = —... 
cos*6 


Using one of the three less common trigonometric functions, we could also write 
this identity in the form 
1+ tan26 = sec’6, 


where sec?6 denotes, of course, (sec é)-. 

Simplifying a trigonometric expression often involves doing a bit of algebraic 
manipulation and using an appropriate trigonometric identity, as in the following 
example. 


1 1 
Simplify the expression (tan70) ( =r 1-08 5): 
solution 
1 1 (1 + cos @) + (1 — cos @) 
, 2 
| = (tan29 
(tan *)(— a) (t ) (1 — cos @)(1 + cos @) 


Given either cos @ or sin 0, we can 
use these equations to evaluate the 
other quantity if we also have 
enough information to choose 
between positive and negative 
values. 


“Pure mathematics is, in its way, 
the poetry of logical ideas.” 
—ALBERT EINSTEIN 
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An identity involving the tangent 
can often be derived from the 
corresponding identities for cosine 
and sine. 


We have previously seen this graph 
and the next one. Now we are 
looking at these graphs from the 
viewpoint of symmetry associated 
with even or odd functions. 


Trigonometric Identities for the Negative of an Angle 


By the definitions of cosine and sine, the endpoint of the radius of the unit circle 
corresponding to @ has coordinates (cos6@,sin@). Similarly, the endpoint of the 
radius of the unit circle corresponding to —@ has coordinates (cos(—6),sin(—@)), as 
shown in the figure below. 


(cos 6, sin @) 


Flipping the radius corresponding to @ across 
the horizontal axis gives the radius 
corresponding to —8. 


(cos(—@), sin(—@)) 

Each of the two radii in the figure above can be obtained by flipping the other 
radius across the horizontal axis. Thus the endpoints of the two radii in the figure 
above have the same first coordinate, and their second coordinates are the negative 
of each other. In other words, the figure above shows that 

cos(—#) =cos@ and sin(—@) = —sin@. 


Using these equations and the definition of the tangent, we see that 


sin(—@) — —sin@ _ 
cos(—8@) cos 0 


tan(—0) = tan 0. 


Collecting the three identities we have just derived gives the following. 


Trigonometric identities with —0 


As we have just seen, the cosine of the negative of an angle is the same as the 
cosine of the angle. In other words, cosine is an even function (see Section 1.3 to 
review even functions). This explains why the graph of the cosine is symmetric 
about the vertical axis. Specifically, along with the typical point (@,cos@) on the 
graph of the cosine we also have the point (—6,cos(—@)), which equals (—6, cos 6). 


—4r —27 27 4 


== 


The graph of the even function cosine is symmetric about the vertical axis. 


Section 4.6 


In contrast to the behavior of the cosine, the sine of the negative of an angle is 
the negative of the sine of the angle. In other words, sine is an odd function (see 
Section 1.3 to review odd functions). This explains why the graph of the sine is 
symmetric about the origin. Specifically, along with the typical point (0, sin @) on the 
graph of the sine we also have the point (—@,sin(—@)), which equals (—0, — sin 8). 


1dr 


=] = 


The graph of the odd function sine is symmetric about the origin. 


Similarly, the graph of the tangent is also symmetric about the origin because the 
tangent of the negative of an angle is the negative of the tangent of the angle. In 
other words, tangent is an odd function. 


6r 


—6°> 
The graph of the odd function tangent is symmetric about the origin. 


Trigonometric Identities with + 


Suppose 0 < 6 < a and consider a right triangle with an angle of @ radians. 
Because the angles of a triangle add up to zr radians, the triangle’s other acute angle 
is 5 — @ radians, as shown in the figure below. If we were working in degrees rather 
than radians, then we would be stating that a right triangle with an angle of @° also 
has an angle of (90 — @)°. 


b In a right triangle with an angle of @ radians, the 
other acute angle is = — @ radians. 


In the triangle above, let c denote the length of the hypotenuse, let a denote 
the length of the side adjacent to the angle 6, and let b denote the length of the 
side opposite the angle 0. Focusing on the angle 6, our characterization from the 
previous section of cosine, sine, and tangent in terms of right triangles shows that 


cos6 =“ and noe and en ee 
€ c a 
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The blue lines are asymptotes of the 
graph, corresponding to odd 
multiples of 7 (where the tangent 
is not defined). 


A positive angle is called acute if 
it is less than a right angle, which 
means less than 2 radians (or 
90°). 


340 Chapter4 Trigonometric Functions 


: 7 
If 0 is an integer multiple of , 
then either tan 0 or tan( 5 — 6) is 
undefined. 


These identities imply, for example, 
that 


cos 81° = sin9°, 
sin 81° = cos9°, 


1 


tan 81° = ——_. 
a tan 9° 


The graphs of cosine and sine have 
the same shape, differing only by a 
shift of 5 units. 


Now focusing instead on the angle a — @ in the triangle above, our right-triangle 
characterization of the trigonometric functions shows that 


cos (4 —6)= ° and sin(F —6)= and tan(5 —6)= : 


Comparing the last two sets of displayed equations gives the following identities. 


We derived the identities above under the assumption that 0 < @ < i but the 
first two identities hold for all values of 6. The third identity above holds for all 
values of @ except the integer multiples of 7. 

Rewriting the identities above in terms of degrees gives the following. 


Trigonometric identities with (90 — 0)° 


cos(90 — 6)° = sin @° 
sin(90 — 6)° = cos @° 


1 
tan @° 


tan(90 — 6)° = 


Combining two or more trigonometric identities often leads to useful new identi- 
ties, as shown in the following example. 


Show that cos(@ — 5) = sind. 


solution Suppose @ is any real number. Then 


cos (@ 5) =cos(F 0) 
= sing, 


where the first equality above comes from the identity cos(—@) = cos@ (with 0 
replaced by = — @) and the second equality is one of the identities derived above. 


The equation cos(@ — +) = sin@ implies that the graph of sine is obtained by 
shifting the graph of cosine right by > units, as shown below. 


7 aA AY | 


The graph of cosine. The graph of sine. 


See Section 1.3 to review horizontal transformations of a function. 
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Trigonometric Identities Involving a Multiple of 7 


Consider a typical angle @ radians and also the angle @ + 7t radians. Because 7 
radians (which equals 180°) is a rotation halfway around the circle, the radius of the 
unit circle corresponding to @ + 7 radians forms a line with the radius corresponding 
to 6 radians, as shown here. 

The endpoint of the radius of the unit circle corresponding to @ has coordinates 
(cos @,sin@). The radius corresponding to 6 + 7 lies directly opposite the radius 
corresponding to @. Thus the endpoint of the radius corresponding to @ + 7t has 
coordinates (— cos #, — sin @), as shown in the figure. 

By the definition of the cosine and sine, the endpoint of the radius of the unit (_ ¢956, — sind 
circle corresponding to 6 + 7t has coordinates (cos(@ + 71), sin(@ + 7t)). Thus the This figure shows why 
figure shows that (cos(@ + 7),sin(@ + 7t)) = (—cos 0, —sin@). This implies that cos(@ + 71) = —cosé@ and 

sin(@ + 7) = —siné. 


cos 6, sin @) 


we 


cos(#+ 77) =—cos@ and sin(@+ 7) = —siné. 


Recall that tan @ equals the slope of the radius of the unit circle corresponding 
to 6. Similarly, tan(@ + 7c) equals the slope of the radius corresponding to @ + 7. 
However, these two radii lie on the same line, as shown in the figure above. Thus 
these two radii have the same slope. Hence 


tan(6 + 7c) = tané. 


Another way to reach the same conclusion is to use the definition of the tangent 
as the ratio of the sine and cosine, along with the identities above: 


sin(@+7t) —sin@ _ sin@ 
0+7) = = - = tand. 
ane) cos(@+ 72) —cos@  cosé ven 


Collecting the trigonometric identities involving 6 + 7t, we have the following 
results. 


Trigonometric identities with 0 + 7 


The first two identities hold for all 
values of 0. The third identity 
holds for all values of @ except odd 
multiples of a which must be 
excluded because tan(@ + 7t) and 
tan 6 are undefined for such 
angles. 


Using the result (which we will derive in Problem 106 in Section 5.5) that 
Example 4 


f= 


sin 10 = ra 
find an exact expression for sin Ue 
solution sin ve = sin(7p + 7) 
=-—sin 16 
--(424 
4 
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This graph has been vertically 
truncated to show only values of 
the tangent that have absolute 
value less than 6. The blue lines 
are asymptotes of the graph. 


(cos 6, sin @) 


6+ 27 


The first two identities hold for all 
values of 0. The third identity 
holds for all values of @ except odd 
multiples of a which are excluded 
because tan(@ + 27t) and tan 6 are 
undefined for such angles. 


The trigonometric identity tan(@ + 77) = tan@ explains the periodic nature of the 
graph of the tangent, with the graph repeating the same shape after each interval of 
length 7. This behavior is demonstrated in the graph below. 


6r 


6+ 
The graph of the tangent function. Because tan(@ + 7c) = tan8@, 
this graph repeats the same shape after each interval of length 7c. 


Now we consider a typical angle 6 radians and also the angle @ + 27. Because 27¢ 
radians (which equals 360°) is a complete rotation all the way around the circle, the 
radius of the unit circle corresponding to @ + 27 radians is the same as the radius 
corresponding to @ radians, as shown in the figure here. 

By definition of the cosine and sine, the endpoint of the radius of the unit circle 
corresponding to @ has coordinates (cos 6, sin @), as shown here. Because the radius 
corresponding to @ + 27r is the same as the radius corresponding to 0, we see that 
(cos(@ + 270), sin(@ + 27t)) = (cos 6,sin@). This implies that 

cos(@+27r) =cos@ and sin(@+27r) =siné. 

Recall that tan @ equals the slope of the radius of the unit circle corresponding 
to 6. Similarly, tan(@ + 27t) equals the slope of the radius corresponding to 6 + 270. 
However, these two radii are the same. Thus 


tan(@ + 27c) = tan. 


Another way to reach the same conclusion is to use the definition of the tangent 
as the ratio of the sine and cosine, along with the identities above: 


sin(@ + 277 
tan(@ + 27) = re = = 


Collecting the trigonometric identities involving 0 + 27t, we have the following 
results. 


Trigonometric identities with 0 + 27 


cos(@ + 27t) = cosé 
sin(6 + 27r) = sin@ 
tan(@ + 27r) = tan 0 


The trigonometric identities cos(@ + 271) = cos @ and sin(@ + 27t) = sin @ explain 
the periodic nature of the graphs of cosine and sine, with the graphs repeating the 
same shape after each interval of length 277. 
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In the last box, 27t could be replaced by any even multiple of 77. For example, the 
radius corresponding to @ + 671 is obtained by starting with the radius corresponding 
to @ and then making three complete rotations around the circle, ending up with 
the same radius. Thus cos(@ + 671) = cos 6, sin(@ + 67r) = sin @, and tan(6@ + 677) = 
tan @. 

Similarly, in our trigonometric formulas for 6 + 7t, we could replace 7 by any 
odd multiple of 7t. For example, the radius corresponding to @ + 57r is obtained 
by starting with the radius corresponding to 6 and then making two-and-one-half 
rotations around the circle, ending up with the opposite radius. Thus 


. . Euclid explaining geometry (from 
cos(@ +57) = —cos@, sin(@+57) =—sin@, tan(@ +57) = tané. THE SCHOOL OF ATHENS, painted 


by Raphael around 1510). 
The trigonometric identities involving an integer multiple of 7r can be summarized 


as follows. 
Trigonometric identities with 0 + n7 
Lom : The first two identities hold for all 
cos 8 if n is an even integer values of 0. The third identity 
—cos@ ifn is an odd integer holds for all values of @ except odd 
multiples of 2 ; these values are 
sin 6 if n is an even integer excluded because tan(@ + n7c) and 
—sin@ ifn is an odd integer tan @ are undefined for such 
angles. 
+n) =tan@ ifn is an integer 
Exercises 
The next two exercises emphasize that cos*0 does not equal 15 cos aon 27 cos a5 
cos(67). 7 3 
° : 16 cos ~<* 28 cos 
1 For 6 = 7°, evaluate each of the following: 8 8 
(a) cos’0 (b) cos(6*) 17 sin 43% 29 cos(— 32) 
2 g For 6 = 5 radians, evaluate each of the following: 
18 sin 22 30 (22%) 
(a) cos?@ (b) cos(6*) oul 8 C88 
2 19 tan 22 31 sin 92 
The next two exercises emphasize that sin“@ does not equal 12 12 
+ (Q2 
sin(@"). 20 tan +22 32 sin 3 
3 7] For 6 = 4 radians, evaluate each of the following: 137 571 
(a) sin20 (b) sin(62) 21 cos >5- 33 sin(—>7) 
4 g For 6 = —8°, evaluate each of the following: 95 os _ 34 sin(— 37) 
(a) sin?0 (b) sin(6?) 
. 137 570 
23 sin 77 35 tan 77 
In Exercises 5-38, find exact expressions for the indicated On Ie 
quantities, given that 24 sin 3 36 tan | 
x V2+Vv3 é tet 2-2 25 tan 132 37 tan(— 32) 
oy =", &«# sing = — ne e 
26 tan 38 tan(—=¢-) 
[These values for cos oe and sin = will be derived in Exam- 
ples 3 and 4 in Section 5.5.1 39 Find the smallest number 6 larger than 27t such that 
= fe sin? = . 
a 1 — ee 
> eel 12) Deel 8) 40 Find the smallest number @ larger than 57¢ such that 
6 sin(—§) 11 tan 15 tan@ = 1. 


sin o 12 tan 3B 41 Find the smallest positive number x such that 


7 

1 1 

See 13 tan(— 77) (cos(x + 7t)) (cos x) + 4 =0. 
9 sin(—75) 14 tan(—% 
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42 


43 


44 


Find the smallest positive number x such that 


sin(x + 7) —sinx = 1. 
Find the smallest positive number x such that 
tanx = 3 tan( 5 — x). 


Find the smallest positive number x such that 


(tan x) (14 2tan(5 x)) =2- V3. 


Suppose u and v are in the interval Gg 7), with 


tanu = —2 and tanv = -—3. 


In Exercises 45-72, find exact expressions for the indicated 
quantities. 


Problems 


73 


74 


75 


76 


77 


78 


79 


80 


Explain why the graph of cos*x can be obtaining by flip- 
ping the graph of sin?x in the horizontal axis and then 
shifting up 1 unit. 
Show that 

(cos @ + sin)? = 1+2cos0sin@ 


for every number 6. 
[Expressions such as cos@ sin@ mean (cos@)(sin@), not 
cos(@ sin @).] 
Show that 
sinx — 1+cosx 
1—cosx sin x 
for every number x that is not an integer multiple of 7. 


(a) Show that 
Pt xeytryp ty = (xe +y)(x+y) 
for all numbers x and y. 
(b) Show that 
cos’ + cos7@ sin @ + cos @ sin?0 + sin°@ 
=cosé + sind 
for every number 6. 
Show that 


cos*u +2 cos*u sin?u + sintu = 1 


for every number u. 


Simplify the expression 
1 1 
tan@ : 
= Ger aan) 
Show that . 
sin26 tan“é 


~ 14 tan20 
for all numbers 6 except odd multiples of a 


Show that ; 


V1 + tan2u 


for all numbers u except odd multiples of us 


| cos u| = 


45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 


81 


82 


83 
84 
85 


86 


87 


88 


89 


90 


91 


92 
93 


tan(—1) 60 tan(v — 47) 
tan(—v) 61 cos(u — 370) 
cos u 62 cos(v+ 57) 
cos v 63 sin(u +570) 
cos(—u) 64 sin(v — 77) 
cos(—v) 65 tan(u — 971) 
eee 66 tan(v + 37) 
cae 67 cos( —u) 
sin(—1) = 
sin(—v) 68 cos(+ — 2) 
us 
cos(u + 47r) 69 sin(+ —u) 
cos(v — 677) 70 sin(Z —v) 
sin(u — 670) a 
sin(v + 1077) . re 7 
tan(u + 870) 72 tan( — 0) 


Find a formula for tan26 solely in terms of sin26. 


V7+1 
4 


. Show that 


Suppose 0 < u < a and sinu = 
— V7-1 
cos = ——. 


Explain why sin3° + sin 357° = 0. 

Explain why cos 85° + cos 95° = 0. 

Pretend that you are living in the time before calculators 
and computers existed, and that you have a table showing 
the cosines and sines of 1°, 2°, 3°, and so on, up to the 
cosine and sine of 45°. Explain how you would find the 
cosine and sine of 71°, which are beyond the range of 
your table. 


Suppose n is an integer. Find formulas for sec(@ + n7), 
csc(O + n7t), and cot(@ + n7t) in terms of sec @, csc @, and 
cot 0. 

Restate all the results in boxes in the subsection on Trigono- 
metric Identities Involving a Multiple of 7 in terms of de- 
grees instead of in terms of radians. 


Show that 
cos(7t — 0) = —cosé 
for every angle 0. 
Show that F 
7 = — 
tan(@ + 7) ea 


for every angle @ that is not an integer multiple of a 
Interpret this result in terms of the characterization of the 
slopes of perpendicular lines. 


Show that 
sin(7t — 6) = sin@ 
for every angle 0. 
Show that 
cos(x + 5) = —sinx 
for every number x. 
Show that sin(t + 5) = cost for every number t. 


Explain why | cos(x + n7t)| = | cos x| for every number x 
and every integer n. 
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Worked-Out Solutions to Odd-Numbered Exercises 


The next two exercises emphasize that cos*6 does not equal 
cos(67). 


1 g For 6 = 7°, evaluate each of the following: 
(a) cos2@ (b) cos(6*) 
solution 
(a) Using a calculator working in degrees, we have 


cos?7° = (cos7°)* & (0.992546)? = 0.985148. 


(b) Note that 7? = 49. Using a calculator working in degrees, 
we have 
cos 49° = 0.656059. 


The next two exercises emphasize that sin?@ does not equal 
sin(67). 
3 g For 6 = 4 radians, evaluate each of the following: 
(a) sin*0 (b) sin(67) 
solution 
(a) Using a calculator working in radians, we have 
sin?4 = (sin4)? = (—0.756802)* ~ 0.57275. 


(b) Note that 42 = 16. Using a calculator working in radians, 
we have 
sin 16 % —0.287903. 


In Exercises 5-38, find exact expressions for the indicated 
quantities, given that 


mw _N2tV8 oe gin V2-V2 
cos yy = and sing = 
5 cos(— 5) 
solution 
cos(— 75) = cos 5 = v24 v3 
12 12 5) 
7 sin 5 
solution We know that 
cos” 75 + sin? 5 =] 
Thus 
sin’ 75 = 1—cos* a5 
2 
Sf es 
2 
2g. 2tw 
7 4 
2-3 


Because sin Bb > 0, taking square roots of both sides of 
the equation above gives 


a _V2-Vv3 
sin 7 = 5 : 
9 sin(—75) 
solution 
; x 2-3 
sin( TD) =—sinz7 = 3 
11 tan t5 
solution 
1 sin DD 
tan 75 = 7 
cos 75 
_ ¥2-V3 
V2+V3 
_v2-v3 v2-v3 
V(IEV3 VI=V8 
_2-¥3 
V4—3 
=2- V3 
13 tan(—75) 
solution 
tan( 3) = tan 75 = (2— V3) = V3-2 
2570 
15 cos [7 
2570 VAS 


solution Because 7 = pt 27, we have 


cos 23% = cos(75 + 27) 


_ ae: 
= cos 12 
_ V24+V3 
= — . 
. 2570 
17 sin 77 


solution Because 20% -_ e + 271, we have 


sin 3 a sin(75 +27) 


q 


= sin 79 


2-Vv3 
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19 tan 23% 31 sin Ss 
solution Because 40% = D + 27t, we have solution 
. 5IT m O57 1 24+ V3 
2570 us =— 
tan Fy = tan( qq + 27) sin {7 = cos(7 — {7) = cos 77 2 
us 
= tan 7s 
12 
33. sin(— 3) 
=2-¥V3. 
solution 
: 57 57 24+ V3 
21 cos 137 sin(— 7x) = —sin tz = 5 
solution Because 1a _ + 7t, we have 
2° 1 ’ 57 
35 tan 77 
yee = cos( 45 + 7) 
12 — 12 solution 
us 
= — C08 75 a 5m _ 1 
i tan(> - ee 
_ V2t re 2° 12 
7 z--~ i 
= aa 
tan DD 
23 sin 132 a. 
13 ao 
solution Because ae a o + 7, we have 1 ial 
30 7a 24/8 Gags 
sin 7 = sin(q + 7) . 
— 243 
=-—simn 1 — 4—3 
— 2-3 =2+v3 
= , : 
57 
37 tan(—7Fz> 
25 tan 13% (— 47) 
3 solution 
solution Because = = + 7t, we have 
12 12 ™ tan( he = tan 2= a) V3 
12 12 
137 us 
tan F>- = tan( 75 + 7) 
= tan 5 39 Find the smallest number 6 larger than 271 such that 
a sin @ = 5. 
=2—- VJ3. TT 7U 
solution Because sin ¢ = 3, we have sin(¢ +27) = }. 
A moment's thought shows that no number between 27t 
JU y TU : 
27 cos 5m and & + 27t has sine equal to 5. Thus rs + 27t, which 
= equals 132, is our desired numb 
quals -2", is our desired number. 
solution 


41 Find the smallest positive number x such that 
cos 22 = sin(F 5e) sin 4 v2— v3 
12 2 12 12 2 (cos(x + 70) (cos x) + 


= 0. 


NIR 


solution Using the identity for cos(x + 77), we have 
29 cos(— 3) & y ( ) 


2 1 
solution —cos'x + 5 = 0. 
5 Be  W2= 43 Thus we seek the smallest positive number x such that 
cos(— 7) = cos 7 = 2 cosx = +5, Hence x = 7. 


43 


Find the smallest positive number x such that 


tanx = 3tan(F = 2); 


solution Using the identity for tan(5 — x), rewrite the 
equation above as 


tan x = 


tan x’ 


which can be rewritten as tan2x = 3. Thus tanx = +V/3. 
The smallest positive number x satisfying this last equa- 


a A 7U 
tion is x = 3. 


Suppose u and v are in the interval oo 7), with 


tanu = —2 and tanv = —3. 


In Exercises 45-72, find exact expressions for the indicated 
quantities. 


45 


47 


49 


51 


tan(—w) 
solution tan(—u) = —tanu = —(—2) =2 
cos u 
solution We know that 
—2 = tanu 


sin u 


~ cosu" 


To find cos u, make the substitution sinu = V1 — cos*u 
in the equation above (this substitution is valid because 
1 fa : : : 

x <U<T, which implies that sin u > 0), getting 
V1 —cos?u 


cos u 


= 


Now square both sides of the equation above, then multi- 
ply both sides by cos?u and rearrange to get the equation 


5cos*u = 1. 


Thus cosu = — Fi (the possibility that cos u equals Fi 


is eliminated because = <u < 7, which implies that 


cos u < 0). This can be written as cos u = — 2, 
cos(—1) 

solution cos(—u) = cosu = we 

sin u 

solution 


53 


55 


57 


59 


61 


63 


65 


67 


69 


71 
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sinu = V1 —cos2u 


1 
S4/1== 
Wi 


_ 2 
v5 
_ 2v5 
~ 5 
sin(—w) 
dh 
solution sin(—uv) = —sinu = Ae 
cos(u + 470) 

; _ __ v5 
solution cos(u+ 47) =cosu = 5 
sin(u — 670) 
solution sin(u— 67) = sinu = = 
tan(u + 870) 


solution tan(u + 87r) = tanu = —2 


cos(u — 370) 
solution cos(1 _ 370) = —cosu = _ 
sin(u + 570) 


- ‘ 2 
solution sin(u+57r) = —sinu = ae 
tan(u — 970) 
solution tan(u — 971) = tanu = —2 
cos( 5 —u) 

; : 2/5 
solution cos( 5 —u) =sinu = = 
sin(> —u) 

F ; 5 
solution sin( 5 _ u) =cosu = a2 
tan(5 —u) 

1 1 


solution tan( 5 a\= =— 
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Chapter Summary 


To check that you have mastered the most important concepts and skills covered in this chapter, 
make sure that you can do each item in the following list: 


e Explain what it means for an angle to be negative. 


e Explain how an angle can be larger than 360°. 
e Convert angles from radians to degrees. 

e Convert angles from degrees to radians. 

e Compute the length of a circular arc. 


e Compute the cosine, sine, and tangent of any 
multiple of 30° or 45° a radians or a radians). 


e Explain why cos’6 + sin?@ = 1 for every angle 0. 


e Give the domain and range of the trigonometric 
functions. 


Compute cos 6, sin @, and tan @ if given just 
one of these quantities and the location of the 
corresponding radius. 


Compute the cosine, sine, and tangent of any 
angle of a right triangle if given the lengths of 
two sides of the triangle. 


Compute the lengths of all three sides of a right 
triangle if given any angle (in addition to the 
right angle) and the length of any side. 


Use the basic trigonometric identities involving 
—6, 5 —0,0+7, and 6 + 27. 


To review a chapter, go through the list above to find items that you do not know how to do, then reread the material in 
the chapter about those items. Then try to answer the chapter review questions below without looking back at the chapter. 


Chapter Review Questions 


1 


10 


11 


Find all points where the line through the origin with 
slope 5 intersects the unit circle. 


Sketch a unit circle and the radius of that circle corre- 
sponding to —70°. 


Sketch a unit circle and the radius of that circle corre- 
sponding to 440°. 


Explain how to convert an angle from degrees to radians. 
Convert 27° to radians. 


Explain how to convert an angle from radians to degrees. 


Convert es radians to degrees. 


Give the domain and range of each of the following func- 
tions: cosine, sine, and tangent. 


How many distinct values of @ in the interval [0,271] 
satisfy the equation sin @ = 0.4? 


Find three distinct angles, expressed in degrees, whose 
cosine equals 4. 


Find three distinct angles, expressed in radians, whose 
sine equals — . 


For Questions 12-14, assume the earth has a circular orbit 
around the sun and that the distance from the earth to the 
sun is 92.956 million miles (the actual orbit is an ellipse 
rather than a circle, but it is very close to a circle). Also 
assume the earth orbits the sun once every 365.24 days. 


12 


g How far does the earth travel in a week? 


13 
14 


15 


16 
17 


18 


19 


g How far does the earth travel in the month of July? 


g What is the speed of the earth due to its rotation 
around the sun? 


Find three distinct angles, expressed in radians, whose 
tangent equals 1. 


Explain why cos?@ + sin2@ = 1 for every angle 0. 
Explain why cos(@ + 27t) = cos @ for every angle 0. 


Suppose 2 <x < mand tanx = —4. Evaluate cos x and 
sin x. 


Find the smallest number ft such that 


cos(2") = 0. 


Use the right triangle below for Questions 20-23. This tri- 
angle is not drawn to scale corresponding to the data in the 


questions. 
Vv 
C 
b 
u 
a 
20 Suppose a = 4 and b = 9. Evaluate 
(a) c (d) tanu (g) tanv. 
(b) cosu (e) cosv 
(c) sinu (f) sinv 


21 


22 


23 


24 


25 


26 


27 


28 


29 


30 


Suppose a4 = 3 and c = 8. Evaluate 


(a) b (d) tanu (g) tanv. 
(b) cosu (e) cosv 

(c) sinu (f) sinv 

g Suppose b = 4 and u = 51°. Evaluate 

(a) a (b) c. 

g Suppose u = 28°. Evaluate 

(a) cosv (b) sinv (c) tanv. 


Suppose 6 is an angle such that cos? = 3. Evaluate 


cos(—@). 


Suppose x is a number such that sinx = a Evaluate 
sin(—x). 

Suppose y is a number such that tany = — 2. Evaluate 
tan(—y). 

Suppose u is a number such that cosu = — z. Evaluate 
cos(u + 70). 

Suppose @ is an angle such that tané = 2. Evaluate 


tan( 5 —6). 

Find a formula for sin @ solely in terms of tan @. 
Suppose — < x <Qand cosx = 3. Evaluate sin x and 
tan x. 


31 


32 


33 


34 


35 
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Show that 


sinx+siny | cosx—cosy 
cos x + cos y 


siny — sinx 


for all numbers x and y such that neither denominator 
is 0. 


Explain why tan 20° + tan 340° = 0. 


Explain why 
log(cos@) < 0 


for all numbers @ in the interval (0, a) 


Explain why the equation 


(cos(x + 7)) cosx = : 


has no solutions. 


Explain why the right triangle below has area 
50(cos @)(sin 0). 


Trigonometric Algebra and 
Geometry 


This chapter begins by introducing the inverse trigonometric functions. These 
tremendously useful functions allow us to find angles from measurements of 
lengths. We will pay some attention to the inverse trigonometric identities, which 
will strengthen our understanding of these functions. 

Then we will turn our attention to area, showing how trigonometry can be 
used to compute areas of various regions. We will also derive some important 
approximations of the trigonometric functions. 

The law of sines and the law of cosines let us use trigonometry to compute all the 
angles and the lengths of the sides of a triangle given only some of this information. 
We will see spectacular applications as these results allow us to compute the distance 
to far-away objects that we cannot physically reach. 

The double-angle and half-angle formulas for the trigonometric functions will 
allow us to compute exact expressions for quantities such as sin 18° and cos 5 (see 
Problems 106 and 109 in Section 5.5 for these beautiful expressions). The addition 
and subtraction formulas for the trigonometric functions provide another group of 
useful identities. 

This chapter concludes with an investigation into transformations of trigono- 
metric functions, which are used to model periodic events. Redoing function 
transformations in the context of trigonometric functions will also help us review 
the results from Chapter 1 on how function transformations change graphs. 
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Chapter 


A loonie, the 11-sided Canadian 
one-dollar coin. In this chapter you 
will learn how to use trigonometry 
to compute the area of the face of a 
loonie (see Example 5 in 

Section 5.3). 
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The inverse trigonometric 
functions provide remarkably 
useful tools for solving many 
problems. 


As usual, we will assume 
throughout this section that all 
angles are measured in radians 
unless explicitly stated otherwise. 


If we restrict cosine to the orange 
part of the graph, we get a function 
that is one-to-one and thus has an 
inverse. 


5.1 Inverse Trigonometric Functions 


Learning Objectives 


By the end of this section you should be able to 


1 


e compute values of cos~!, sin~!, and tan7!; 


e sketch the radius of the unit circle corresponding to the arccosine, arcsine, 
and arctangent of a number; 


e use the inverse trigonometric functions to find angles in a right triangle, 
given the lengths of two sides; 


e find the angles in an isosceles triangle, given the lengths of the sides; 


e use tan“! to find the angle a line with given slope makes with the 
horizontal axis. 


Several of the most important functions in mathematics are defined as the inverse 
functions of familiar functions. For example, the cube root is defined as the inverse 
function of x3, and the logarithm base 3 is defined as the inverse function of 3°. 

In this section, we will define the inverses of the cosine, sine, and tangent 
functions. These inverse functions are called the arccosine, the arcsine, and the 
arctangent. Neither cosine nor sine nor tangent is one-to-one when defined on its 
usual domain. Thus we will need to restrict the domains of these functions to obtain 
one-to-one functions that have inverses. 


The Arccosine Function 


Recall that a function is called one-to-one if it assigns distinct values to distinct 
numbers in its domain. The cosine function, whose domain is the entire real line, is 
not one-to-one because, for example, cos 0 = cos27z. 

Recall also that only one-to-one functions have inverses (see Section 1.5 to review 
one-to-one functions and their inverses). Thus the cosine function does not have an 
inverse. 


—1 
The graph of cosine on the interval |—27t, 27t]. This graph fails the 


horizontal line test—there are horizontal lines that intersect the graph 
in more than one point. Thus the cosine function is not one-to-one. 


We faced a similar dilemma when we wanted to define the square root function 
as the inverse of the function x7. The domain of the function x? is the entire real 
line. This function is not one-to-one; thus it does not have an inverse. We solved 
this problem by restricting the domain of x7 to [0,00); the resulting function is 
one-to-one, and its inverse is called the square root function. Roughly speaking, we 
say that the square root function is the inverse of x?. 

We will follow a similar process with the cosine. To decide how to restrict the 
domain of the cosine, we start by declaring that 0 should be in the domain of the 
restricted function. Looking at the graph above of cosine, we see that starting at 0 
and moving to the right, 7 is the farthest we can go while staying within an interval 
on which cosine is one-to-one. If [0, 7t] will be in the domain of our restricted cosine 
function, then we cannot move at all to the left from 0 and still have a one-to-one 
function. Thus [0, 77] is the natural domain to choose. 
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If we restrict the domain of cosine to {0, 71], we obtain the one-to-one function 1 
whose graph is shown here. The inverse of this function is called the arccosine, 
which is abbreviated as cos~!. Here is the formal definition. 


7U 
Arccosine 2 7 


Suppose —1 <t <1. -1 


The graph of cosine 
on the interval [0, 71]. 


e The arccosine of t, denoted cos~! t, is the angle in [0,71] whose cosine 


equals f. 
Short version: 


e cos !t = 6 means cos@é =tand0<6< 7. 


In defining cos~! t, we must restrict t to be in the interval [—1,1] because other- 
wise there is no angle whose cosine equals t. 


(b) Evaluate cos~! 1. 


(c) Explain why the expression cos”! 2 makes no sense. 


solution 


(a) We have cos~'0 = 5, because cos + = 0 and % is in the interval [0, 77]. 
(b) We have cos~!1 = 0, because cos 0 = 1 and 0 is in the interval 0, 7]. 


(c) The expression cos~! 2 makes no sense because there is no angle whose cosine 
equals 2. 


Do not confuse cos! t with (cos t)~!. Confusion can arise due to inconsistency cos~! ¢ is not equal to a. 
in common notation. For example, cos*t is indeed equal to (cost)?. However, we 
defined cos”t to equal (cos t)" only when n is a positive integer (see Section 4.6). 
This restriction concerning cos"t was made precisely so that cos”! t could be defined 
with cos”! interpreted as an inverse function. 
The notation cos~! to denote the arccosine function is consistent with our notation 
f | to denote the inverse of a function f. Even here a bit of explanation helps. The 
usual domain of the cosine function is the real line. However, when we write cos~! — Some books use the notation 
we do not mean the inverse of the usual cosine function (which has no inverse  arccost instead of cos~' t. 
because it is not one-to-one). Instead, cos~! means the inverse of the cosine function 
whose domain is restricted to the interval (0, 77]. 
The three different solutions to the three parts of the next example show why 
you need to pay careful attention to the meaning of notation. 


For x = 0.2, evaluate each of the following: [ —sExample2 
(a) cos"! x (b) (cos x)~! (c) cos(x~1) 


solution When checking the results below on your calculator, be sure that it is set 
to work in radians rather than degrees. 


(a) cos~!0.2 = 1.36944 (note that cos 1.36944 ~ 0.2 and 1.36944 is in 0, 7r}) 


1 
2)-1 = —___ & 1.02034 
(b) (cos 0.2) 0D 0203 


(c) cos(0.2-') = cos aa = cos5 & 0.283662 
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Here 0 = cos! 0.3, or 
equivalently cos @ = 0.3. 


The graph of cos—!. 


Example 4 


13 12 


If we restrict sine to the orange 
part of the graph, we get a function 
that is one-to-one and thus has an 
inverse. 


The next example will help solidify your understanding of the arccosine function. 


Sketch the radius of the unit circle corresponding to the angle cos”! 0.3. 


solution We seek an angle in [0, 2] whose cosine equals 0.3. This means that the 
first coordinate of the endpoint of the corresponding radius will equal 0.3. Thus we 
start with 0.3 on the horizontal axis, as shown here, and extend a line upward until 
it intersects the unit circle. That point of intersection is the endpoint of the radius 
corresponding to the angle cos! 0.3, as shown here. 
A calculator shows that 
cos! 0.3 © 1.266. 


Thus the angle 6 shown in the figure here is approximately 1.266 radians, which is 
approximately 72.5°. 


Recall that the inverse of a function interchanges the domain and range of the 
original function. Thus we have the following. 


Domain and range of arccosine 


e The domain of cos~! is [—1,1]. 


e The range of cos”! is (0, 77]. 


The graph of cos”! can be obtained in the usual way when dealing with inverse 
functions. Specifically, flip the graph of the cosine (restricted to the interval {0, 7t]) 
across the line with slope 1 that contains the origin, getting the graph shown here. 

The inverse trigonometric functions are spectacularly useful in finding the angles 
of a right triangle when given the lengths of two of the sides. The next example 
gives our first illustration of this procedure. 


Suppose a 13-foot ladder is leaned against a building, reaching to the bottom of a 
second-floor window 12 feet above the ground. What angle does the ladder make 
with the building? 


solution Let @ denote the angle the ladder makes with the building. Because the 
cosine of an angle in a right triangle equals the length of the adjacent side divided 
by the length of the hypotenuse, the figure here shows that 


2 
cos @ = TB 


Thus 10 
6 = cos”! 75 © 0.3948. 


Hence @ is approximately 0.3948 radians, which is approximately 22.6°. 


The Arcsine Function 
Now we consider the sine function, whose graph is shown below. 


1 


=f 
The graph of sine on the interval |—27t, 271]. 
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We need to restrict the domain to obtain a one-to-one function. We again start by 
declaring that 0 should be in the domain of the restricted function. Looking at the 
graph of sine, we see that [— a 5] is the largest interval containing 0 on which sine 
is one-to-one. 

If we restrict the domain of sine to [— Fi ak we obtain the one-to-one function 
whose graph is shown here. The inverse of this function is called the arcsine, which 
is abbreviated as sin~!. Here is the formal definition. 


Arcsine 


Suppose —1 <t <1. 


e The arcsine of t, denoted sin~!t, is the angle in Ss 5] whose sine 
equals tf. 


Short version: 


° sin! t = @ means sin@ = t and —5 So < a 


In defining sin! t, we must restrict t to be in the interval [—1,1] because other- 
wise there is no angle whose sine equals f. 
(a) Evaluate sin~! 0. 
(b) Evaluate sin !(—1). 


(c) Explain why the expression sin~'(—3) makes no sense. 


solution 
(a) We have sin~!0 = 0, because sin 0 = 0 and 0 is in the interval [— 5, 5]. 
(b) We have sin~'(—1) = —4, because sin(— 4) = —1 and —F is in [-3, 4]. 


(c) The expression sin~!(—3) makes no sense because there is no angle whose sine 
equals —3. 


Do not confuse sin! t with (sint)~!. The same comments that were made earlier 
about the notation cos~! apply to sin!. Specifically, sint means (sin t)*, but sin! t 
involves an inverse function. 

The next example should help solidify your understanding of the arcsine function. 


Sketch the radius of the unit circle corresponding to the angle sin“! 0.3. 


solution We seek an angle in [— 5, 4] whose sine equals 0.3. This means that the 
second coordinate of the endpoint of the corresponding radius will equal 0.3. Thus 
we start with 0.3 on the vertical axis, as shown here, and extend a line to the right 
until it intersects the unit circle. That point of intersection is the endpoint of the 
radius corresponding to the angle sin! 0.3, as shown here. 
A calculator shows that 
sin! 0.3 ~ 0.3047. 


Thus the angle @ shown in the figure here is approximately 0.3047 radians, which is 
approximately 17.5°. 


The graph of sine on 
m 7 
the interval [— ‘5, >]. 


ee 1 
sin t is not equal to Sint’ 


Example 6 


Here 6 = sin! 0.3, or 
equivalently sin @ = 0.3. 
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z 
The graph of sin~!. 


Example 7 


4 mile 150 feet 


0 


This sketch is not 
drawn to scale. 


Example 8 


Because the inverse of a function interchanges the domain and range of the 
original function, we have the following results. 


Domain and range of arcsine 


e The domain of sin“! is [—1, 
1: 


i 


e The range of sin 


ae 
D 


Tt 
7|- 


The graph of sin“! can be obtained in the usual way when dealing with inverse 
functions. Specifically, flip the graph of the sine (restricted to the interval [— >, 5) 
across the line with slope 1 that contains the origin, getting the graph shown here. 

Given the lengths of the hypotenuse and another side of a right triangle, you can 
use the arcsine function to determine the angle opposite the nonhypotenuse side. 


The next example illustrates the procedure. 


Suppose your altitude goes up by 150 feet when driving one-half mile on a straight 
road. What is the angle of elevation of the road? 


solution The first step toward solving a problem like this is to sketch the situation. 
Thus we begin by constructing the sketch shown here, which is not drawn to scale. 
We want to find the angle of elevation of the road; this angle has been denoted by 0 
in the sketch. 

As usual, we must use consistent units throughout a problem. The information 
we have been given uses both feet and miles. Thus we convert one-half mile to feet: 
because one mile equals 5280 feet, one-half mile equals 2640 feet. 

Because the sine of an angle in a right triangle equals the length of the opposite 
side divided by the length of the hypotenuse, the sketch shows that 


. — 150 
sin@d = 640: 


Thus 


6 = sin! sei © 0.057. 


Hence @ is approximately 0.057 radians, which is approximately 3.3°. 


The next example shows how to find the angles in an isosceles triangle, given the 
lengths of the sides. 


Find the angle between the two sides of length 7 in an isosceles triangle that has 
one side of length 8 and two sides of length 7. 


solution Create a right triangle by dropping a perpendicular from the vertex to 
the base, as shown in the figure here. 

Let 6 denote the angle between the perpendicular and a side of length 7. Because 
the base of the isosceles triangle has length 8, the side of the right triangle opposite 
the angle 6 has length 4. Thus 


9g—4 
sin? = 5 


and hence 
é=sin' . 


The angle between the two sides of length 7 is 20, which equals 2 sin“! 3, which 
is approximately 1.2165 radians, which is approximately 69.7°. 
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The Arctangent Function 
Now we consider the tangent function, whose graph is shown below. 


6 


If we restrict tangent to the orange 
part of the graph, we get a function 
that is one-to-one and thus has an 
inverse. 


27 70 


The graph of tangent on most of the interval (—} 7, 37). 


The green lines are asymptotes of this graph. 


We need to restrict the domain to obtain a one-to-one function. We again start by 
declaring that 0 should be in the domain of the restricted function. Looking at the 


graph above of tangent, we see that (— +, 5) is the largest interval containing 0 on 


which tangent is one-to-one. Recall that the tangent function is not defined at 5 or 


at — a thus these numbers cannot be included in the domain. 
If we restrict the domain of tangent to (— a a we obtain a one-to-one function. 
The inverse of this function is called the arctangent, which is abbreviated as tan” !. 


Arctangent 


Suppose t is a real number. 


e The arctangent of t, denoted tan™! t, is the angle in (— oF 5) whose tangent 


equals t. 
a The graph of tangent on most of 


Short version: the interval (— us ah The green 
a lines are asymptotes. 
e tan”! t = 6 means tan@ = t and pies 


Evaluate tan“! 0. 
(a) Evaluate tan Example 9 


(b) Evaluate tan~! 1. 
(c) Evaluate tan~! 3. 


solution 


(a) We have tan~!0 = 0, because tan0 = 0 and 0 is in the interval (— on 5): 
(b) We have tan~!1 = a because tan i =1land i is in the interval (-F, a 


(c) We have tan~! /3 = ai because tan 5 = /3 and 5 is in the interval (— i oa 
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143 1 
tan‘ t is not equal to F7- 


Example 10 
0 1 


This radius has slope —3 and thus 
corresponds to tan~!(—3). 


Portrait of English mathematician 
William Oughtred, who in the 17" 
century introduced the 
abbreviations cos and sin for 
cosine and sine. 


Do not confuse tan~! ¢ with (tan t)~!. The same comments that were made earlier 
about the notation cos~! and sin~! apply to tan~!. Specifically, tan? means (tan t)?, 
but tan~! f involves an inverse function. 


Sketch the radius of the unit circle corresponding to the angle tan~!(—3). 


solution We seek an angle in (— 5, 5) whose tangent equals —3. This means that 
the slope of the corresponding radius will equal —3. The unit circle has two radii 
with slope —3; one of them is the radius shown here and the other is the radius 
in the opposite direction. But of these two radii, only the one shown here has a 
corresponding angle in the interval (— 4,4). Notice that the indicated angle is 
negative because of the clockwise direction of the arrow. 


A calculator shows that 
tan 1(—3) = —1.249. 


Thus the angle @ shown here is approximately —1.249 radians, which is approxi- 
mately —71.6°. 


Unlike cos~! t and sin~! t, which make sense only when ¢ is in [—1,1], tan—!t 
makes sense for every real number tf (because for every real number t there is an 
angle whose tangent equals t). Because the inverse of a function interchanges the 
domain and range of the original function, the domain of the arctangent is the set 
of real numbers and the range of the arctangent is the interval (— 4, 5). 

The table below summarizes the domain and range of all three inverse trigono- 
metric functions. Here the set of real numbers is denoted using the interval notation 
(—00, 00). 


Domain and range of the inverse trigonometric functions 


The graph of tan“! can be obtained in the usual way when dealing with inverse 
functions. Specifically, flip the graph of the tangent (restricted to an interval slightly 
smaller than (— 4, 5 )) across the line with slope 1 that contains the origin, getting 


the graph shown below. 


7 


2 
The graph of tan—! on the interval |—6, 6]. 
The green lines are asymptotes of this graph. 


Given the lengths of the two nonhypotenuse sides of a right triangle, you can use 
the arctangent function to determine the angles of the triangle. The next example 
illustrates the procedure. 
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(a) In this right triangle, use the arctangent function to evaluate the angle uw. [ Example 11 


(b) In this right triangle, use the arctangent function to evaluate the angle v. 


(c) Asa check, compute the sum of the angles u and v obtained in parts (a) and (b). 
Does this sum have the expected value? 5 


solution 


(a) Because the tangent of an angle in a right triangle equals the length of the 
opposite side divided by the length of the adjacent side, we have tan u = 3. Thus 


u = tan”! 3 0.5071. 


Hence u is approximately 0.5071 radians, which is approximately 29.1°. 


(b) Because the tangent of an angle in a right triangle equals the length of the 
opposite side divided by the length of the adjacent side, we have tanv = 2. Thus 


v =tan! 2 ~ 1.0637. 


Hence v is approximately 1.0637 radians, which is approximately 60.9°. 


(c) We have 
u+v ®& 29.1° + 60.9° = 90°. 


Thus the sum of the two acute angles in this right triangle is 90°, as expected. 


Given the slope of a line, the arctangent function allows us to find the angle the 
line makes with the positive horizontal axis, as shown in the next example. 


What angle does the line y = 2x in the xy-plane make with the positive x-axis? [ Example 12 


solution We seek the angle @ shown in the figure here. Because the line y = $x y 


has slope z, we have 2 
aid 
tan = 3. 
Thus 
6 = tan! 5 ~ 0.588. 
0 
Hence @ is approximately 0.588 radians, which is approximately 33.7°. 1 2 3° 


The line y = RX. 


Exercises 
You should be able to do Exercises 1-4 without a calculator. 5 g For x = 0.3, evaluate each of the following: 
1 Evaluate cos”! 4. (a) cos! x (c) cos(x~!) 
2 Evaluate sin™! 5. (b) (cosx)~! (d) (cos-! x)~1 
3 Evaluate tan~!(—1). 6 g For x = 0.4, evaluate each of the following: 
4 Evaluate tan~!(—V/3). (a) cos-+x (c) cos(x~!) 
(b) (cosx)7! (d) (cos-!x)7! 


Exercises 5-16 emphasize the importance of understanding 
inverse notation as well as the importance of parentheses in 7 g For x = by evaluate each of the following: 


determining the order of operations. (a) sin-) x () sin(x7?) 


(b) (sinx)~! (d) (sin“! x)~1 
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8 


9 


10 


11 


12 


13 


14 


15 


16 


Use the right triangle above for Exercises 17-24. This trian- 


@ For x = q evaluate each of the following: 
(a) sino! x (c) sin(x a 
(b) (sinx)7! (d) (sin™! x) 

g For x = 2, evaluate each of the following: 
(a) tan! x (c) tan(x ae 


(b) (tanx)~! (d) (tan-!x)7! 
g For x = 3, evaluate each of the following: 

(a) tan! x (c) tan(x ae 

(b) (tanx)~1 (d) (tan-1 x)" 


g For x = 4, evaluate each of the following: 
(a) (cos(x-1))~? (c) (cos~1(x~!)) 
(b) cos~!(x-1) 

For x = 5, evaluate each of the following: 

(a) (cos(x~!)) (c) (cos~!(x~")) 
(b) cos-1(x-1) 

For x = 6, evaluate each of the following: 

(a) (sin(x-1)) 7 (c) (sin-!(x71)) 
(b) sin“! (x71) 

For x = 9, evaluate each of the following: 

(a) (sin(x-1)) 7 (©) (sin? (x71) 
(b) sin!(x~") 

For x = 0.1, evaluate each of the following: 
(a) (tan(x-1)) 7 (c) (tan~1(x~1)) 
(b) tan7! (x7!) 

For x = 0.2, evaluate each of the following: 
(a) (tan(x-1)) 7 (c) (tan~1(x~1)) a 
(b) tan~!(x~!) 


=] 


=] 


=I 


=] 


=] 


U 


u 


a 


gle is not drawn to scale corresponding to the data in the 
exercises. 


7 g Suppose a4 = 2andc = 3. 


18 
19 
20 
21 
22 
23 
24 
25 


26 


27 


28 


Evaluate u in radians. 


Suppose 4 = 3 and c = 4. Evaluate u in radians. 


Suppose a = 2 and c = 5. Evaluate v in radians. 
Suppose a = 3 and c = 5. Evaluate v in radians. 
Suppose a = 5 and b = 4. Evaluate u in degrees. 
Suppose a = 5 and b = 6. Evaluate u in degrees. 


Suppose a = 5 and b = 7. Evaluate v in degrees. 


Suppose a = 7 and b = 6. Evaluate v in degrees. 
Find the angle between the two sides of length 9 in an 

isosceles triangle that has one side of length 14 and two 

sides of length 9. 

g Find the angle between the two sides of length 8 in an 

isosceles triangle that has one side of length 7 and two 

sides of length 8. 

g Find the angle between a side of length 6 and the side 

with length 10 in an isosceles triangle that has one side 

of length 10 and two sides of length 6. 

g Find the angle between a side of length 5 and the side 

with length 9 in an isosceles triangle that has one side of 

length 9 and two sides of length 5. 


29 


30 


31 


32 


33 


34 


35 


36 @ 


37 


38 


39 


40 


41 


42 


43 


44 


45 


46 


47 


48 


g Find the 
yocos? — 6. 
g Find the 
yosine — 7. 
g Find the 
gee 15. 
g Find the 
etan@ _ — 500. 
F Find the second smallest positive number @ such that 
qsiné _ 3. 
g Find the second smallest positive number @ such that 
70s 8 5. 
g Find the smallest positive number y such that 
cos(tany) = 0.2. 


smallest positive number @ such that 
smallest positive number @ such that 
smallest positive number @ such that 


smallest positive number 6 such that 


Find the smallest positive number y such that 
sin(tany) = 0.6. 
Find the smallest positive number x such that 


sin’x — 3sinx+1=0. 
g Find the smallest positive number x such that 
sin’x — 4sinx +2 =0. 
g Find the smallest positive number x such that 
cos*x — 0.5cos x + 0.06 = 0. 
g Find the smallest positive number x such that 
cos?x — 0.7 cos x + 0.12 = 0. 


g Find the smallest positive number @ such that 
sin@ = —0.4. 

[Hint: Careful, the answer is not sin~!(—0.4).] 

g Find the smallest positive number @ such that 
tan@ = —5. 

[Hint: Careful, the answer is not tan~!(—5).] 

g Find the smallest number 6 larger than 27t such that 
cos 6 = 0.7. 

g Find the smallest number 6 larger than 57t such that 
sin @ = 0.2. 

g What angle does the line y = zx in the xy-plane make 
with the positive x-axis? 

g What angle does the line y = 4x in the xy-plane make 
with the positive x-axis? 

What is the angle between the positive horizontal axis 
and the line containing the points (3,1) and (5,4)? 

g What is the angle between the positive horizontal axis 
and the line containing the points (2,5) and (6,2)? 


For Exercises 49-52: Hilly areas often have road signs giving 
the percentage grade for the road. A 5% grade, for example, 
means that the altitude changes by 5 feet for each 100 feet of 
horizontal distance. 


9 g What percentage grade should be put on a road sign 


where the angle of elevation of the road is 3°? 


0 g What percentage grade should be put on a road sign 


51 


52 


where the angle of elevation of the road is 4°? 
Suppose an uphill road sign indicates a road grade of 
6%. What is the angle of elevation of the road? 


g Suppose an uphill road sign indicates a road grade of 
8%. What is the angle of elevation of the road? 


Problems 


Some problems require considerably more thought than the exercises. 


53 Without using a calculator, sketch the unit circle and the 
radius corresponding to cos! 0.1. 


54 Without using a calculator, sketch the unit circle and the 
radius corresponding to sin~!(—0.1). 


55 Without using a calculator, sketch the unit circle and the 
radius corresponding to tan! 4. 


1 


56 Explain why the expression cos~ 5 makes no sense. 


57 Explain why 


3 


cos | 5= sin! . = 


5 = tan 3: 


[Hint: Take a = 3 and b = 4 in the triangle used for 
Exercises 17—24. Then find c and consider various ways 
to express u.] 


58 Explain why 


15 2 =) 1D. =7 12 
cos 73 = sin 73 — tan 5 


59 Suppose a and b are numbers such that 


1 


a is us 
cos a= 7 and . 


a =f} _ A 
sin b= 7 
Explain why a+b? =1, 
60 Find all numbers t such that 


cos! t =sin7! t. 
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61 There exist angles 6 such that cos@ = — sin@ (for exam- 


ple, — a and 37 are two such angles). However, explain 
why there do not exist any numbers ¢ such that 


cos! # = —sin7! t. 


62 Show that in an isosceles triangle with two sides of length 
b and a side of length c, the angle between the two sides 
of length b is 

c 
Asin | —. 
sin ov 

63 Show that in an isosceles triangle with two sides of length 
b and a side of length c, the angle between a side of length 
b and the side of length c is 


64 Suppose you are asked to find the angles in an isosceles 
triangle that has two sides of length 5 and one side of 
length 11. Using the two previous problems, this would 
require you to compute sin! i and cos~! io neither of 

which makes sense. What is wrong here? 


Worked-Out Solutions to Odd-Numbered Exercises 


Do not read these worked-out solutions before attempting to do the 
exercises yourself. Otherwise you may mimic the techniques shown 
here without understanding the ideas. 


You should be able to do Exercises 1-4 without a calculator. 


1 Evaluate cos~! 4. 

solution cos 5 — 3; thus cos~ 
3 Evaluate tan~!(—1). 

solution tan(— 7) = —1; thus 


tan~!(—1) = — 


IA 


Exercises 5-16 emphasize the importance of understanding 
inverse notation as well as the importance of parentheses in 
determining the order of operations. 


5 o For x = 0.3, evaluate each of the following: 


(a) cos-!x (c)_ cos(x7') 
(b) (cosx)~! (d) (cos-!x)71 
solution 


(a) cos-!0.3 © 1.2661 


Best way to learn: Carefully read the section of the textbook, then do 
all the odd-numbered exercises and check your answers here. If you 
get stuck on an exercise, then look at the worked-out solution here. 


1 
3)7! = ——_ ®& 1.0467 
(b) (cos0.3) aE 04675 


(c) cos(0.3~!) = cos a4 = —0.981674 
d ~19,3)-1 = ——_ w& 0.789825 
id) Leos ) cos! 0.3 


7 g For x = t, evaluate each of the following: 
(a) sin7!x (c) sin(x~!) 
(b) (sinx)~! (d) (sin-!x)~! 


solution 
(a) sin“! 5 ~ 0.143348 
(b) (sin? )-! = —_. » 7.02387 
(c)_sin((}) ') = sin7 ~ 0.656987 
i 


id) Gin 2) = = 6.97605 


s.—1 1 
sin 7 


9 g For x = 2, evaluate each of the following: 
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(c) tan(x~1) 
(d) (tan-!x)~1 


(a) tan! x 
(b) (tanx)~! 
solution 

(a) tan-!2 = 1.10715 


(b) (tan2)~! = 1 0.457658 


tan2 
(c) tan(2~1) = tan 5 = 0.546302 
1 
d) (tan-!2)-! = = 0.903221 
a) ene?) tan—!2 


11 6 For x = 4, evaluate each of the following: 


(a) (cos(x-1)) (c) (cos~1(x~!)) 
(b) cos~! (x7!) 


= 


solution 
—1)\\- 1,-1 
a) (cos(47! =(cosq) = = 1.03209 
f@)_(cost#¥))* = (e083) = 
(b) cos! (4-1) = cos“! i & 1.31812 
es ee ee _11)-1 1 
Ce cos ~(4 = (cos = = 0.758659 
le as ae gore: 


13 g For x = 6, evaluate each of the following: 
(a) (sin(x-1)) 7 (c) (sin! (x71)) 
(b)_sin™*(x~*) 


=[ 


solution 


(a) (sin(6~')) . : 


-1 ~ 1y\- 
= (sing) | = —z * 6.02787 
SIN & 


(b) sin-1(6-1) = sin“! 4 ~ 0.167448 


(9) (sin-¥(61))* = (sin)? = 


7 © 5.972 
sin" % 


15 g For x = 0.1, evaluate each of the following: 
(a) (tan(x-1)) 7 (c) (tan~1(x~1)) = 
(b) tan7! (x7!) 


solution 


(a) (tan(0.1-1))~* = (tan10)~* = = 1.54235 


tan 10 
(b) tan~!(0.1-') = tan-!10 © 1.47113 


(c) 
(tan-1(0.1-1)) = (tan? 10) 


ee 
tan-!10 
= 0.679751 


a 


Use the right triangle above for Exercises 17-24. This trian- 
gle is not drawn to scale corresponding to the data in the 
exercises. 


17 


19 


21 


23 


25 


g Suppose a = 2 and c = 3. Evaluate u in radians. 


solution Because the cosine of an angle in a right trian- 
gle equals the length of the adjacent side divided by the 
length of the hypotenuse, we have cosu = z. Using a 


calculator working in radians, we then have 


u=cos | 4 ~ 0.841 radians. 


g Suppose a = 2 and c = 5. Evaluate v in radians. 


solution Because the sine of an angle in a right trian- 
gle equals the length of the opposite side divided by the 
length of the hypotenuse, we have sinv = zg. Using a 
calculator working in radians, we then have 


v=sin! 2 ~ 0.412 radians. 


g Suppose a = 5 and b = 4. Evaluate u in degrees. 


solution Because the tangent of an angle in a right tri- 
angle equals the length of the opposite side divided by 
the length of the adjacent side, we have tan u = 5 Using 
a calculator working in degrees, we then have 


u=tan! 3 = 38.7°. 


g Suppose a = 5 and b = 7. Evaluate v in degrees. 


solution Because the tangent of an angle in a right tri- 
angle equals the length of the opposite side divided by 
the length of the adjacent side, we have tanv = 3. Using 
a calculator working in degrees, we then have 


tse id ° 
v = tan 7 35.5". 


g Find the angle between the two sides of length 9 in an 
isosceles triangle that has one side of length 14 and two 
sides of length 9. 


solution Create a right triangle by dropping a perpen- 
dicular from the vertex to the base, as shown in the figure 
below. 


27 


29 


31 


33 


35 


Let 6 denote the angle between the perpendicular and a 
side of length 9. Because the base of the isosceles triangle 
has length 14, the side of the right triangle opposite the 
angle @ has length 7. Thus sin @ = q. Hence 


@=sin— - ~ 0.8911. 


Thus the angle between the two sides of length 9 is ap- 
proximately 1.7822 radians (1.7822 = 2 x 0.8911), which 
is approximately 102.1°. 


g Find the angle between a side of length 6 and the side 
with length 10 in an isosceles triangle that has one side 
of length 10 and two sides of length 6. 


solution Create a right triangle by dropping a perpen- 
dicular from the vertex to the base, as shown in the figure 
below. 


10 


Let 6 denote the angle between the side of length 10 and a 
side of length 6. Because the base of the isosceles triangle 
has length 10, the side of the right triangle adjacent to the 
angle @ has length 5. Thus cos 6 = 2. Hence 


@ = cos! 2 = 0.58569. 


Thus the angle between a side of length 6 and the side 
with length 10 is approximately 0.58569 radians, which is 
approximately 33.6°. 


g Find the smallest positive number @ such that 
10%"? = 6, 


solution The equation above implies that cos @ = log 6. 
Thus we take @ = cos”! (log 6) ~ 0.67908. 


g Find the smallest positive number @ such that 
ea = 15, 


solution The equation above implies that tan@ = In 15. 
Thus we take @ = tan~!(In 15) = 1.21706. 


g Find the second smallest positive number @ such that 
ae =o 


solution Take the log of both sides of the equation above, 
getting (sin @) (log 4) = log 3, which implies that 


sin @ = loge 
log 4 
The smallest positive number 6 satisfying this equation is 
; log3 
= 


sin” {o ea The second smallest positive number satisfy- 


l 
ing this equation is 7 — sin! ee & 2.22673. 


| Find the smallest positive number y such that 
cos(tany) = 0.2. 


solution The equation above implies that we should 
choose tany = cos~!0.2 = 1.36944. Thus we should 
choose y © tan! 1.36944 ~ 0.94007. 


37 


39 


41 
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g Find the smallest positive number x such that 
sin?x — 3sinx +1=0. 


solution Write y = sinx. Then the equation above can 
be rewritten as 

y? —3y+1=0. 
Using the quadratic formula, we find that the solutions 
to this equation are 


a ENS 25 185 


and _ 

y= 3 a8 = 0.381966. 
Thus sinx = 2.61803 or sinx = 0.381966. However, 
there is no real number x such that sinx * 2.61803 
(because sinx is at most 1 for every real number 
x), and thus we must have sinx * 0.381966. Thus 


x & sin”! 0.381966 + 0.39192. 


g Find the smallest positive number x such that 
cos?x — 0.5cos x + 0.06 = 0. 


solution Write y = cos x. Then the equation above can 
be rewritten as 


y’ — 0.5y + 0.06 = 0. 


Using the quadratic formula or factorization, we find that 
the solutions to this equation are 


y=0.2 and y=0.3. 


Thus cos x = 0.2 or cos x = 0.3, which suggests that we 
choose x = cos! 0.2 or x = cos! 0.3. Because arcco- 
sine is a decreasing function, cos~! 0.3 is smaller than 
cos! 0.2. Because we want to find the smallest positive 
value of x satisfying the original equation, we choose 
x = cos !0.3 ¥ 1.2661. 


g Find the smallest positive number @ such that 
sin@ = —0.4. 
[Hint: Careful, the answer is not sin~!(—0.4).] 


solution The answer is not sin~!(—0.4) because 
sin~!(—0.4) is a negative number and we need to find the 
smallest positive number 6 such that sin@ = —0.4. In the 
figure below, the orange radius corresponds to the neg- 
ative angle sin~'(—0.4). The arrow and the blue radius 
show the angle we seek, which is 7 + sin! 0.4, which is 
approximately 3.55311 radians (which is approximately 
203.6°). 
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43 


45 


47 


g Find the smallest number 6 larger than 27t such that 
cos #0 = 0.7. 


solution The desired number is 27 + cos~! 0.7, which 
is approximately 7.07858. 


g What angle does the line y = 2x in the xy-plane make 
with the positive x-axis? 


solution We seek the angle @ shown in the figure here. 
Because the line y = zx has slope z, we have tan@ = z. 
Thus @ = tan”! 3 ~ 0.3805. 


y 
2 


1 3 5 
The line y = ex. 
Hence 6 is approximately 0.3805 radians, which is ap- 
proximately 21.8°. 


What is the angle between the positive horizontal axis 
and the line containing the points (3,1) and (5,4)? 


solution Let @ denote the angle between the positive 
horizontal axis and the line containing (3,1) and (5,4). 


The line containing (3,1) and (5,4) has slope —? which 
equals 3. Thus tan@ = oe Thus 6 = tan! 3 & 0.982794. 
Hence 6 is approximately 0.982794 radians, which is ap- 
proximately 56.3°. 


For Exercises 49-52: Hilly areas often have road signs giving 
the percentage grade for the road. A 5% grade, for example, 
means that the altitude changes by 5 feet for each 100 feet of 
horizontal distance. 


49 


51 


g What percentage grade should be put on a road sign 
where the angle of elevation of the road is 3°? 


solution The grade of a portion of a road is the change 
in altitude divided by the change in horizontal distance. 
Thus the grade is the slope of the road. A road with a 
3° angle of elevation has slope tan3°, which is approx- 
imately 0.052. Thus a road sign should indicate a 5% 
grade. 


g Suppose an uphill road sign indicates a road grade of 
6%. What is the angle of elevation of the road? 


solution Let @ denote the angle of elevation of the road. 
A road grade of 6% means that tan@é = 0.06. Thus 
6 = tan! 0.06 + 0.0599. Hence @ is approximately 0.0599 
radians, which is approximately 3.4°. 
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5.2 Inverse Trigonometric Identities 


Learning Objectives 


By the end of this section you should be able to 


e compute the composition, in either order, of a trigonometric function and 
its inverse function; 


e find inverses of functions that involve trigonometric functions; 


e compute the composition of a trigonometric function with the inverse of a 
different trigonometric function; 
e use the inverse trigonometric identities for —t; tp pty 
Inverse trigonometric identities are 
identities that involve inverse 


e use the identity for arccosine plus arcsine. 
trigonometric functions. 


Composition of Trigonometric Functions and Their Inverses 


Recall that if f is a one-to-one function, then f o f~! is the identity function on 
the range of f, meaning that f( f—1(t)) = ¢ for every t in the range of f. In the 
case of the trigonometric functions (or more precisely, the trigonometric functions 
restricted to the appropriate domain) and their inverses, this gives the following set 
of equations. 


Trigonometric functions composed with their inverses 


cos(cos-!t)=t for every ¢ in [—1,1] 


For example, 
cos(cos~! 0.29) = 0.29. 


sin(sin"!t)=t for every ¢ in [—1,1| 


tan(tan-!t)=t for every real number t 


The left sides of the first two equations above make no sense unless ft is in the 
interval [—1, 1] because the functions cos! and the sin~! are only defined on the 
interval [—1, 1]. 

Recall also that if f is a one-to-one function, then f—! 0 f is the identity function 
on the domain of f, meaning that f~'( f(0)) = @ for every @ in the domain of 
f. In the case of the trigonometric functions (or more precisely, the trigonometric 
functions restricted to the appropriate domain) and their inverses, this gives the 
following set of equations. 


Inverse trigonometric functions composed with their inverses 


cos '(cos@) =6 for every @ in 0, For example, 


cos”! (cos 7) = 7 


sin '(sin@) =@ for every @ in [— 


tan !(tan@) = 0 for every @ in (— 


The left sides of the first two equations above make sense for all real numbers 6, 
and the left side of the last equation above makes sense for all values of # except 
odd multiples of ue However, the next example shows why the restrictions above 
on @ are necessary. 
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Here sin 380° is rewritten as 

_ IC ‘ 
sin @ because we need to work in 
radians and we need an angle in 
the interval [— ai 5] so that we 
can apply the identity involving 
the composition of sin! and sin. 


When considering an expression 
such as sin~! i, it does not make 


sense to ask whether the input . is 
in radians or is in degrees. 


GAPE T. ACNESI 
Statue in Milan of Italian 
mathematician Maria Gaetana 
Agnesi, who in 1748 published one 
of the first calculus textbooks. A 
translation of her book into English 
was published in 1801. 


Evaluate cos~!(cos(27t) ). 


solution The key point is that the equation cos~!(cos @) = @ is not valid here 
because 271 is not in the interval [0, 7]. However, we can evaluate this expression 
directly. Because cos(27t) = 1, we have 


cos !(cos(27t) ) = cos-!1 =0. 


The example above illustrates the point that cos~!(cos @) does not equal 6 if 
6 is not in the interval [0,71]. The next example shows how to deal with these 
compositions when @ is not in the required range. 


Evaluate sin~ ! (sin 380°). 


solution Note that sin380° = sin 20° = sin 5. Thus 
sin” !(sin380°) = sin”! (sin 3) = a 


remark The input to a trigonometric function has units of either degrees or radians; 
if no units are specified then we assume the units are radians. However, the output 
of a trigonometric function is a number with no units. When 0.342 (which is the 
approximate value of sin380°) is input into the sin~! function, the sin! function 
does not know whether this number arose from a computation involving degrees 
or a computation involving radians. The sin~! function produces the angle (in 
radians!) whose sine equals the given input. 

Most calculators, when set to operate in degrees, will evaluate sin~! 5 to be 
30 rather than the correct value of b (which is approximately 0.5236). When 


that happens, the sin~! button on the calculator is not the arcsine function but is 
the function whose value at ¢ is the number x in the interval [—90,90] such that 
sin x° = t. In other words, when operating in degrees, the calculator’s sin! button 


is really 180 times the arcsine function. 


More Inverse Functions 


Using inverse trigonometric functions, we can find inverses of many other functions. 


Suppose f(x) =3-+4cosx, where the domain of f is the interval (0, 77]. 
(a) Find a formula for f~!. 

(b) What is the domain of f~!? 

(c) What is the range of f =g 


solution 

(a) We need to solve the equation y = 3+ 4cos x for x. Subtracting 3 from both sides 
and then dividing by 4, we have cos x = ae which implies that x = cos”! me 
Thus f “(y) = cos LS 

(b) As usual, the domain of f—! equals the range of f. As x varies over the interval 


(0, zt], the values of 3 + 4cos x vary over the interval [—1,7]. Thus the domain 
of f—! is the interval [—1,7]. 


(c) As usual, the range of f~! equals the domain of f, which is the interval [0, 77]. 
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An alternative method for finding the inverse function is presented below. This 
method does not work for functions such as f(x) = x? + x in which x appears more 
than once in the formula defining f. 


Finding the inverse function 


Suppose f is a one-to-one function and f(x) is defined by a formula in which x 
appears only once. 


e List the steps needed to compute f(x). 


e Then f—! can be computed by reversing each step, in the opposite of the 
original order. 


Suppose f(x) = 3+4cosx, where the domain of f is the interval [0, zr]. Find a 
formula for f—!. Example 4 


solution Here are the steps needed to compute f(x): 
e Evaluate cos x. 
e Multiply by 4 (getting 4cos x). 
e Add 3 (getting 3 + 4cos x). 


Now we reverse each step, in the opposite of the original order. Specifically, 
addition of 3 is reversed by subtracting 3, multiplication by 4 is reversed by dividing 


by 4, and taking the cosine is reversed by taking the arccosine: This alternative method for finding 


e Subtract 3 from y (getting y — 3). the inverse function can help you 
understand what is going on with 
e Divide by 4 (getting >), inverse functions. The idea behind 


this alternative method is that 
f 1 (f(x) ) =x. Thus to 

compute f—', the steps used in 
computing f must be reversed. 


e Take the arccosine (getting cos ve), 


Thus f-!(y) =cos7! ay which is the same result as in Example 3. 


More Compositions with Inverse Trigonometric Functions 


We already discussed the composition of a trigonometric function with its inverse 
function. Now we will discuss the composition of a trigonometric function with the 
inverse of a different trigonometric function. 


For example, consider the problem of evaluating cos(sin~' 4). One way to 
approach this problem would be to evaluate sin™! z, then evaluate the cosine of that 


angle. However, no one knows how to find an exact expression for sin! z. 


A calculator could give an approximate answer, first showing that 


sin“! 3 ~ 0.729728. 


Using a calculator again to take cosine of the number above, we see that The exact answer that we will 
obtain in the next two examples is 
cos(sin™! 4) ~ 0.745356. more satisfying than this 


approximation. 


When working with trigonometric functions, an accurate numerical approxima- 
tion such as computed above is sometimes the best that can be done. However, for 
compositions of the type discussed above, exact answers can be found. The next 
example shows how to do this. 
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solution Let 6 = sin! 3; thus sin @ = 3. Recall that 


opposite side 


sin # = 
hypotenuse 


in a right triangle with an angle of @, where opposite side means the length of the 


; 2 side opposite the angle @. The easiest choices for side lengths to have sin @ = Z are 
shown in the triangle here. Applying the Pythagorean Theorem to this triangle, we 
have b? +4 = 9, which implies that b = J5. 

Q Now 
b 


1 


cos(sin— 4) =cosé 


A right triangle with sin@ = a di cota 
__ adjacent side 
hypotenuse 


A calculator shows that a = 0.745356. Thus the exact value we just obtained for 
cos(sin~' 4) is consistent with the approximate value obtained earlier. 

The method used in the example above might be called the geometric approach. 
The next examples illustrates a more algebraic approach to such composition ques- 


tions. Use whichever approach is easiest for you. 


Example 6 Find a formula for tan(cos~! t). 


solution Suppose —1 < t < 1 with t 4 0 (we are excluding t = 0 because in that 
case we would have cos~!t = uf but tan a is undefined). Let 0 = cos! ¢. Thus 
cos? =tand0<0@< 7. Now 


tan(cos-'t) = tané 


_ siné 

~ cos 
In general we know that 

iabibocdecal T= cose 

sin@ = +/1 — cos?6. Here we ao 
can choose the plus sign because cos 0 
0 < 6 < 7, which implies that /1 — £2 
sin @ > 0. = __— 


t 


Thus the formula we seek is 


JI—-k 
tan(cos-! t) = — 

There are five more identities like the one derived in the example above, involving 
the composition of a trigonometric function and the inverse of another trigonometric 
function. The problems in this section ask you to derive those five additional 
identities, which can be done using the same methods as in either of the two 
examples above. Memorizing these identities is not a good use of your mental 
energy, but be sure that you understand how to derive them. 
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The Arccosine, Arcsine, and Arctangent of —t 


We begin by finding a formula for cos~!(—t) in terms of cos~! t. To do this, suppose 
0 <t <1. Let 6 = cos !t, which implies that cos @ = t. Consider the radius of the 
unit circle corresponding to 0. The first coordinate of the endpoint of this radius 
will equal t, as shown in the figure here. 

To find cos~! (—t), we need to find a radius whose first coordinate equals —t. To 
do this, flip the radius corresponding to @ across the vertical axis, as shown here. 

From the figure, we see that the radius whose endpoint has first coordinate 
equal to —t forms an angle of @ with the negative horizontal axis; thus this radius 
corresponds to 7 — @. In other words, we have cos~!(—t) = 7 — 0, which we can 
rewrite as 

cos-!(—t) = m—cos"!t. 


Note that 7r — @ is in [0, 7] whenever @ is in [0, 71]. Thus 77 — cos~ f is in the correct 
interval to be the arccosine of some number. 


-1 us 
Evaluate cos”! (— cos 7). 
solution Using the formula above with t = cos 7 we have 


cos! (—cos 7) = 7—cos! (cos 7) 


We now turn to the problem of finding a formula for sin~!(—t) in terms of 


sin! t. To do this, suppose 0 < t < 1. Let 6 = sin”! t, which implies that sin 6 = t. 


Consider the radius of the unit circle corresponding to 6. The second coordinate of 
the endpoint of this radius will equal t, as shown here. 


To find sin! (—t), we need to find a radius whose second coordinate equals —t. 


To do this, flip the radius corresponding to @ across the horizontal axis, as shown 
here. From this figure, we see that the radius corresponding to —@ has endpoint 
with second coordinate —t. 
In other words, we have sin~!(—t) = —@, which we can rewrite as 
sin” *(=t) = =sin™" t. 
Note that —6 is in [—, 5] whenever 0 is in [—, 4]. Thus — sin ¢ is in the correct 
interval to be the arcsine of some number. 


Evaluate sin~!(—sin 7) and sin(sin~1(—2) ). 


solution Using the formula above with ¢ = sin uF we have 


sin~!(—sin 7) = —sin~!(sin 7) 
_ 2 
=-4. 
Also, 
sin( sin” !(—#) ) = sin( — sin-1(2) ) 
= — sin(sin-1(2) ) 
2 


Example 7 


(<>) 
rae 


—t 
Example 8 
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We derived the first two identities 
assuming that 0 < t < 1; for the 
last identity we assumed t > 0. 
However, the first two identities 
are valid whenever —1 <t <1, 
and the last identity is valid for all 
values of t. 


Example 9 


We now turn to the problem of finding a formula for tan~!(—t) in terms of 
tan-!t. To do this, suppose t > 0. Let 6 = tan! t, which implies that tan@ = t. 
Consider the radius of the unit circle corresponding to 6. This radius, which is 
shown here, has slope t. 

To find tan~!(—t), we need to find a radius whose slope equals —t. To do 
this, flip the radius with slope t across the horizontal axis, which leaves the first 
coordinate of the endpoint unchanged and multiplies the second coordinate by —1, 
as shown here. 

From the figure, we see that the radius with slope —t corresponds to —@. In other 
words, we have tan~!(—t) = —0, which we can rewrite as 


tan” +(=t) = — tan” 12. 


Note that —@ is in (-5, =) whenever @ is in (-5, cop Thus — tan! t is in the 
correct interval to be the arctangent of some number. 

In summary, we have found the following identities for computing the inverse 
trigonometric functions of —t. 


Inverse trigonometric identities for —t 


Arccosine Plus Arcsine 


Suppose 0 < t < 1. Consider the right triangle shown here, where u denotes the 
angle adjacent to the side of length t and v denotes the angle opposite the side of 
length t. We have cos u = t and sinv = t, which can be rewritten as 


u=cos!t and v=sin~'t. 
As can be seen from the figure, u + v = a which can be rewritten as 
cos !t+sin7!t = a 


We have derived the equation above under the assumption that 0 < t < 1, but 
the equation holds for all t in the interval {[—1,1]. Thus we have the following result. 


Arccosine plus arcsine 


cos! t + sin! t = - 


for all t in [—1,1]. 


Verify the identity above when t = 5. 


= 7. Adding these together, we have 


Nie 
| 
a 


solution We have cos7! 5 = 3 and sin 
1 
2 


mq 
6 2’ 


n 
5 
N 
| 
OA 


as expected from the identity. 


Exercises 

1 Evaluate cos(cos~! 4). 

2 Evaluate tan(tan~!5). 

3 Evaluate tan(tan~!(e + 7) ). 
4 Evaluate sin (sin-1(4 - 1)) 
5 Evaluate sin~!(sin 2m). 

6 Evaluate cos~!(cos 4). 

7 Evaluate cos !(cos 37r). 

8 Evaluate sin~!(sin ah), 

9 Evaluate tan~!(tan 1), 
10 Evaluate tan~!(tan Wn). 
11 Evaluate sin~!(sin 7) 

12 Evaluate cos ~T(cos ). 
13 Evaluate cos Saeoit 


20 


Evaluate sin~!(sin 70°). 
1 (tan 340°). 


Evaluate tan~ *( 
: ie 310°). 


Evaluate tan— 


= 
wo 
WwW 


aaa 
mn 


Evaluate sin(— 


Evaluate tan(— tan— 


mS 
2 


( 
Evaluate cos( cos”! (— 


fos TS) 
7 
es 


Evaluate sin( sin“! . 


For Exercises 21-28, use the given function f to answer each 
of the following: 


21 


(a) Find a formula for f—!. 
(b) What is the domain of f—1? 
(c) What is the range of f—1? 


f(x) =2+7cos(4x), where the domain of f is the inter- 
val (0, 3]. 


Problems 


43 
44 
45 


46 


47 


48 


49 


Is arccosine an even function, an odd function, or neither? 
Is arcsine an even function, an odd function, or neither? 


Is arctangent an even function, an odd function, or nei- 
ther? 
Show that 

cos(sin— =4/1—2 1-—£ 
whenever —1 <f <1. 
Find an identity expressing sin(cos~! £) as a nice function 
of t. 
Find an identity expressing tan(sin”! f) as a nice function 
of t. 


Show that i 


V14+#h 


cos(tan”! t) = 


for every number f. 


22 


23 


24 


25 
26 


27 


28 


29 


30 


31 


32 


33 
34 
35 
36 


37 


50 


51 


52 


53 
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f(x) =5—6sin(3x), where the domain of f is the inter- 
7 
val (0, rac 
f(x) =9—8sin™! x, where the domain of f is the interval 
(44 
f(x) =3+4cos~! x, where the domain of f is the inter- 
val [—1,1]. 
f(x) = 2°°S*, where the domain of f is the interval (0, 77]. 
f(x) = 3°"*, where the domain of f is the interval 
m 7 

[—5, 5]. 
f(x) = log cos~! x, where the domain of f is the interval 
[-1,1) 
f(x) = Insin“! x, where the domain of f is the interval 
(0,1). 
Suppose t is such that cos~! t = 2. Evaluate: 

(a) cos !(—t) (c) sin7!(—-#) 

(b) sin! t 
Suppose t is such that cos~! t = 3. Evaluate: 

(a) cos~!(—t) (c) sin~'(-#) 

(b) sin! t 
Suppose ft is such that sin7! t = am Evaluate: 

(a) sin~1(—t) (c) cos~!(—t) 

(b) cos !t 
Suppose f is such that sin”! t = — aE Evaluate: 

(a) sin~1(-t) (c) cos~!(—t) 

(b) cos! t 
Evaluate sin(cos~! 3): 38 Evaluate cos! (sin 2). 

in-1 2 

Evaluate cos(sin™” 5). 39 Evaluate cos~! (sin Of). 
Evaluate t 1h). 

aluate tances") 40 Evaluate sin~!(cos Wr). 
Evaluate tan(sin~! 2). 7 

5 41 Evaluate cos(tan~*(—4) ). 
fa tf “i 

Evaluate sin” "(cos >). 49 Evaluate sin(tan-1(—9) ). 


Find an identity expressing sin(tan™! f) as a nice function 


of t. 
Explain why 
os tt=sin-! /1—-#22 


whenever 0 <t < 1. 


Explain why 
_ 72 
cos! ¢ = tan7! L E 
whenever 0 < t < 1. 
Explain why 
Tl gs -1 
sin ~t=tan —p 


whenever —1 <t <1. 
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54 Show that if t > 0, then 


tan 14 = 2% tan Tt 
55 Show that if t < 0, then 
tan! f = 5 —tan! ft. 


56 Explain what is wrong with the following “proof” that 


6 = —-8@: 


Let 6 be any angle. Then 
cos 6 = cos(—6). 
Apply cos! to both sides of the equation above, getting 
cos”! (cos @) = cos”! (cos(—6) ). 


Because cos! 
implies that 


is the inverse of cos, the equation above 


d= —8. 


Worked-Out Solutions to Odd-Numbered Exercises 


1 Evaluate cos(cos~! 4). 


solution Let @ = cos” ae 


such that cos @ = 11 


1 
q- Thus cos(cos~* 7) = cos @ = i. 


3 Evaluate tan(tan~!(e+ 7) ). 


solution Let @ = tan-!(e+ 7). 
in (-5,5) such that tan@ = 


tan(tan-!(e+ 7) ) =tan@ =e+ 7. 


5 Evaluate sin! (sin 2m). 


solution Let 6 = sin7! (sin 2m). Thus @ is the angle in 


the interval [— a eal such that 


: wi LIC 
sin @ = sin 7. 


2 


Because —4 << o we see that an is in [-F, 


Thus the equation above implies that 6 = 2h 


7 Evaluate cos~!(cos 37). 
solution Because cos37 = —1, we see that 


cos! (cos37t) = cos~!(—1). 


Because cos 77 = —1, we have cos~!(—1) = 7 (note that 
cos 37t also equals —1, but cos~!(—1) must be in the 
interval (0, 7t]). Thus cos~!(cos37r) = 7 
liz 
9 Evaluate tan~!(tan “z-). 


solution Because tan~! 
11 =) 


tempting to think that tan”! (tan 


ever, the values of tan~! must be between — o and > 
Because UE > oS we conclude that tan~! (tan UE) 
liz 
cannot equal —~. 
Note that 
11a Ty us 
tan = tan(27 + 5) = tans. 
Because 5 is in (-5, Bs we have tan~! (tan 5) = 5. 
Thus 
liz _ =| Ty. 7 
tan” ‘(tan = ) = tan “(tan 5) = 5- 


Thus @ is the angle i n [0, zr] 


Thus @ is the angle 
e+. Thus we have 


is the inverse of a ced be 


equ uals 4 UE en 


11 


13 


15 


17 


19 


17... 670 
Evaluate sin“! (sin “7). 


solution Because sin~! is the inverse of sin, it may be 


tempting to think that sin~!(sin of ) equals = Sf How- 
ever, the values of sin~! lie in the interval [— 5, 5). Be- 
cause of > a we conclude that sin! (sin cs ) cannot 
670 
equal —- 
Note that 
6f 6m) _ nm 
sin “7 = sin(m — 7 ) =sin 7 
Because a is in [-5, a we have sin~!(sin 7) = ue 
Thus 


sin”! (sin 8h) = sin”! (sin 7) = ue 


Evaluate cos~!(cos 40°). 
solution cos~!(cos 40°) = cos~!(cos sy ase 

~ 9) 9 
Evaluate tan~!(tan 340°). 
solution Note that tan340° = tan(—20°) = tan(—G). 
Thus 

tan! (tan 340°) = tan7!( tan(—) = -5- 

remark The expression tan340° is rewritten above as 


tan(—) because (1) we need to work in radians and 
(2) we need an angle in the interval (— oe a) so that we 


can apply the identity involving the composition of tan! 
and tan. 


Evaluate sin(— sin~! 7%) 
solution sin(— sin“! *) = —sin(sin"! +) = 4 
Evaluate cos(cos~!(—4) ). 
solution 
cos( cos~!(— }) ) = cos(7 — cos! i) 
= cos(cos | i — 7) 
= cos(cos! i) 


1 
~4 


For Exercises 21-28, use the given function f to answer each 
of the following: 


21 


(a) 


(b) 


(c) 


23 


(a) 


(b) 


(c) 


25 


(a) 


(b) 


(c) 


27 


(a) 


(b) 


(c) 


(a) Find a formula for f—!. 
(b) What is the domain of f—1? 
(c) What is the range of f—1? 


f(x) =2+7cos(4x), where the domain of f is the inter- 
us 

val [0, rae 

solution 


We need to solve the equation y = 2+ 7 cos(4x) for x. _ 


2 
y 7, ae implies that 4x = cos~ 
-1 “Le 


1y- 
have aa e. 


Hence x = i cos 2 Thus f- Ya) = i cos 1. 


hes domain of f~! eae the range of f. As x varies over 
[0, 1, Z|, the values of 2+ 7cos(4x) vary over [2,9]. Thus 
the domain of f—! is the interval [2,9]. 


The range of f~! equals the domain of f, which is (0, nap 
f(x) =9-8sin~! x, where the domain of f is the interval 
{[—1,1]. 

solution 

We need to solve the equation y = 9 — 8sin~! x for x. 
We have sin-! x = a Hence x = sin a Thus 
pity) = singh 


The domain of f~! 
varies over [—1,1], the values of 9 — 8sin™ 
(9 — 47,9 +47]. Thus the domain of f~ 
[9 — 47,9 +471]. 


The range of f~ 


equals the range of f. As x 


a x vary Over 


1 is the interval 
i equals the domain of f, which is [—1, 1]. 


f(x) = 2°°S*, where the domain of f is the interval [0, 77]. 
solution 


We need to solve the equation y = 2°°* for x. We 
have cosx = log,y. Hence x = cos ‘log, y. Thus 
f-*(y) = cos" logy y- 

The domain of f—! equals the range of a As x varies 
over [0, 7t], es values of 2°°S* bes over [4, 2]. Thus the 
domain of f~! is the interval [5,2]. 


The range of f~! equals the domain of f, which is [0, 77]. 


f(x) = logcos~! x, where the domain of f is the interval 


[—1,1). 
solution 


x for x. 
Thus 


logcos~! 
Hence x = cos(10Y). 


We need to solve the equation y = 
We have cos-!x = 10Y. 
f-*(y) = cos(10). 
The domain of f~! equals the range of f. As x varies over 
[—-1,1), the values of logcos~! x vary over (—09, log zt]. 
Thus the domain of f—! is the interval (—co, log 71]. 


The range of f~! equals the domain of f, which is [—1, 1). 


29 


(a) 
(b) 
(c) 


33 
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Suppose f is such that cos”! t = 2. Evaluate: 


(a) cos~!(—t) (c) sin~!(—#) 
(b) sin-!t 
solution 
cos-!(—t) = 7 — cos ——- 
sin! t= . —cos !t=5-2 
sin-!(—t) = —sin 4pa2-f 
: =a 37 

Suppose t is such that sin” t = ~~. Evaluate: 
(a) sin~!(—#) (c) cos !(—t) 
(b) cos! t 
solution 
sin~!(—t) = —sin-1t = -g 

1,-2_gy)-1;-2_32_2 
cos “f=, —sin “t= 5 3 = 3 

Ta, ee Wier de ere 
cos~*(—t) =1-cos*t=a- = B 


Evaluate sin(cos~! 3). 


solution We give two ways to work this exercise: the 
algebraic approach and the right-triangle approach. 
Algebraic approach: Let 0 = cos”! 5 Thus @ is the angle 


in [0, 7t] such that cos @ = ; Note that sin@ > 0 because 
0 is in [0, 7t]. Thus 


= 5) = sind 


= V1 —cos26 


Right-triangle approach: Let 6 = cos ! 5 thus 


cos 8 = }. Because 


adjacent side 


cos @ = 
hypotenuse 


in a right triangle with an angle of 0, the following figure 
(which is not drawn to scale) illustrates the situation. 
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35 


37 


39 


We need to evaluate sin@. In terms of the figure above, 
we have ys 

opposite side Db 

hypotenuse 3° 


sin @ = 


Applying the Pythagorean Theorem to the triangle above, 
we have b? + 1 = 9, which implies that b = J/8 = 2/2. 
Thus sin @ = se In other words, sin(cos~! 3) = =. 


Evaluate tan(cos~! 4). 


solution We give two ways to work this exercise: the 
algebraic approach and the right-triangle approach. 


Algebraic approach: From Exercise 33, we already know 


that 
sin(cos~! 3) = a2 
Thus 
sin(cos* 3 
tan(cos~! 3) = = ( ze 
cos(cos~! 3) 
2/2 
_ 3 
i 
3 
=2/2. 
Right-triangle approach: Let 6 = cos ! 5 ; thus 
cos @ = 5 Because 
adjacent side 
cos @ = ————_____ 


hypotenuse 


in a right triangle with an angle of @, the following figure 
(which is not drawn to scale) illustrates the situation. 


0 


1 
We need to evaluate tan@. In terms of the figure above, 


we have oo . 
opposite side _ 


adjacent side 


tan@ = 


Applying the Pythagorean Theorem to the triangle above, 


we have b? +1 = 9, which implies that b = J/8 = 2vV2. 


Thus tan @ = 2,\/2. In other words, tan(cos~! 3) =2/2. 
Evaluate sin“! (cos 21) 

5): 
solution 


sin! (cos 22) 


Evaluate cos’! (sin on). 


solution 


41 


cos (sin 9) = 5 — sin l(sin 7) 
_H_ nH 
ay eae 
_ 5 
~ 147 


where the value of sin7! (sin 8m) comes from the solu- 
tion to Exercise 11. 


Evaluate cos(tan~!(—4) ). 

solution We give two ways to work this exercise: the 
algebraic approach and the right-triangle approach. 
Algebraic approach: Let 6 = tan~!(—4). Thus @ is the an- 
gle in (— a =) such that tan@ = —4. Note that cos @ > 0 
because @ is in (-5, 5). 

Recall that dividing both sides of the identity 
cos? + sin?@ = 1 by cos26 produces the equation 


1+tan20 = Solving this equation for cos @ gives 
the following: 


cos(tan7~'(—4)) = cos 
_ 1 
V1-+tan26 
Ft _ 
1+ (—4)2 
1 aT, 


~ V17 


Right-triangle approach: Sides with negative length 
make no sense in a right triangle. Thus first we use 
some identities to get rid of the minus sign, as follows: 


cos(tan7!(—4) ) = cos(— tan™! 4) = cos(tan~/ 4). 
Thus we need to evaluate cos(tan~! 4). 
Now let @ = tan! 4; thus tan@ = 4. Because 


opposite side 


tan@ = —— : 
adjacent side 


in a right triangle with an angle of 0, the following figure 
(which is not drawn to scale) illustrates the situation. 


We need to evaluate cos @. In terms of the figure above, 


we have 
adjacent side 1 


hypotenuse Cc 


cos 8 = 
Applying os Pythagorean Theorem to the — above, 
we ape c2 = 1416, which implies that c = V17. Thus 
ay, In other words, cos(tan~! 4) = au 
17 
4)) =. 


cos@ = —= 


Thus cos(tan~!(— 
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5.3 Using Trigonometry to Compute Area 


Learning Objectives 


By the end of this section you should be able to 


e compute the area of a triangle given the lengths of two sides and the angle 
between them; 


deal with the ambiguous angle problem that sometimes arises when trying 
to find the angle between two sides of a triangle or a parallelogram; 


compute the area of a parallelogram given the lengths of two adjacent sides 
and the angle between them; 


compute the area of a regular polygon; 


use trigonometric approximations. 


The Area of a Triangle via Trigonometry 


Suppose we know the lengths of two sides of a triangle and the angle between 
those two sides. How can we find the area of the triangle? The next example uses 
trigonometry to solve this problem. 


Find the area of a triangle that has sides of length 4 and 7 and a 49° angle between 
those two sides. 


solution We consider the side of length 7 to be the base of the triangle. Let h 
denote the corresponding height of the triangle, as shown here. 
Looking at the figure here, we see that sin49° = a Solving for h, we have 
h = 4sin 49°. 
The area of a triangle equals one-half the base times height. Thus this triangle 
has area 
5°7-h=4-7-4sin49° = 14sin49° ~ 10.566. 


To find a formula for the area of a triangle given the lengths of two sides and the 


angle between those two sides, we repeat the process used in the example above. 
Consider a triangle with sides of length b and c and angle @ between those two sides. 


We consider b to be the base of the triangle. Let i denote the corresponding height 
of this triangle. 


Looking at the figure here, we see that sin@ = Solving for h, we have 
h=csiné. 


The area of the triangle above is 4bh. Substituting csin@ for h shows that the 
area of the triangle equals }bcsin@. Thus we have the following formula. 


Area of a triangle 


A triangle with sides of length b and c and with angle @ between those two sides 
has area $bcsin 0. 


A triangle with base b 
and height h. 
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Both these triangles have area 6 
and have sides of lengths 3 and 8. 


This picture shows why 
sin(7t — 0) = siné. 


The arrow shows the angle 7 — 0. 


Ambiguous Angles 


Suppose a triangle has sides of lengths b and c, an angle @ between those sides, and 
area A. Given any three of b, c, 8, and A, we can use the equation 


A= sbesiné 


to solve for the other quantity. This process is mostly straightforward—the exercises 
at the end of this section provide some practice in this procedure. 

However, a subtlety arises when we know the lengths b, c and the area A and we 
need to find the angle 6. Solving the equation above for sin @, we get 


sind = —. 


be 


Thus @ is an angle whose sine equals 4 and it would seem that we finish by taking 


@=sin~! sf. Sometimes this is correct, but not always. Let’s look at an example to 


see what can happen. 


Suppose a triangle with area 6 has sides of lengths 3 and 8. Find the angle between 
those two sides. 


solution Solving for sin@ as above, we have sin @ = atk = a8 = 5. Now sin7! 4 


equals a radians, which equals 30°. Thus it appears that our triangle should look 
like the one below. 


This triangle 
has area 6. 


8 


However, the sine of 150° also equals ,. Thus the following triangle with sides of 
lengths 3 and 8 also has area 6. 


This triangle 
3 also has 


area 6. 
8 


If the only information available is that the triangle has area 6 and sides of length 
3 and 8, then there is no way to decide between the two possibilities above. 


Do not mistakenly think that because sin~'} is defined to equal 2 radians 


(which equals 30°), the preferred solution in the example above is to choose 6 = 30°. 
We defined the arcsine of a number to be in the interval [— 5, +] because some 
choice needed to be made to obtain a well-defined inverse for the sine. However, 
remember that given a number t in [—1,1], there are angles other than sin~! t whose 
sine equals ¢ (although there is only one such angle in the interval [— 5, +]). 

In the example above, we had 30° and 150° as two angles whose sine equals 5. 
More generally, given any number ¢ in [—1,1] and an angle @ such that sin @ = t, we 
also have sin(7t — @) = t. This follows from the identity sin(7 — 6) = sin @, which 
can be derived as follows: 


sin(7 — 0) = —(sin(@ — 7)) = —(—sin®@) = sin@, 


where the first equality follows from our identity for the sine of the negative of an 
angle (Section 4.6) and the second equality follows from our formula for the sine of 
6+ n7, with n = —1 (Section 4.6). 
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When working in degrees instead of radians, the result in the previous paragraph 
should be restated to say that the angles 0° and (180 — @)° have the same sine. 

Returning to the example above, note that in addition to 30° and 150°, there are 
other angles whose sine equals 4. For example, —330° and 390° are two such angles. 
But a triangle cannot have a negative angle, and a triangle cannot have an angle 
larger than 180°. Thus neither —330° nor 390° is a viable possibility for the angle 0 
in the triangle in question. 


The Area of a Parallelogram via Trigonometry 


Consider a parallelogram with sides of length b and c and angle 6 between those 
two sides, as shown here. We consider b to be the base of the parallelogram, and we 
let h denote the height of the parallelogram. Recall that the area of a parallelogram 
equals the base times the height. 


Looking at the figure above, we see that sin @ = a Solving for h, we have 
h=csiné. 


The area of the parallelogram above is bh. Substituting c sin @ for h shows that 
the area equals bc sin @. Thus we have the following formula. 


Suppose a parallelogram has adjacent sides of lengths b and c, an angle @ between 
those sides, and area A. Given any three of b, c, 8, and A, we can use the equation 


A = besin@ 


to solve for the other quantity. As with the case of a triangle, if we know the 
lengths b and c and the area A, then there can be two possible choices for @. For a 
parallelogram, both choices can be correct, as illustrated in the next example. 


A parallelogram has area 40 and pairs of sides with lengths 5 and 10, as shown here. 
Find the angle between the sides of lengths 5 and 10. 
solution Solving the area formula above for sin 8, we have 


seo ee 
be 5-10 «5 


A calculator shows that sin~! ~ 0.927 radians, which is approximately 53.1°. An 


angle of 7 — sin“! a which is approximately 126.9°, also has a sine equal to z 

To determine whether 6 = 53.1° or whether 6 = 126.9°, we need to look at 
the figure here. As you can see, two angles have been labeled 6—both angles are 
between sides of length 5 and 10, reflecting the ambiguity in the statement of the 
problem. Although the ambiguity makes this a poorly stated problem, our formula 
has found both possible answers! 

Specifically, if what was meant was the acute angle @ above (the leftmost angle 
labeled @), then 6 % 53.1°; if what was meant was the obtuse angle 6 above (the 
rightmost angle labeled 6), then 6 = 126.9°. 


b 


A parallelogram with 
base b and height h. 


10 


An angle @ measured in degrees is 
obtuse if 90° < 6 < 180°. 
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Example 4 


= 


A regular octagon inscribed in the 
unit circle and decomposed into 
8 triangles. 


A regular 11-sided polygon, 
decomposed into 11 triangles. 


The Area of a Polygon 


One way to find the area of a polygon is to decompose the polygon into triangles 
and then compute the sum of the areas of the triangles. This procedure works 
particularly well for a regular polygon, which is a polygon all of whose sides have 
the same length and all of whose angles are equal. For example, a regular polygon 
with four sides is a square. 

The following example illustrates the procedure for finding the area of a regular 
polygon. Recall that a polygon with eight sides is called an octagon. 


Find the area of a regular octagon whose vertices are eight equally spaced points on 
the unit circle. 


solution The figure here shows how the octagon can be decomposed into triangles 
by drawing line segments from the center of the circle to the vertices. 

Each triangle shown here has two sides that are radii of the unit circle; thus those 
two sides of the triangle each have length 1. The angle between those two radii is 
“ radians (because one rotation around the entire circle is an angle of 27t radians 
and each of the eight triangles has an angle that takes up one-eighth of the total). 


Now oe radians equals a radians (or 45°). Thus each of the eight triangles has area 


£.4-1-sinZ, 
which equals ee Thus the sum of the areas of the eight triangles equals 8 - 2 
which equals 2\/2. In other words, the octagon has area 04/2, 


The next example shows how to compute the area of a regular polygon that is 
not inscribed in the unit circle. 


Assume the face of a loonie, the 11-sided Canadian one-dollar coin shown here and 
on the opening page of this chapter, is a regular 11-sided polygon (this is not quite 
true, because the edges of the loonie are slightly curved). The distance from the 
center of a loonie to one of the vertices is 1.325 centimeters. Find the area of the face 
of a loonie. 


solution Decompose a regular 11-sided polygon representing the loonie into 
triangles by drawing line segments from the center to the vertices, as shown below. 
Each triangle has two sides of length 1.325 centimeters. The angle between those 


two sides is a radians (because one full rotation is an angle of 27r radians and each 
of the 11 triangles has an angle that takes up one-eleventh of the total). Thus each 
of the 11 triangles has area 


5° 1.325 - 1.325- sin 7 


square centimeters. The area of the 11-sided polygon is the sum of the areas of the 
11 triangles, which equals 


11-5 -1.325-1.325- sin $2 
square centimeters, which is approximately 5.22 square centimeters. 


remark Although the loonie is gold colored (gold coloured in Canada), it contains 
no gold. 
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The technique for finding the area of a regular polygon changes slightly when 


we know the length of each side instead of the distance from the center to a vertex. 


The next example illustrates this procedure. 


Each side of the Pentagon that houses the U.S. Department of Defense has length 
921 feet. Find the area of the Pentagon. 


solution Decompose a regular pentagon representing the Pentagon into triangles 
by drawing line segments from the center to the vertices, as shown here. In each 


triangle, there is a a5 radian angle between the two sides of equal length (because 
we have divided the circle into five equal angles), with the side opposite that angle 
having length 921 feet. 

We do not know the distance from the center of the Pentagon to a vertex. Thus 
to find the area of each triangle, consider the bottom triangle in the Pentagon, as 
shown here (with a different scale than in the Pentagon). 


A perpendicular has been dropped from the vertex to the base. The length of this 
perpendicular has been labeled h, the height of the triangle. Because the angle at 


the vertex is as radians, the top angle in the right triangle is 5 radians, as shown in 
the figure above. Because each side of the Pentagon has length 921 feet, the side of 
the right triangle opposite this angle has length 221 which equals 460.5, as shown 
in the figure. 


The figure above also shows that tan 5 = we Thus 


460. 
, — 160.5 


_ = 
tans 


Hence the area (one-half base times height) of the large triangle above is 


square feet, which equals 
212060.25 


7U 
tan 5 
square feet. Thus the total area of the Pentagon is 


5. 212060.25 


7 
tan 5 


square feet, which is approximately 1.46 million square feet. 


Example 6 


The Pentagon, decomposed into 
5 triangles. 


Each of the base angles in this 
triangle is a radians, which 
equals 54°, 
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Trigonometric Approximations 


Consider the following table showing sin @ and tan @ (rounded off to an appropriate 
number of digits) for some small values of 0. 


0 sin @ tan @ 

0.5 0.48 0.55 

Here sin @ and tan @ are computed 0.05 0.04998 0.05004 
assuming that 0 is an angle 0.005 0.00499998 0.00500004 
measured in radians. 0.0005 0.00049999998 0.00050000004 
0.00005 | 0.00004999999998 | 0.00005000000004 


Note that sin 6 ~ tan @ for the small values of @ in this table, with the approximate 


equality of sin@ and tan@ becoming closer to an equality as 6 gets smaller. To 
sin @ 

cos 0" 
to 1 as 6 gets very close to 0, we have tan@ © sin @ when @ is small. 


The table above also shows the more surprising approximations sin@ ~ @ and 
tan@ = 6, again with these approximations becoming closer to equalities as 6 gets 
smaller. 


4 To see why these last approximations hold, consider the figure shown here. The 


understand why this happens, recall that tan @ = Because cos @ gets very close 


blue vertical line segment has length sin @; the blue circular arc has length @ (see 
Section 4.2). If 6 is small, then these two lengths are approximately the same. Thus 
sin 6 & @ if @ is small. 

The approximations tan@ © sin @ and sin@ = @, both holding if 6 is small, now 
show that tan@ ~ @ if @ is small, explaining the behavior we noticed in the table 


The blue vertical line segment above. Thus we have the following result. 
(length sin @) and the blue circular 


arc (length 0) have approximately 5 z 2 
the same length if 6 is small. Approximation of sin@ and tané 


If |@| is small then 


sind +@ and tand7x 8. 


The pretty approximation above holds only when @ is measured in radians. This 
result shows again why radians are the natural unit for angles. 

In the figure we used above, the blue vertical line segment is shorter than the 
blue circular arc. Thus we conclude that sin@ < @. 

To get an inequality involving tan 6, consider the figure shown here. The yellow 


region has area g (because the area inside the entire circle is 77 and the fraction 


of the area occupied by the yellow region is fo ; see the material titled “Area of 


ie bine-peitioal tnwcesmene tis a Slice” in Section 4.2). The blue vertical line segment oo tan@. Thus the 


length tan 0. The yellow region  Yight triangle, which has base 1 and height tan, has area ~;~. Because the yellow 


has area g ; the triangle has area __ region lies inside the triangle, we have a2 tane Thus @ < tané. 


and Thus 6 < tané. 


Putting together the inequalities derived in the two previous paragraphs gives 
the following beautiful result. 


0.4 fF 


0 is between sin @ and tan@ 


ir O< th < = then 
sind < 6 < tané. 


The inequalities above agree with the table at the beginning of this subsection, 
where we saw that sin @ is slightly less than @ and tan is slightly larger than 6 for 
small values of 0. 

0.2 0.4 For small values of 6, the approximations sin@ ~ 6 © tan @ are so accurate that 
The graphs of sin@ (orange), @ | we cannot seen the differences in the graphs of these three functions on the first half 
(black), and tan @ (blue) on the of the domain shown in the figure here. 
interval [0,0.4]. 
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Sometimes the result in the last box is more useful if it is rewritten in a slightly 


different form. To do this, rewrite the last inequality as 0 < sing Multiply both 


sides of this inequality by cos 6, then divide both sides by @ to produce the inequality 


cos@ < Sine 
Next, divide both sides of the inequality sin@ < @ from the last box by @ to 


produce the inequality =— sind <1. 


Putting together the irequaies from the two previous paragraphs shows that 


cos@ < sind 


< 1. This result has been derived under the assumption that 0 < 6 < a 


but replacing 6 by —@ does not change either cos 6 or sind 


following result. 


. Thus we have the 


Inequality for °° 


If 0 < |6| < 4, then 


cos < SOP 1. 


Suppose |@| is small. Then cos @ is very close to 1. Thus the inequality in the box 


in @ 
above sandwiches © rn 


following result. 


sin @ 
Approximation of *j— 


between 1 and a number very close to 1. This implies the 


If |@| is small but nonzero, then 


sin@ 


Now we will see how to approximate cos @ for small values of 6. The key to this 
result is the next manipulation, which allows us to use the approximation of sin 
that we have already derived. 

Suppose |6| is small. Then 


1+cosé 


1—cosé = (1 —cos8)- 7 


1 — cos 
1+cosé 
sin20 
1+cos@ 

Q2 
1+cos@ 


2 


my OF 
—cosé x om 


We have just shown that if |@| is small, then 1 
gives the following result. 


Approximation of cos @ 


. Solving for cos 6 now 


If |@| is small then g2 


éx1-—. 
cos 5 


381 


The inequalities in this subsection 
hold only if we are using radians. 


sin 0.001 
For example, 0.001 


off to seven digits after the decimal 
point equals 0.9999998. 


rounded 


L 4 4 0 
—0.8 —04 0.4 0.8 


The graphs of 1 — cos @ (orange) 
and o (blue) on the interval 


[—0.8,0.8]. These graphs can 
barely be distinguished. 


For example, cos 0.01 rounded off 
to ten digits after the decimal point 
equals 0.9999500004. Because 


fae ~ equals exactly 0.99995, 
the aeration is quite good. 
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Example 7 


You may want to let four different 
people give you four different 
digits so that the audience sees that 
there is no collusion. 


Some people in your audience are 
likely to experiment and discover 
that the result is always 0.01745 
plus some additional digits. You 
might ask them to try to figure out 
why this happens. A good hint to 
give them is that 


TU 
789 © 0.01745. 


We conclude this section with an amusing trick. 


Consider the following trick: 


With an audience containing at least one person with a scientific calculator, ask 
everyone to set their calculators to work in degrees. Ask for a number with two 
digits before the decimal point and two digits after the decimal point. Let’s say the 
number given to you by the audience is 69.23. Now ask the people with calculators 
to compute 

tan(cos(sin 69.23°) ) 


but caution them not to say the result. Meanwhile, you (pretend to) calculate this 
quantity in your head. After the people with calculators have had enough time to 
get the answer, announce that the result is 0.01745 plus some additional digits. Ask 
the people with calculators to confirm that this is correct, and accept applause for 
being able to do this calculation in your head. 


(a) How did you do this trick? 
(b) Why does this trick work? 


solution 


(a) The answer is always 0.01745 plus some additional digits, regardless of the 
original input. 


(b) Call the original input @. The first step in this calculation evaluates sin @, 
producing a number in the interval [—1, 1]. 


The next step in this calculation evaluates cos(sin@). But remember that you 
asked for the calculators to be set to work in degrees. So we are evaluating 
the cosine of an angle between —1° and 1°. In terms of radians, this is an 
angle between — 150 radians and i850 radians, which are small numbers. Thus 


according to our estimate for cos@ when @ is small, cos(sin@) should differ 


from 1 by at most 5 « (739), which is about 0.00015. Because 0.00015 is a small 


number, we have cos(sin@) ~ 1. 


The final step in this calculation evaluates tan(cos(sin@) ). Again, remember 
that the calculators are working in degrees. Thus the paragraph above shows 
that the number we are evaluating is approximately tan 1°. Convert to radians, 
showing that the number we are evaluating is approximately tan is0° Now 150 
is approximately 0.01745, which is a fairly small number. Our estimate for the 
tangent of a small number now shows that 


tan(cos(sin@) ) + tan 1° 
= tan 180 
& tan 0.01745 
& 0.01745. 
A small amount of experimentation shows that the estimates above are good 


enough to produce a result of 0.01745 plus some additional digits, regardless of 
the original angle. 


Exercises 


1 


2 


3 


4 


g Find the area of a triangle that has sides of length 3 
and 4, with a 37° angle between those sides. 

g Find the area of a triangle that has sides of length 4 
and 5, with a 41° angle between those sides. 

g Find the area of a triangle that has sides of length 2 
and 7, with a 3 radian angle between those sides. 

g Find the area of a triangle that has sides of length 5 
and 6, with a 2 radian angle between those sides. 


For Exercises 5-12 use the following figure (which is not 
drawn to scale). 


14 


15 


16 


b 


Find the value of b if c = 3, 9 = 30°, and the area of the 
triangle equals 5. 


Find the value of c if b = 5, 0 = 45°, and the area of the 
triangle equals 8. 
Find the value of c if b = 7,0 = ae and the area of the 
triangle equals 10. 
Find the value of b if c = 9,0 = 5 and the area of the 
triangle equals 4. 

Find the value of @ (in radians) if b = 6, c = 7, the area 
of the triangle equals 15, and @ < oe 
g Find the value of @ (in radians) if b = 4, c = 5, the area 
of the triangle equals 3, and @ < a 
@ Find the value of 0 (in degrees) if b = 3, c = 6, the 
area of the triangle equals 5, and @ > 90°. 
@ Find the value of 6 (in degrees) if b = 5, c = 8, the 
area of the triangle equals 12, and @ > 90°. 
g Find the area of a parallelogram that has pairs of sides 
of lengths 6 and 9, with an 81° angle between two of 
those sides. 
g Find the area of a parallelogram that has pairs of sides 
of lengths 5 and 11, with a 28° angle between two of those 
sides. 
Find the area of a parallelogram that has pairs of sides of 
lengths 4 and 10, with a S radian angle between two of 
those sides. 
Find the area of a parallelogram that has pairs of sides of 
lengths 3 and 12, with a 5 radian angle between two of 
those sides. 


For Exercises 17-24, use the following figure (which is not 
drawn to scale except that u is indeed meant to be an acute 
angle and v is indeed meant to be an obtuse angle). 

b 


17 


18 


19 


20 


21 


22 


23 


24 


25 


26 


27 
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Find the value of b if c = 4, v = 135°, and the area of the 
parallelogram equals 7. 


Find the value of c if b = 6, v = 120°, and the area of the 
parallelogram equals 11. 


Find the value of c if b = 10, u = 7 and the area of the 
parallelogram equals 7. 


Find the value of b ifc = 5,u = ai and the area of the 
parallelogram equals 9. 


g Find the value of u (in radians) if b = 4, c = 3, and the 
parallelogram has area 10. 


g Find the value of u (in radians) if b = 6, c = 4, and the 
parallelogram has area 19. 


g Find the value of v (in degrees) if b = 7, c = 6, and the 
parallelogram has area 31. 

g Find the value of v (in degrees) if b = 5, c = 8, and the 
parallelogram has area 12. 

What is the largest possible area for a triangle that has 
one side of length 4 and one side of length 7? 

What is the largest possible area for a parallelogram that 
has pairs of sides with lengths 5 and 9? 


Sketch the regular hexagon whose vertices are on the unit 
circle, with one of the vertices at the point (1,0). 


A dodecagon is a twelve-sided polygon. 


28 


29 


30 


31 


32 


33 


34 


35 
36 


37 


38 


39 


Sketch the regular dodecagon whose vertices are on the 
unit circle, with one of the vertices at the point (1,0). 


Find the coordinates of all six vertices of the regular 
hexagon whose vertices are on the unit circle, with (1,0) 
as one of the vertices. List the vertices in counterclockwise 
order starting at (1,0). 


Find the coordinates of all twelve vertices of the regular 
dodecagon whose vertices are on the unit circle, with 
(1,0) as one of the vertices. List the vertices in counter- 
clockwise order starting at (1,0). 


Find the area of a regular hexagon whose vertices are on 
the unit circle. 


Find the area of a regular dodecagon whose vertices are 
on the unit circle. 


Find the perimeter of a regular hexagon whose vertices 
are on the unit circle. 


Find the perimeter of a regular dodecagon whose vertices 
are on the unit circle. 


Find the area of a regular hexagon with sides of length s. 


Find the area of a regular dodecagon with sides of 
length s. 


g Find the area of a regular 13-sided polygon whose 
vertices are on a circle with radius 4. 


g Find the area of a regular 15-sided polygon whose 
vertices are on a circle with radius 7. 


g The one-dollar coin in the Pacific island country Tu- 
valu is a regular 9-sided polygon. The distance from the 
center of the face of this coin to a vertex is 1.65 centime- 
ters. Find the area of a face of the Tuvalu one-dollar 
coin. 
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40 


41 


42 


43 


g The 50-pence coin in the United Kingdom is a regular 
7-sided polygon (the edges are actually slightly curved, 
but ignore that small curvature for this exercise). The 
distance from the center of the face of this coin to a vertex 
is 1.4 centimeters. Find the area of a face of a British 
50-pence coin. 

Estimate the slope of the line that contains the origin and 
the point (0.002, sin 0.0006). 

Estimate the slope of the line that contains the origin and 
the point (0.0004, sin 0.008). 

Suppose |6| is small. Estimate the value of 


sin(50) 
— 


Problems 


47 


48 


49 


50 


51 


52 


53 


54 


55 


56 


57 


What is the area of an equilateral triangle whose sides all 
have length r? 

Explain why there does not exist a triangle with area 15 
having one side of length 4 and one side of length 7. 
Show that if a triangle has area A, sides of length J, c, 
and d, and angles B, C, and D, then 


A’ = §0?c2d2(sin B) (sin C)(sin D). 


[Hint: Write three formulas for the area A, and then 
multiply these formulas together.] 

Suppose a trapezoid has bases b; and bz, another side 
with length c, and an angle 6 between the side with length 
c and the base side with length b;. Show that the area of 
the trapezoid is 


: (by + b2)csiné. 


Explain why the solution to Exercise 32 is somewhat close 
to 71. 

g Use a calculator to evaluate numerically the exact solu- 
tion you obtained to Exercise 34. Then explain why this 
number is somewhat close to 277. 

Explain why a regular polygon with n sides whose ver- 
tices are n equally spaced points on the unit circle has 
area 5 sin am 

Explain why the result stated in the previous problem 
implies 


for large positive integers n. 


Choose three large values of n, and use a calculator 


to verify that sin an i) an for each of those three large 


values of 1. 


Show that each edge of a regular polygon with n sides 
whose vertices are 1 equally spaced points on the unit 


circle has length 
/ 27 
4/2 —2cos nan: 


Explain why a regular polygon with n sides, each with 
length s, has area 


44 


45 


46 


58 


59 


60 


61 


62 


63 


64 


65 


66 
67 


68 


69 


Suppose |6| is small. Estimate the value of 


tan(8@) 
6 


Estimate the value of 


107° (1 — cos(10~1)). 


Estimate the value of 


107° (1 — cos(10~7)). 


Verify that for n = 4, the formula given by the previous 
problem reduces to the usual formula for the area of a 
square. 

Explain why a regular polygon with n sides whose ver- 
tices are n equally spaced points on the unit circle has 


perimeter 
| 2m 
n4/2—2cos nn: 


Explain why the result stated in the previous problem 


implies that 
n\/2—2cos am x 27 


for large positive integers n. 
Choose three large values of n, and use a calculator to 


verify that ny/ 2—2cos an ~~ 27 for each of those three 
large values of n. 


Explain why the result stated in Problem 60 implies 


cos 2m {=e 
n n2 


for large positive integers n. 


Find numbers b and c such that an isosceles triangle with 
sides of length b, b, and c has perimeter and area that are 
both integers. 


We derived the inequality sin@ < 6 using a figure that 
assumed that 0 < 6 < 4. Does the inequality sin@ < 0 
hold for all positive values of 6? 


We derived the inequality 6 < tan@ using a figure that 
assumed that 0 < @ < 5. Does the inequality 6 < tané 
hold for all positive values of 0? 

Show that if @~ 7, then cos@ © 5 — 0. 

Show that if 0 = Bi then sin@ + 1 — (5 — 6). 


Show that if 0 + oe then tan@ ~ ——— 


Ton eah, 
2 

Suppose |x| is small but nonzero. Explain why the slope 
of the line containing the point (x,sin x) and the origin is 
approximately 1. 


Worked-Out Solutions to Odd-Numbered Exercises 


1 g Find the area of a triangle that has sides of length 3 


and 4, with a 37° angle between those sides. 

solution The area of this triangle equals SAsin 37 
which equals 6sin37°. A calculator shows that this is 
approximately 3.61 (make sure that your calculator is 
computing in degrees when doing this calculation). 


g Find the area of a triangle that has sides of length 2 
and 7, with a 3 radian angle between those sides. 
solution The area of this triangle equals eons which 
equals 7sin3. A calculator shows that this is approxi- 
mately 0.988 (make sure that your calculator is computing 
in radians when doing this calculation). 


For Exercises 5-12 use the following figure (which is not 
drawn to scale). 


5 Find the value of b if c = 3, @ = 30°, and the area of the 


11 


triangle equals 5. 


solution Because the area of the triangle equals 5, we 


have 
5 besin@ — 3bsin30° 3b 
ne 2 =A 


Solving the equation above for b, we get b = 20 


Find the value of c if b = 7,0 = ae and the area of the 
triangle equals 10. 


solution Because the area of the triangle equals 10, we 
have 


—_ besin@ 


2 FE 
7 7c sin 7 
~ 2 


ee: 
2/2" 
Solving the equation above for c, we get c = ey 


g Find the value of @ (in radians) if b = 6, c = 7, the area 
of the triangle equals 15, and @ < 5. 

solution Because the area of the triangle equals 15, we 
have 


15 = bcsin® _ 67-sind _ 91 sing, 


Solving the equation above for sin@, we get sin@ = 3. 
Thus 6 = sin“! 3 ~ 0.7956. 


g Find the value of 6 (in degrees) if b = 3, c = 6, the 
area of the triangle equals 5, and @ > 90°. 


solution Because the area of the triangle equals 5, we 
have 


13 


15 
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bc sin @ 
5 — 2 
_ 3-6-sin@ 
~ 2 
= 9sind 
5 


Solving the equation above for sin@, we get sin@ = 5. 
Thus 6 equals 7 — sin! a radians. Converting this to 


degrees, we have 


1 3) 180" 146,25°. 


0 = 180° — (sin™" 5 


g Find the area of a parallelogram that has pairs of sides 
of lengths 6 and 9, with an 81° angle between two of 
those sides. 


solution The area of this parallelogram equals 
6-9-sin 81°, which equals 54sin 81°. A calculator shows 
that this is approximately 53.34. 


Find the area of a parallelogram that has pairs of sides of 
lengths 4 and 10, with a a radian angle between two of 
those sides. 


solution 
4-10-sin &, which equals 20. 


The area of this parallelogram equals 


For Exercises 17-24, use the following figure (which is not 
drawn to scale except that u is indeed meant to be an acute 
angle and v is indeed meant to be an obtuse angle). 

b 


17 


19 


Find the value of b if c = 4, v = 135°, and the area of the 
parallelogram equals 7. 


solution Because the area of the parallelogram equals 7, 
we have 


7 = besinv = 4bsin 135° = 2/2b. 

‘ , 2 oe V2 
Solving the equation above for b, we get b = ha a 
Find the value of c if b = 10, u = 3 and the area of the 
parallelogram equals 7. 


solution Because the area of the parallelogram equals 7, 
we have 


7 = besinu = 10c sin 5 = 5cV3. 


Solving the equation above for c, we get c = aa = uae 


Oy 
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21 


23 


25 


27 


g Find the value of u (in radians) if b = 4, c = 3, and the 
parallelogram has area 10. 


solution Because the area of the parallelogram equals 
10, we have 
10 = besinu = 4-3-sinu = 12sinu. 
Solving the equation above for sinu, we get sinu = 2. 
Thus 
u = sin! - & 0.9851. 


g Find the value of v (in degrees) if b = 7, c = 6, and the 
parallelogram has area 31. 


solution Because the area of the parallelogram equals 
31, we have 


31 = besinv = 6-7-sinv = 42sinv. 


Solving the equation above for sin v, we get sinv = ah, Be- 
cause v is an obtuse angle, we thus have v = 7 — sin! 3h 
radians. Converting this to degrees, we have 


) 180" 132.43°. 


v = 180° — (sin7! 
What is the largest possible area for a triangle that has 
one side of length 4 and one side of length 7? 


solution Ina triangle that has one side of length 4 and 
one side of length 7, let 6 denote the angle between those 
two sides. Thus the area of the triangle will equal 


14sin 6. 


We need to choose @ to make this area as large as possible. 
The largest possible value of sin @ is 1, which occurs when 


d= . (or 6 = 90° if we are working in degrees). Thus 
we choose @ = 4, which gives us a right triangle with 
sides of length 4 and 7 around the right angle. 


This right triangle 
has area 14, which is 
the largest area of 
any triangle with 
sides of length 4 and 
7. 


Sketch the regular hexagon whose vertices are on the unit 
circle, with one of the vertices at the point (1,0). 


solution 


A dodecagon is a twelve-sided polygon. 


29 


31 


33 


35 


Find the coordinates of all six vertices of the regular 
hexagon whose vertices are on the unit circle, with (1,0) 
as one of the vertices. List the vertices in counterclockwise 
order starting at (1,0). 


solution The coordinates of the six vertices, listed 


in counterclockwise order starting at (1,0), are 
(cos 2AM sin anM), with m going from 0 to 5. Evalu- 


ating the trigonometric functions, we get the following 
list of coordinates of vertices: (1,0), (4 ey, (-4, ), 


Ae 
( 1,0), ( a, vay, (3, v3). 


Find the area of a regular hexagon whose vertices are on 
the unit circle. 


solution Decompose the hexagon into triangles by draw- 
ing line segments from the center of the circle (the origin) 
to the vertices. Each triangle has two sides that are radii 
of the unit circle; thus those two sides of the triangle each 


have length 1. The angle between those two radii is on 
radians (because one rotation around the entire circle is 
an angle of 271 radians, and each of the six triangles has 


an angle that takes up one-sixth of the total). Now “2 


radians equals 5 radians (or 60°). Thus each of the six 
triangles has area 


5 1-1-sin J, 


which equals = Thus the sum of the areas of the six 
triangles equals 6 - es which equals es In other words, 


the hexagon has area aye 


Find the perimeter of a regular hexagon whose vertices 
are on the unit circle. 


solution If we assume one of the vertices of the hexagon 
is the point (1,0), then the next vertex in the counter- 


clockwise direction is the point (3, a: Thus the length 
of each side of the hexagon equals the distance between 


(1,0) and (4, ae which equals 


1\2 V3\2 

/ (I-35) +(x), 

which equals 1. Thus the perimeter of the hexagon equals 
6-1, which equals 6. 


Find the area of a regular hexagon with sides of length s. 


solution This computation could be done by using the 
technique shown in Example 6. For variety, another 
method will be shown here. 


By the Area Stretch Theorem (Appendix), there is a num- 
ber c such that a regular hexagon with sides of length s 
has area cs”. From Exercises 31 and 33, we know that the 


area equals a8 if s = 1. Thus 
ane =c:e=c. 


Thus a regular hexagon with sides of length s has area 


37 g Find the area of a regular 13-sided polygon whose 
vertices are on a circle with radius 4. 


solution Decompose the 13-sided polygon into triangles 
by drawing line segments from the center of the circle 
to the vertices. Each triangle has two sides that are radii 
of the circle with radius 4; thus those two sides of the 
triangle each have length 4. The angle between those 


two radii is a radians (because one rotation around the 
entire circle is an angle of 27t radians, and each of the 13 
triangles has an angle that takes up one-thirteenth of the 
total). Thus each of the 13 triangles has area 


54-4-sin 32, 


which equals 8 sin a The area of the 13-sided polygon 
is the sum of the areas of the 13 triangles, which equals 


13 -8sin ug which is approximately 48.3. 


39 @ The one-dollar coin in the Pacific island country Tu- 
valu is a regular 9-sided polygon. The distance from the 
center of the face of this coin to a vertex is 1.65 centime- 
ters. Find the area of a face of the Tuvalu one-dollar 
coin. 


solution Decompose a regular 9-sided polygon repre- 
senting the Tuvalu one-dollar coin into triangles by draw- 
ing line segments from the center to the vertices. Each 
triangle has two sides of length 1.65 centimeters. The 
angle between those two sides is 40° (because one full 
rotation is an angle of 360° and each of the 9 triangles 
has an angle that takes up one-ninth of the total). Thus 
each of the 9 triangles has area 


5 + 1.65 - 1.65: sin 40° 


square centimeters. The area of the 9-sided polygon is 
the sum of the areas of the 9 triangles, which equals 
9. 4 - 1.65 - 1.65 - sin 40° square centimeters, which is ap- 
proximately 7.875 square centimeters. 
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41 Estimate the slope of the line that contains the origin and 
the point (0.002, sin 0.0006). 


solution The slope of the line is 


sin0.0006 _ 0.0006 _ 
0.002 ~ 0.002 


0.3. 


43 Suppose |6| is small. Estimate the value of 


sin(50) 
7 


solution If || is small, then so is |56|. Thus 


sin(5@) 5. sin(50) 
60 50 
25-1 
=5. 


45 Estimate the value of 


107 (1 — cos(10~)). 


solution We have 


(10-100)? 


107 (1 — cos(1071%)) = 107° i 


Q~200 
200 
= 10 a 


1 
> 


388 Chapter5 Trigonometric Algebra and Geometry 


The law of sines appears in a book 
written by Ibn Mu‘adh al-Jayyant, 
who lived about a thousand years 

ago in what is now Spain. 


5.4 The Law of Sines and the Law of Cosines 


Learning Objectives 


By the end of this section you should be able to 
e find angles or side lengths in a triangle using the law of sines; 
e find angles or side lengths in a triangle using the law of cosines; 
e determine when to use which of these two laws. 


In this section we will learn how to find all the angles and the lengths of all the 
sides of a triangle given only some of this data. 


The Law of Sines 


The lengths of the sides of the triangle shown here have been labeled a, b, and c. 
The angle opposite the side with length a has been labeled A, the angle opposite the 
side with length b has been labeled B, and the angle opposite the side with length c 
has been labeled C. 

We know from the previous section that the area of the triangle equals one-half 
the product of the lengths of any two sides times the sine of the angle between those 
two sides. Different choices of the two sides of the triangle will lead to different 
formulas for the area of the triangle. As we are about to see, setting those different 
formulas for the area equal to each other leads to an interesting result. 

Using the sides with lengths b and c, we see that the area of the triangle equals 


soc sin A. 

Using the sides with lengths a and c, we see that the area of the triangle equals 
Sac sin B. 

Using the sides with lengths a and b, we see that the area of the triangle equals 
sab sinC. 


Setting the three formulas obtained above for the area of the triangle equal to 
each other, we get 


sbcsin A = sac sin B = sabsinC. 


Multiplying all three expressions above by 2 and then dividing all three expressions 
by abc gives a result called the law of sines. 


Law of sines 


sinA  sinB — sinC 
a b c 


in a triangle with sides whose lengths are a, b, and c, with corresponding angles 
A, B, and C opposite those sides. 


The following example shows how the law of sines can be used to find the lengths 
of all three sides of a triangle given only two angles of the triangle and the length of 
one side. 
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Find the lengths of all three sides of the triangle shown here. 
solution Applying the law of sines to this triangle, we have 


sin76° _ sin63° 
4 b 


Solving for b, we get 
sin 63° 
sin 76° 


b=4 ~ 3.67, 


where the approximate value was obtained with the use of a calculator. 
To find the length c, we want to apply the law of sines. Thus we first find the 
angle C. We have 
C = 180° — 63° — 76° = 41°. 


Now applying the law of sines again to the triangle above, we have 


sin76° _ sin41° 
4 c 


Solving for c, we get 
sin41° 


=4 ~ 2.70. 
sin 76° . 


When using the law of sines, sometimes the same ambiguity arises as we saw in 
the previous section, as illustrated in the following example. 


Find all the angles in a triangle that has one side of length 8, one side of length 5, 
and a 30° angle opposite the side of length 5. 


solution Labeling the triangle as on the first page of this section, we take b = 8, 
c =5,and C = 30°. Applying the law of sines, we have 


sinB _ sin30° 
8 5 ° 


Using the information that sin 30° = oe we can solve the equation above for sin B, 
getting 

sin B = 5: 
Now sin! 3, when converted from radians to degrees, is approximately 53°, which 
suggests that B = 53°, as shown in the first figure here. However, 180° minus this 
angle also has a sine equal to z, which suggests that B = 127°, as shown in the 
second figure. 

There is no way to distinguish between the two choices shown here, unless we 
have some additional information (for example, we might know that B is an obtuse 
angle, and in that case we would choose B ~ 127°). 

Once we decide between the two possible choices of approximately 53° or 127° 
for the angle opposite the side of length 8, the other angle in the triangle is forced 
upon us by the requirement that the sum of the angles in a triangle equals 180°. 
Thus if we make the first choice above, then the unlabeled angle is approximately 
97°. If we make the second choice above, then the unlabeled angle is approximately 
23" 


76° 
ic b 
63° C 
4 


53" 


30° 
8 
5 127° 
30° 
8 


Both of these triangles have one 
side of length 8, one side of length 
5, and a 30° angle opposite the side 

of length 5. 
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A 100° 


5 


A triangle that has one side of 
length 5, one side of length 7, and 
a 100° angle opposite the side of 
length 7 must look like this, where 
A & 35.3° and B® 44.7°, 


The Pythagorean Theorem applies 
only to right triangles. The law of 
cosines is valid for all triangles. 


The law of sines does not lead to an ambiguity if the given angle is bigger than 
90° (or ue radians), as shown in the following example. There is no ambiguity in 


such cases because a triangle cannot have two angles larger than 90° (or 5 radians). 


Find all the angles in a triangle that has one side of length 5, one side of length 7, 
and a 100° angle opposite the side of length 7. 


solution Labeling the angles of the triangle as shown here and applying the law 
of sines, we have 
sinB _ sin100° 
:. of 


Thus eenane 
sin B = aoe ~ 0.703. 


Now sin! 0.703, when converted from radians to degrees, is approximately 44.7°, 
which suggests that B ~ 44.7°. Note that 180° minus this angle also has a sine equal 
to 0.703, which suggests that B © 135.3° might be another possible choice for B. 
However, that choice would give us a triangle with angles of 100° and 135.3°, which 
adds up to more than 180°. Thus this second choice is not possible. Hence there is 
no ambiguity here—we must have B ~ 44.7°. 

Because 180° — 100° — 44.7° = 35.3°, the angle A in the triangle is approximately 
35.3°. Now that we know all three angles of the triangle, we could use the law of 
sines to find the length of the side opposite A. 


The Law of Cosines 


The law of sines is a wonderful tool for finding the lengths of all three sides of a 
triangle when we know two of the angles of the triangle (which means that we know 
all three angles) and the length of at least one side of the triangle. Also, if we know 
the lengths of two sides of a triangle and one of the angles other than the angle 
between those two sides, then the law of sines allows us to find the other angles and 
the length of the other side (although it may produce two possible choices rather 
than a unique solution). 

However, the law of sines is of no use if we know the lengths of all three sides 
of a triangle and want to find the angles of the triangle. Similarly, the law of sines 
cannot help us if the only information we know about a triangle is the length of two 
sides and the angle between those sides. Fortunately the law of cosines, our next 
topic, provides the necessary tools for these tasks. 


Consider a triangle with sides of 
lengths a, b, and c and an angle of 
C opposite the side of length c, as 
shown here. 


Drop a perpendicular line segment from the vertex opposite the side of length b 
to the side of length b, as shown above. The length of this line segment is the height 
of the triangle; label it h. The endpoint of this line segment of length h divides 
the side of the triangle of length b into two smaller line segments, which we have 
labeled r and t above. 

The line segment of length 1 shown above divides the original larger triangle 
into two smaller right triangles. Looking at the right triangle on the right, we see 


that sin C = a Thus 
h=asinC. 
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Furthermore, looking at the same right triangle, we see that cos C = 7 Thus 
t =acosC. 
The figure also shows that r = b — t. Using the equation above for t, we thus have 
r=b—acosC. 


For convenience, we now redraw the figure, replacing h, t, and r with the values we 
have just found for them. 


: a 
asinC 


b—acosC acosC C 
b 


In the figure above, consider the right triangle on the left. This right triangle 
has a hypotenuse of length c and sides of length asinC and b—acosC. By the 
Pythagorean Theorem, we have 


c* = (asinC)* + (b—acosC)* 


a’ sin?C + b? — 2abcosC + a* cos*C 
= a*(sin’C + cos”C) + b* — 2ab cosC 
= q* +b? — 2abcosC. 

Thus we have shown that 


c2 = a* +b? — 2abcosC. 


This result is called the law of cosines. 


Law of cosines 


c= a+b? —2abcosC 


in a triangle with sides whose lengths are a, b, and c, with an angle of C opposite 
the side with length c. 


The law of cosines can be restated without symbols as follows: In any triangle, 
the length squared of one side equals the sum of the squares of the lengths of the 
other two sides minus twice the product of those two lengths times the cosine of 
the angle opposite the first side. 

Suppose we have a right triangle, with hypotenuse of length c and sides of 
lengths a and b. In this case we have C = a (or C = 90° if we want to work in 
degrees). Thus cos C = 0. Hence the law of cosines in this case becomes 


ean +b, 


which is the familiar Pythagorean Theorem. 

The following example shows how the law of cosines can be used to find all three 
angles of a triangle given only the lengths of the three sides. The idea is to use 
the law of cosines to solve for the cosine of each angle of the triangle. Unlike the 
situation that sometimes arises with the law of sines, there will be no ambiguity 
because no two angles between 0 radians and 7 radians (or between 0° and 180° if 
we work in degrees) have the same cosine. 


This reformulation allows use of 
the law of cosines regardless of the 
labels used for sides and angles. 


b 


For a right triangle, the law of 
cosines reduces to the Pythagorean 
Theorem. 
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Example 4 


40° 


Find all three angles of the triangle shown here. 


solution Here we know that the triangle has sides of lengths 5, 6, and 7, but we do 
not know any of the angles. The angles have been labeled in this figure. Applying 
the law of cosines, we have 


6 = 5? +72 -2-5-7cosC. 
Solving the equation above for cos C, we get 
cos C = ie 


Thus C = cos * ier which is approximately 0.997 radians (or, equivalently, approxi- 
mately 57.1°). 
Now we apply the law of cosines again, this time focusing on the angle B, getting 


7? = 5° +6? —2-5-6cosB. 
Solving the equation above for cos B, we get 
=e 
cos B = =. 


Thus B = cos"! e which is approximately 1.37 radians (or, equivalently, approxi- 
mately 78.5°). 

To find the third angle A, we could simply subtract from zt (or from 180° if we 
are using degrees) the sum of the other two angles. But as a check that we have not 
made any errors, we will instead use the law of cosines again, this time focusing on 
the angle A. We have 

5° = 7° +6°—2-7-6cos A. 


Solving the equation above for cos A, we get 


3 
cos A = 5. 


Thus A = cos~! 3, which is approximately 0.775 radians (or, equivalently, approxi- 
mately 44.4°). 
As a check, we can add up our approximate solutions for the angles (in degrees). 
Because 
78.5 + 57.1 + 44.4 = 180, 


all is well. 
The next example shows how the law of cosines can be used to find the lengths 


of all the sides of a triangle given the lengths of two sides and the angle between 
them. 


A triangle has sides of length 5 and 3, and a 40° angle between those two sides. 
Find the length of the third side of the triangle. 


solution The third side of the triangle is opposite the 40° angle. In the figure here, 
the length of the third side has been labeled c. 
By the law of cosines, we have 


c? = 37 +52 —2-3-5c0s 40°. 
Thus c = 34 — 30 cos 40° & 3.32. 
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When to Use Which Law 


A triangle has three angles and three side lengths. If you know some of these six 
pieces of data, you can often use either the law of sines or the law of cosines to 
determine the remainder of the data about the triangle. To determine which law to 
use, think about how to come up with an equation that has only one unknown: 


e If you know only the lengths of the three sides of a triangle, then the law of 
sines is not useful because it involves two unknown angles. Thus if you know 
only the lengths of the three sides of a triangle, use the law of cosines. 


e If you know only the lengths of two sides of a triangle and the angle between 
them, then any use of the law of sines leads to an equation with either an 
unknown side and an unknown angle or an equation with two unknown 
angles. Either way, with two unknowns you will not be able to solve the 
equation; thus the law of sines is not useful in this situation. Hence use the 
law of cosines if you know the lengths of two sides of a triangle and the angle 
between them. 


Sometimes you have enough data so that either the law of sines or the law of 
cosines could be used, as discussed below: 


e Suppose you know only the lengths of all three sides of a triangle. The only 
possibility in this situation is first to use the law of cosines to find one of 
the angles. Then, knowing the lengths of all three sides of the triangle and 
one angle, you could use either the law of cosines or the law of sines to find 
another angle. However, the law of sines may lead to two choices for the angle 
rather than a unique choice; thus it is better to use the law of cosines in this 
situation. 


e Another case where you could use either law is when you know the length of 
two sides of a triangle and an angle other than the angle between those two 
sides. With the notation from the beginning of this section, suppose we know 
a,c, and C. We could use either the law of sines or the law of cosines to get an 
equation with only one unknown: 


sin A sin C 
a c 


or c* =a? +b? —2abcosC. 


The first equation above, where A is the unknown, may lead to two possible 
choices for A. Similarly, the second equation above, where b is the unknown 
and we need to use the quadratic formula to solve for b, may lead to two 
possible choices for b. Thus both laws may give us two choices. The law of 
sines is probably a bit simpler to apply. 


The box below summarizes when to use which law. As usual, you will be better 
off understanding how these guidelines arise (you can then always reconstruct them) 
rather than memorizing them. 


When to use which law 


Use the law of cosines if you know 
e the lengths of all three sides of a triangle; 
e the lengths of two sides of a triangle and the angle between them. 


Use the law of sines if you know 


e two angles of a triangle and the length of one side; 


e the length of two sides of a triangle and an angle other than the angle 
between those two sides. 


The term law is unusual in 
mathematics. The law of sines and 
law of cosines could have been 
called the sine theorem and 
cosine theorem. 


This illustration published in 1621 

by Swiss mathematician Peter Ryff 

shows trigonometry being used to 
measure the height of a column. 


If you know two angles of a 
triangle, then finding the third 
angle is easy because the sum of 
the angles of a triangle equals 7 
radians or 180°. 
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Example 6 


Example 7 
O 


A2° 


iL, 
9° 
a b 
84° 87° 
D 563 E 


This sketch is not 


drawn to scale. 


10 


A surveyor needs to measure the distance to a landmark L on the inaccessible side of 
a large canyon. Observation posts D and E on the accessible side of the canyon are 
separated by 563 meters. From observation post D, the surveyor uses a surveying 
instrument to find that the angle LDE is 84°. From observation post E, the surveyor 
finds that the angle LED is 87°. 


(a) What is the distance from observation post D to the landmark L? 


(b) What is the distance from observation post E to the landmark L? 


solution 


(a) In the sketch here, the distance from observation post D to landmark L has been 
labeled a. We need an equation in which a is the only unknown. The law of 
cosines involves all three lengths in a triangle; here we know only one of those 
lengths, and hence the law of cosines will have at least two unknowns. 

Thus we need to use the law of sines. Let b denote the distance from 
observation post E to landmark L. The law of sines tells us that sins” = singe 
but this equation has two unknowns. Thus we note that the third angle of the 
triangle is 9° (because 180° — 84° — 87° = 9°), as shown in the figure. Using the 
law of sines, we have 

sin87° _ sin9° 


a 563 ’ 


which implies that 
sin 87° 


Poe sin 9° 


= 3594. 


Thus the distance from observation post D to landmark L is approximately 3594 
meters. 


(b) Using the same reasoning as in the solution to part (a), we have 


sin 84° 


sin 9° 


b = 563 = 3579. 


Thus the distance from observation post E to landmark L is approximately 3579 
meters. 


Trigonometry can be used to find the distance between two far-away objects, as 
shown in the next example. 


Radar at an air-traffic control tower shows the distance to an incoming airplane is 
5 miles, the distance to an outgoing airplane is 10 miles, and the angle incoming 
airplane—-tower-outgoing airplane is 42°. How far apart are the two airplanes? 


solution In the figure here, T denotes the air-traffic control tower, I denotes the 
incoming airplane, O denotes the outgoing airplane, and c denotes the distance 
between the two airplanes. Using the law of cosines, we have 


c? = 57 + 10* —2-5-10co0s 42° 


= 50.69. 


Thus c © V50.69 = 7.1. In other words, the two planes are approximately 7.1 miles 
apart. 


Exercises 


In Exercises 1-16 use the following figure (which is not drawn 
to scale). When an exercise requests that you evaluate an an- 
gle, give answers in both radians and degrees. 


N 


io) 


ny 


ul 


a 


7 


io) 


Ke) 


10 


11 


12 


13 


14 


@ Suppose a = 6, B = 25°, and C = 40°. Evaluate: 
(a) A (b) b (c) c 
g Suppose a = 7, B = 50°, and C = 35°. Evaluate: 


(a) A (b) b (c) c 

g Suppose a = 6, A = 7 radians, and B = an radians. 
Evaluate: 

(a) C (b) b (c) c 


g Suppose a = 4, B = an radians, and C = 3m radians. 
Evaluate: 


(a) A (b) b (c) © 
g Suppose a = 3, b = 5, and c = 6. Evaluate: 
(a) A (b) B () C 
g Suppose a = 4, b = 6, and c = 7. Evaluate: 
(a) A (b) B () C 
g Suppose a4 = 5, b = 6, and c = 9. Evaluate: 
(a) A (b) B (c) C 
@ Suppose a = 6, b = 7, and c = 8. Evaluate: 
(a) A (b) B (c) C 
g Suppose a = 2, b = 3, and C = 37°. Evaluate: 


(a) ¢ (b) A (c) B 

g Suppose 4 = 5, b = 7, and C = 23°. Evaluate: 
(a) ¢ (b) A (c) B 

g Suppose a = 3, b = 4, and C = 1 radian. Evaluate: 
(a) ¢ (b) A (c) B 

g Suppose a = 4, b = 5, and C = 2 radians. Evaluate: 
(a) ¢ (b) A (c) B 


g Suppose a = 4, b = 3, and B = 30°. Evaluate: 
(a) A (assume A < 90°) 
(b) C 
(c) ¢ 

g Suppose a = 14, b = 13, and B = 60°. Evaluate: 
(a) A (assume A < 90°) 
(b) C 
(c) ¢ 
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15 


16 


17 


18 


19 


20 


21 


22 


23 


24 
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g Suppose a = 4, b = 3, and B = 30°. Evaluate: 
(a) A (assume A > 90°) 
(b) C 
(c) ¢ 

@ Suppose a = 14, b = 13, and B = 60°. Evaluate: 
(a) A (assume A > 90°) 
(b) C 
(c) ¢ 


g Find the lengths of both diagonals in a parallelogram 
that has two sides of length 4, two sides of length 7, and 
two angles of 38°. 


g Find the lengths of both diagonals in a parallelogram 
that has two sides of length 5, two sides of length 11, and 
two angles of 41°. 


g Find the angle between the shorter diagonal of the 
parallelogram in Exercise 17 and a side with length 4. 


g Find the angle between the shorter diagonal of the 
parallelogram in Exercise 18 and a side with length 5. 


g A surveyor on the south bank of a river needs to mea- 
sure the distance from a boulder on the south bank of the 
river to a tree on the north bank. The surveyor measures 
that the distance from the boulder to a small hill on the 
south bank of the river is 413 feet. From the boulder, 
the surveyor uses a surveying instrument to find that the 
angle tree—boulder-hill is 71°. From the hill, the surveyor 
finds that the angle tree—hill-boulder is 93°. 


(a) What is the distance from the boulder to the tree? 
(b) What is the distance from the hill to the tree? 


g Two tourists with a surveying tool want to measure 
the distance from their hotel to the Washington Monu- 
ment and to the Lincoln Memorial. From the top of the 
Washington Monument, they find that the angle hotel— 
Washington Monument-Lincoln Memorial is 64°. From 
the top steps of the Lincoln Memorial, they find that the 
angle hotel-Lincoln Memorial-Washington Monument 
is 106°. In a brochure, they read that the distance from 
the Washington Monument to the Lincoln Memorial is 
1.3 kilometers. 


(a) What is the distance from the Washington Monu- 
ment to the hotel? 


(b) What is the distance from the Lincoln Memorial to 
the hotel? 


g Sirius, the brightest star visible from Earth except for 
our Sun, is 8.6 light-years from Earth. Alpha Centauri, the 
closest star to Earth except for our Sun, is 4.4 light-years 
from Earth. If the angle Sirius-Earth-Alpha Centauri is 
49°, then how far apart are Sirius and Alpha Centauri? 


g Radio transmissions show observers in Houston that 
the International Space Station is 323 miles away, the Chi- 
nese space station Tiangong is 462 miles away, and the 
angle International Space Station—Houston—Tiangong is 
109°. How far apart are the two space stations? 
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Problems 


25 


26 


27 


28 


29 


30 
31 


32 


33 


34 


35 


@ The famous Flatiron Building in New York City often 
appears in popular culture (for example, in the Spider- 
Man movies) because of its unusual triangular shape. The 
base of the Flatiron Building is a triangle whose sides 
have lengths 190 feet, 173 feet, and 87 feet. Find the 
angles of the Flatiron Building. 


Suppose a triangle has sides of length a, b, and c satisfy- 
ing the equation 

a +b? =e. 
Show that this triangle is a right triangle. 
Show that in a triangle whose sides have lengths a, b, 
and c, the angle between the sides of length a and b is an 
acute angle if and only if 


a+b >c?. 


Show that the distance between two points on the unit 
circle is \/2 — 2cos6, where 6 is the angle between the 
radii from the origin to each of the two points. 

Show that 


(6 
: V2\/1 — cos 8 

in an isosceles triangle that has two sides of length b, an 
angle of @ between these two sides, and a third side of 
length c. 


Write the law of sines in the special case of a right triangle. 


Show how the previous problem gives the familiar char- 
acterization of the sine of an angle in a right triangle as 
the length of the opposite side divided by the length of 
the hypotenuse. 


Show how Problem 30 gives the familiar characterization 
of the tangent of an angle in a right triangle as the length 
of the opposite side divided by the length of the adjacent 
side. 

| Suppose the minute hand of a clock is 5 inches long 
and the hour hand is 3 inches long. Suppose the angle 
formed by the minute hand and hour hand is 68°. 


(a) Find the distance between the endpoint of the 
minute hand and the endpoint of the hour hand 
by using the law of cosines. 


(b) Find the distance between the endpoint of the 
minute hand and the endpoint of the hour hand 
by assuming that the center of the clock is located 
at the origin, choosing a convenient location for the 
minute hand and finding the coordinates of its end- 
point, then finding the coordinates of the hour hand 
in a position that makes a 68° angle with the minute 
hand, and finally using the usual distance formula 
to find the distance between the endpoint of the 
minute hand and the endpoint of the hour hand. 

(c) Make sure that your answers for parts (a) and (b) 
are the same. Which method did you find easier? 


Use the law of cosines to show that if a, b, and c are the 
lengths of the three sides of a triangle, then 


c2 > a2 +b? — 2ab. 


Use the previous problem to show that in every triangle, 
the sum of the lengths of any two sides is greater than 
the length of the third side. 
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Suppose one side of a triangle has length 5 and another 
side of the triangle has length 8. Let c denote the length 
of the third side of the triangle. Show that 3 < c < 13. 


Suppose you need to walk from a point P to a point Q. 
You can either walk in a line from P to Q, or you can walk 
in a line from P to another point R and then walk in a 
line from R to Q. Use the previous problem to determine 
which of these two paths is shorter. 


Suppose you are asked to find the angle C formed by the 
sides of length 2 and 3 in a triangle whose sides have 
length 2, 3, and 7. 


(a) Show that in this situation the law of cosines leads 
to the equation cos C = —3. 


(b) There is no angle whose cosine equals —3. Thus 
part (a) seems to be a contradiction. Explain what 
is happening here. 


In a triangle whose sides and angles are labeled as in 
the instructions before Exercise 1, let h denote the height 
as measured from the vertex of angle B to the side with 
length b. 


(a) Express h in terms of A and c. 
(b) Express h in terms of C and a. 


(c) Setting the two values of h obtained in parts (a) and 
(b) equal to each other gives an equation. What 
result from this section leads to the same equation? 


The law of cosines is stated in this section using the angle 
C. Using the labels of the triangle just before Exercise 1, 
write two versions of the law of cosines, one involving 
the angle A and one involving the angle B. 


Use one of the examples from this section to show that 


1 19 


15 _ 
cos 35 TU. 


-11 \ a | 
cos 5 T COS 74 


Discover another equation similar to the one given in 
the previous problem by choosing a triangle whose side 
lengths are all integers and using the law of cosines. 


Show that 


a(sin B — sinC) + b(sinC — sin A) + c(sin A — sin B) 


=0 
in a triangle with sides whose lengths are a, b, and c, with 


corresponding angles A, B, and C opposite those sides. 
Show that 


a* +b? +c? = 2(bcecos A + accos B + abcosC) 


in a triangle with sides whose lengths are a, b, and c, with 
corresponding angles A, B, and C opposite those sides. 


Show that 
c= bcosA+acosB 


in a triangle with sides whose lengths are a, b, and c, with 
corresponding angles A, B, and C opposite those sides. 
[Hint: Add the equations a> = b* + c* — 2becos A and 
b? = a* +c? — 2accos B.] 
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Worked-Out Solutions to Odd-Numbered Exercises 


In Exercises 1-16 use the following figure (which is not drawn 
to scale). When an exercise requests that you evaluate an an- 
gle, give answers in both radians and degrees. 


1 @ Suppose a = 6, B = 25°, and C = 40°. Evaluate: 


(a) 


(b) 


(c) 


(a) A (b) b (c) c 
solution 


The angles in a triangle add up to 180°. Thus 


A+B+C = 180°. Solving for A, we have 
A = 180° — B—C = 180° — 25° — 40° = 115°. 
Multiplying by Ta0° to convert to radians gives 


A= 115° = oo radians = 2.007 radians. 


Use the law of sines in the form 


sinA _ sinB 
a ob’ 


which in this case becomes the equation 


sin115° _ sin25° 
6 b 
Solve the equation above for b, getting 
6sin 25° 
= sintise © 7-80. 


Use the law of sines in the form 


sinA _ sinC 


o 


a c 
which in this case becomes the equation 


sin115° _ sin 40° 
6 c 


Solve the equation above for c, getting 


6sin 40° 
sin 115° 


g Suppose a = 6, A = 5 radians, and B = af radians. 


Evaluate: 


(a) C (b) b (c) c 


solution 


(a) 


(b) 


(c) 


(a) 


The angles in a triangle add up to 7 radians. Thus 
A+B+C=7. Solving for C, we have 


m An _ 20 
C=n-A-B=1-7 7 =. 
Multiplvi 180° . 
ultiplying by —— to convert to degrees gives 


C= an radians = 360 : 


Using a calculator to obtain decimal approximations, we 
have 
C & 0.8976 radians ~ 51.429°. 
Use the law of sines in the form 
sinA _ sinB 
ab’ 
which in this case becomes the equation 
_ 70 . Art 
sin 7 a sin 7 
6 b 
Solve the equation above for b, getting 


6sin 22 


(in 
—7e— & 13.48. 
sin 7 


b= 


Use the law of sines in the form 
sinA _ sinC 


y 


a c 
which in this case becomes the equation 


_ 70 _ 270 
sin 7 7 sin 7 
6 c 
Solve the equation above for c, getting 


so 2IC 
6sin = 
— Z 


~ 10.81. 
sin. 7 


g Suppose a = 3, b = 5, and c = 6. Evaluate: 
(a) A (b) B i. c 


solution The law of cosines allows us to solve for the 
angles of the triangle when we know the lengths of all 
the sides. Note the check that is performed below after 


part (c). 
To find A, use the law of cosines in the form 
a> =b? +c? —2becosA, 
which in this case becomes the equation 
3° = 57 +6? —2-5-6-cosA, 
which can be rewritten as 
9 = 61 — 60cos A. 


Solve the equation above for cos A, getting 


_ 3B 

cosA = 15° 
Thus A = cos! R- Use a calculator to evaluate cos~! i 
in radians, and then multiply that result by ia to con- 


vert to degrees, getting 


A = cos”! 73 © 0.522 radians ~ 29.9°. 
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(b) 


(c) 


(a) 


To find B, use the law of cosines in the form 
b? = a? +c* — 2accosB, 
which in this case becomes the equation 
25 = 45 — 36cos B. 


Solve the equation above for cos B, getting 
_2 
cos B = 5: 


Thus B = cos~! ae Use a calculator to evaluate cos~! 2 in 
180° 
7 


radians, and then multiply that result by to convert 


to degrees, getting 


B=cos !2 = 0.982 radians ~ 56.3°. 


\olO1 


To find C, use the law of cosines in the form 
c2 = a* +b? — 2abcosC, 
which in this case becomes the equation 
36 = 34 — 30cosC. 


Solve the equation above for cos C, getting 
1 
cosC = — ice 


Thus C = cos”! (—g). Use a calculator to evaluate 


cos~!(— i) in radians, and then multiply that result by 


fae t ttod tti 
7 oO convert to degrees, getting 


C =cos”!(—7g) © 1.638 radians ~ 93.8°. 


check The angles in a triangle add up to 180°. Thus 
we can check for mistakes by seeing if our values of A, B, 
and C add up to 180°: 


A+B+C ® 29.9° + 56.3° + 93.8° = 180.0°. 


Because the sum above equals 180.0°, this check uncov- 
ers no problems. If the sum had differed from 180.0° 
by more than 0.1° (a small difference might arise due to 
using approximate values rather than exact values), then 
we would know that an error had been made. 


g Suppose a = 5, b = 6, and c = 9. Evaluate: 
(a) A (b) B (ec) C 
solution The law of cosines allows us to solve for the 


angles of the triangle when we know the lengths of all 
the sides. Note the check that is performed below after 


part (c). 
To find A, use the law of cosines in the form 
a> = b? +c? —2becosA, 
which in this case becomes the equation 
5 = 67 +9? —2-6-9-cosA, 


which can be rewritten as 


(b) 


(c) 


25 = 117 — 108 cos A. 


Solve the equation above for cos A, getting 


_ 23 
cosA = 77° 
Thus A = cos7! 3. Use a calculator to evaluate cos—! 3 


in radians, and then multiply that result by 180" to con- 


vert to degrees, getting 
A = cos”! $3 ~ 0.551 radians ~ 31.6°. 

To find B, use the law of cosines in the form 

b? = a* +c? —2accos B, 
which in this case becomes the equation 

36 = 106 — 90cos B. 
Solve the equation above for cos B, getting 
cos B = 5. 


Thus B = cos—! q. Use a calculator to evaluate cos! uA in 


radians, and then multiply that result by 130° to convert 


to degrees, getting 
B=cos! 5 = 0.680 radians + 38.9°. 
To find C, use the law of cosines in the form 
c? =a* +b? —2abcos GC 
which in this case becomes the equation 
81 = 61 — 60cosC. 


Solve the equation above for cos C, getting 


WIR 


cosC = — 


cos-}(—4). Use a calculator to evaluate 


a Coe in radians, and then multiply that result by 


7 to convert to degrees, getting 


C =cos !(—%) © 1.911 radians ~ 109.5°. 


QR 


check The angles in a triangle add up to 180°. Thus 
we can check for mistakes by seeing if our values of A, B, 
and C add up to 180°: 


A+B+C#% 31.6° + 38.9° + 109.5° = 180.0°. 


Because the sum above equals 180.0°, this check uncov- 
ers no problems. If the sum had differed from 180.0° 
by more than 0.1° (a small difference might arise due to 
using approximate values rather than exact values), then 
we would know that an error had been made. 


g Suppose a = 2, b = 3, and C = 37°. Evaluate: 
(a) c (b) A (c) B 


solution Note the check that is performed below after 
part (c). 


(a) 


(b) 


(c) 


To find c, use the law of cosines in the form 
2 =a* +b? —2abcos C, 
which in this case becomes the equation 
c= 2? 4+3*-2-2-3-c0s37°, 
which can be rewritten as 
c? = 13 — 12c0837°. 
Thus 
c = V13 — 12c0s37° ~ 1.848. 
To find A, use the law of cosines in the form 
a> = b? +c? —2becosA, 
which in this case becomes the approximate equation 
4 = 12.415 — 11.088 cos A, 


where we have an approximation rather than an exact 
equality because we have used an approximate value for 
c. Solve the equation above for cos A, getting 


cos A & 0.7589. 


Thus A = cos! 0.7589. Use a calculator to evaluate 


cos~! 0.7589 in radians, and then multiply that result by 


180° P| ti 
7 tO convert to degrees, getting 


A = cos! 0.7589 ~ 0.7092 radians ~ 40.6°. 


The angles in a triangle add up to 180°. Thus 


A+B+C = 180°. Solving for B, we have 
B = 180° — A—C & 180° — 40.6° — 37° = 102.4°. 
Multiplying by 780° to convert to radians gives 
B & 102.4° © 1.787 radians. 


check We will check our results by computing B by 
a different method. Specifically, we will use the law of 
cosines rather than the simpler method used above in 
part (c). 
We use the law of cosines in the form 

b? = a? +c* — 2accos B, 
which in this case becomes the approximate equation 

9 = 7.4151 — 7.392 cos B, 


where we have an approximation rather than an exact 
equality because we have used the approximate value 
1.848 for c. Solve the equation above for cos B, getting 


cos B = —0.2144. 


Thus B = cos~!(—0.2144). Use a calculator to evaluate 

cos~!(—0.2144) in radians, and then multiply that result 

by 180° 
Y 7 


BS cos~!(—0.2144) ~ 1.787 radians © 102.4°. 


to convert to degrees, getting 


In part (c) above, we also obtained a value of 102.4° for 
B. Thus this check uncovers no problems. If the two 
methods for computing B had produced results differing 
by more than 0.1° (a small difference might arise due to 
using approximate values rather than exact values), then 
we would know that an error had been made. 
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11 g Suppose a = 3, b = 4, and C = 1 radian. Evaluate: 


(b) 


(a) ¢ 


solution Note the check that is performed after part (c). 


(b) A (c) B 


To find c, use the law of cosines in the form 
c? = a2 +b* — 2abcosC, 
which in this case becomes the equation 
2 = 32442 2.3-4-cosl, 
which can be rewritten as 
c* = 25 — 24cos1. 
Thus 
c = ¥25 —24cos1 & 3.469. 
To find A, use the law of cosines in the form 
a = b? +c? —2becosA, 
which in this case becomes the approximate equation 
9 & 28.034 — 27.752cos A, 


where we have an approximation rather than an exact 
equality because we have used an approximate value for 
c. Solve the equation above for cos A, getting 


cos A & 0.6859. 


Thus A = cos~!0.6859. Use a calculator to evaluate 
cos! 0.6859 in radians, and then multiply that result by 


180° 
A 


to convert to degrees, getting 


Ax cos ! 0.6859 = 0.8150 radians ~ 46.7°. 


The angles in a triangle add up to 7 radians. Thus 


A+B+C= 7. Solving for B, we have 
B=n—-A-—-CHX 7-— 0.8150 —1 & 1.3266. 


Multiplying by 180" to convert to degrees gives 
B & 1.3266 radians = 76.0°. 


check We will check our results by computing B by 
a different method. Specifically, we will use the law of 
cosines rather than the simpler method used above in 


part (c). 
We use the law of cosines in the form 
b? = a? +c? —2accosB, 
which in this case becomes the approximate equation 
16 © 21.034 — 20.814 cos B, 


where we have an approximation rather than an exact 
equality because we have used the approximate value 
3.469 for c. Solve the equation above for cos B, getting 


cos B = 0.2419. 


Thus B ~ cos! 0.2419. Use a calculator to evaluate 
cos! 0.2419 in radians, getting 


B = cos! 0.2419 ~ 1.3265 radians. 


In part (c) above, we obtained a value of 1.3266 radians 
for B. Thus the two methods for computing B differed 
by only 0.0001 radians. This tiny difference is almost 
certainly due to using approximate values rather than 
exact values. Thus this check uncovers no problems. 
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13 @ Suppose a = 4, b =3, and B = 30°. Evaluate: 
(a) A (assume A < 90°) 
(b) C 
(c) ¢ 
solution 
(a) Use the law of sines in the form 


sinA _ sinB 
ab’ 


which in this case becomes the equation 


sinA 5 
4 — 3° 


Solve the equation above for sin A, getting 
‘ 2 
sin A = 3: 
The assumption that A < 90° now implies that 
A = sin”! 3 ~ 0.7297 radians = 41.8°. 


(b) The angles in a triangle add up to 180°. Thus 
A+B+C = 180°. Solving for C, we have 


C = 180° — A— B & 180° — 41.8° — 30° = 108.2°. 
Multiplying by Ta0° to convert to radians gives 
C = 108.2° = 1.888 radians. 


(c) Use the law of sines in the form 


sinA _ sinC 


y 


a Cc 
which in this case becomes the equation 


e sin 108.2° 
4 Cc 


, 


where we have an approximation rather than an exact 
equality because we have used the approximate value 
108.2° for C (our solution in part (a) showed that sin A 
has the exact value ; thus the left side above is not an 
approximation). Solving the equation above for c, we get 


c = 5.70. 


15 @ Suppose a = 4, b =3, and B = 30°. Evaluate: 
(a) A (assume A > 90°) 
(b) C 
(c) c¢ 
solution 
(a) Use the law of sines in the form 


sinA _ sinB 
a db’ 


which in this case becomes the equation 


17 


sinA _ 
-* 


Solve the equation above for sin A, getting 


WINIR 


sin A = z. 
The assumption that A > 90° now implies that 
A = m-—sin7! 3 2.4119 radians ~ 138.2°. 


The angles in a triangle add up to 180°. Thus 
A+B+C = 180°. Solving for C, we have 


C = 180° — A— B & 180° — 138.2° — 30° = 11.8°. 
Multiplying by a0" to convert to radians gives 
C = 11.8° = 0.206 radians. 


Use the law of sines in the form 


sinA _ sinC 


, 


a Cc 


which in this case becomes the equation 


i] 
, 


% _ sin11.8° 
4 c 

where we have an approximation rather than an exact 
equality because we have used the approximate value 
11.8° for C (our solution in part (a) showed that sin A 
has the exact value 3; thus the left side above is not an 
approximation). Solving the equation above for c, we get 


c# 1.23. 


g Find the lengths of both diagonals in a parallelogram 
that has two sides of length 4, two sides of length 7, and 
two angles of 38°. 


solution The diagonal opposite the 38° angles is the 
third side of a triangle that has a side of length 4, a side 
of length 7, and a 38° angle between those two sides. Let 
c denote the length of this diagonal. Then by the law of 
cosines we have 


C= 4477 -2-4-7c0838° 
= 65 — 56 cos 38° 
~ 20.87. 


Thus c © 20.87 = 4.57. 


The parallelogram has two 38° angles; thus the other two 
angles of the parallelogram must be 142° (because all 
four angles of the parallelogram add up to 360°). The 
diagonal opposite the 142° angles is the third side of a 
triangle that has a side of length 4, a side of length 7, and 
a 142° angle between those two sides. Let d denote the 
length of this diagonal. Then by the law of cosines we 
have 


@=4477-2-4-7c08 142° 
= 65 — 56 cos 142° 
~ 109.13. 


Thus d = V/109.13 = 10.45. 


19 


21 


(a) 


g Find the angle between the shorter diagonal of the 
parallelogram in Exercise 17 and a side with length 4. 


solution We have enough information to use either the 
Law of Sines or the Law of Cosines. However, to avoid 
the ambiguity that can arise from using the Law of Sines 
to solve for an angle, we will use the Law of Cosines. 


Let A denote the angle between the shorter diagonal 
(which has length approximately 4.57) and a side of the 
parallelogram of length 4. By the Law of Cosines, we 
have 


Pee ace li 
aan eS a7, 
= —0.331. 


Thus A ~ cos~!(—0.331) © 1.91. Hence the angle in 
question is approximately 1.91 radians, which is approxi- 
mately 109°. 


g A surveyor on the south bank of a river needs to mea- 
sure the distance from a boulder on the south bank of the 
river to a tree on the north bank. The surveyor measures 
that the distance from the boulder to a small hill on the 
south bank of the river is 413 feet. From the boulder, 
the surveyor uses a surveying instrument to find that the 
angle tree—boulder-hill is 71°. From the hill, the surveyor 
finds that the angle tree—hill-boulder is 93°. 


(a) What is the distance from the boulder to the tree? 
(b) What is the distance from the hill to the tree? 


solution 


Let B denote the boulder, T de- 
note the tree, and H denote the 
hill. Let a denote the distance 
from the boulder to the tree and 
let c denote the distance from the 
hill to the tree. Thus we have the 
figure here. Because the angles 
of a triangle add up to 180°, the 
angle of the triangle at the vertex a c 
T is 180° — (71° + 93°), which 
equals 16°. 


Using the law of sines, we have 
sin93° sin 16° 
a 413 


Thus 
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sin 93° 
a= 413 in 16° 


(b) 


23 


feet, which is approximately 1496.3 feet. 


Using the law of sines, we have 


sin71° _ sin16° 
c...©6 413 
Thus ae 
sin 
= 413-—* 
Oe ane: 


feet, which is approximately 1416.7 feet. 


g Sirius, the brightest star visible from Earth except for 
our Sun, is 8.6 light-years from Earth. Alpha Centauri, the 
closest star to Earth except for our Sun, is 4.4 light-years 
from Earth. If the angle Sirius-Earth-Alpha Centauri is 
49°, then how far apart are Sirius and Alpha Centauri? 


solution In the figure here, E denotes Earth, S denotes 
Sirius, A denotes Alpha Centauri, and c denotes the dis- 
tance between the two stars. 


Using the law of cosines, we have 
c= 447 + 8.67 —2-4.4-8.6c0s49° 
= 43.67. 


Thus c © 43.67 & 6.6. In other words, the two stars are 
approximately 6.6 light-years apart. 
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The triangle formed by the outer 
edges is an isosceles triangle with 
two sides of length 1 and an angle 
of 20 between those two sides. 


Never make the mistake of thinking 
that cos(20) equals 2 cos 0. 


5.5 Double-Angle and Half-Angle Formulas 


Learning Objectives 


By the end of this section you should be able to 


e compute cos(2@), sin(2@), and tan(20) from the values of cos 6, sin @, and 
tan 0; 


e compute cos g, sin g and tan g from the values of cos 6, sin 8, and tan 0. 


How are the values of cos(20) and sin(2@) and tan(26) related to the values of cos 6 


and sin@ and tan@? What about the values of cos g and sin g and tan 8? In this 
section we will see how to answer these questions. 


The Cosine of 20 


Suppose 0 < @ < a and consider a right triangle with a hypotenuse of length 1 and 
an angle of @ radians. The other angle of this right triangle will be = — @ radians. 
The side opposite the angle @ has length sin @, as shown below (the unlabeled side 
of the triangle has length cos 6, but that side is not of interest now). 


Flip the triangle above across the horizontal side, producing another right triangle 
with a hypotenuse of length 1 and angles of @ and a — @ radians, as shown below. 


sin @ 


Now consider the isosceles triangle above formed by the union of the two right 
triangles. Two sides of this isosceles triangle have length 1. As can be seen above, 
the angle between these two sides is 20. As can also be seen in the figure, the 
side opposite this angle has length 2 sin @. Thus applying the law of cosines to this 
isosceles triangle gives 

(Qsin@)? = 1? +17 + 2+1+1 «cos (20). 

Rewrite the last equation as 

4sin?@ = 2 — 2cos(26). 


Solving this equation for cos(2@) gives the equation 


cos(20) = 1— 2sin6. 
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We just found a formula for cos(2@) in terms of sin@. Sometimes we need a 
formula expressing cos(2@) in terms of cos@. To obtain such a formula, replace 
sin*0 by 1 — cos?6 in the last equation, getting 

cos(20) = 2cos*@ — 1. 

Yet another formula for cos(2@) arises if we replace 1 in the formula above by 

cos*6 + sin’6, getting 


cos(2@) = cos?@ — sin76. 


Thus we have found three formulas for cos(26), which are collected below. 


Double-angle formulas for cosine 


We derived these formulas using 
an angle @ in a right triangle, 


cos(20) = 1—2sin70 


cos(20) = 2cos?6 —1 which implies that 0 < 0 < = 
However, these formulas are valid 
cos(20) = cos”6 — sin6 for all real numbers 0. 


In practice, use whichever of the three formulas is most convenient, as shown in 
the next example. 


Suppose @ is an angle such that cos @ = 2. Evaluate cos(26). [ —sExample1 


solution Because we know the value of cos 8, we use the second of the formulas 
given above for cos(26): 


2 
cos(20) = 2cos"@ —1 = 2(¢) -1=2-4-1=3-1= %. 


The Sine of 20 


To find a formula for sin(2@), we will apply the law of sines to the isosceles triangle 
in the last figure. As we have already noted, this triangle has an angle of 26, with 
a side of length 2sin@ opposite this angle. The uppermost angle in the isosceles 
triangle is 5 — @ radians, with a side of length 1 opposite this angle. The law of 
sines now tells us that 

sin(20) _ sin(> — 0) 

2sin é 1 , 


Recall that sin(> — 0) = cos@ (see Section 4.6). Thus the equation above can be 
rewritten as 
sin(20) 


sind = cos 0. 


Solving this equation for sin(20) gives the following formula. 


Double-angle formula for sine 


Expressions such as cos @ sin@ 
should be interpreted to mean 


sin(20) = 2cos@ siné (cos @)(sin@), not cos(@sin@). 


The formula above is valid for all values of 0. 
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The Tangent of 20 


Now that we have found formulas for cos(2@) and sin(20), we can find a formula 
for tan(2@) in the usual fashion of writing the tangent as a ratio of sine and cosine. 
In doing so, we will find it more convenient to use the last of the three formulas we 
found for cos(20). Specifically, we have 


tan(26) = eer 


2cos@ sin@ 
cos26 — sin20 


In the last expression, divide numerator and denominator by cos76, getting 


sin 0 


tan(20) = ae 
1— cos260 


Statue and portrait of Alan Turing 
in Bletchley Park, England, where 
Turing used sophisticated 
mathematics to help crack German 

codes during World War II. Double-angle formula for tangent 


sin @ 
cos 0 


Now replace above by tan 6, getting the following nice formula. 


2tan 0 


ee) ae 1 — tan26 


The formula above is valid for all values of 0, except that we must exclude values 
of @ for which tan @ or tan(20@) is undefined (in other words, odd multiples of a and 


odd multiples of a must be excluded). 


[ —Example2—_ Suppose @ is an angle such that tan@ = 5. Evaluate tan(26). 


solution Because tan@ = 5, the formula above tells us that 


2-5 
20) = 
tan(26) {252 
_ 10 
24 
a 
~ 
The Cosine and Sine of § 
Never make the mistake of thinking Now we are ready to find the half-angle formulas for evaluating cos § and sin g. 
Habaos g equals a We start with the double-angle formula 


cos(20) = 2cos*@ — 1. 


This formula allows us to find the value of cos(20) if we know the value of cos 0. If 
instead we start out knowing the value of cos(20), then the equation above can be 
solved for cos #. The next example illustrates this procedure. 
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Find an exact expression for cos 15°. [ = Example3— 


solution We know that cos 30° = = We want to find the cosine of half of 30°. Example 2 in Section 5.6 uses a 
Thus we set 6 = 15° in the identity cos(20) = 2 cos?0 — 1, getting different method to find a different 
exact expression for cos 15°. 


cos 30° = 2.cos715° — 1. 


In this equation, replace cos 30° with its value, getting 


a = 2co0s*15° —1 


Now solve the equation above for cos 15° (which is positive, so we take the positive 
square root below), getting 


This value for cos 15° (or cos b 


ee + a 4 oe (1 + 43) -2 /2 +J/3 if using radians) was used in 
cos 15° = = : 


5) exercises in Sections 4.4 and 4.6. 


To find a general formula for cos § in terms of cos @, we will carry out the 
procedure followed in the example above. The key idea is that we can substitute 
any value for @ in the identity 


cos(20) = 2cos*@ — 1, 


provided that we make the same substitution on both sides of the equation. We want 


to find a formula for cos 4 Thus we replace @ by g on both sides of the equation 


above, getting 


cos @ = 2.cos*5 = 


Now solve this equation for cos a getting the following half-angle formula. 


Half-angle formula for cosine 


The choice of the plus or minus sign in the formula above depends on knowledge 
of the sign of cos g For example, if 0 < 6 < 7, then 0 < g < 5, which implies that 
cos g is positive (thus we would choose the plus sign in the formula above). 


To find a formula for sin 4 we start with the double-angle formula 
cos(20) = 1— 2sin6. 
In the identity above, replace @ by g on both sides of the equation, getting 
0 


cosdé = 1 —2sin*5. 


Now solve this equation for sin . getting the following half-angle formula. 


Half-angle formula for sine 
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Example 4 


This value for sin z (or sin 22.5° 
if we work in degrees) was used in 
exercises in Sections 4.4 and 4.6. 


A formula for tan g could be 
found by writing tan g as the ratio 


of sin g and cos 3 and then using 
the half-angle formulas for cosine 
and sine. However, the process 
used here leads to a simpler 
formula. 


The choice of the plus or minus sign in the last formula depends on knowledge 
of the sign of sin . The examples below illustrate this procedure. 


Find an exact expression for sin 5 


solution We already know how to evaluate sin ae Thus we take 0 = A in the 
half-angle formula for sine, getting 


7 2 ae = 
8 2 2 4 2 


In the first equality above, we chose the plus sign in the half-angle formula because 
we know that sin 3 is positive. 


The next example shows that sometimes the minus sign must be chosen when 
using a half-angle formula. 


Suppose —F <@<0Oand cosé = z. Evaluate sin g. 


solution Because — i < 8 < 0, we see that sin § < 0. Thus we need to choose the 


negative sign in the identity above. We have 
6 / 1—cosé 1-3 _ V6 
sins = = = = : 
: 2 2 6 6 


The Tangent of § 


We start with the equation 
sind 
cos 6° 


tan@ = 


Because we seek a formula involving sin(20), we multiply numerator and denomi- 
nator above by 2 cos 6, getting 


nave sin@ — 2cos@sin@ 
cos 6 2 cos26 


The numerator of the last term above equals sin(20). Furthermore, the identity 
cos(20) = 2cos*@ — 1 shows that the denominator of the last term above equals 
1+ cos(26). Making these substitutions in the equation above gives 


‘age sin(20) 
~ 1+ co0s(26)' 

In the equation above, replace @ by g on both sides of the equation, getting the 
half-angle formula 

sin@ 


6 
tan§ =" 
on 1+ cos @ 


This formula is valid for all values of @, except that we must exclude odd multiples 
of 7t (because we need to exclude cases where cos @ = —1 to avoid division by 0). 


To find another formula for tan a note that 
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sind __—_ sind 1 —cosé 
1+cos@ 1+cos@ 1—cosé 


_ (sin @)(1 — cos @) 
1 — cos 


_ (sin @)(1 — cos @) 
sin’0 


_ 1—cosé 
sing - 


Thus our identity above for tan g can be rewritten to give the half-angle formula 


eae _ 1—cosé 
27 sin@ 


This formula is valid whenever 
sind 4 0. 


For convenience, we now collect the half-angle formulas for tangent. 


Half-angle formulas for tangent 


1—cosé 

Zn = = ——— 
sin @ 
sin 0 

1+cosé 


@ 
tan 5 = 


Show that tan 3 = /2-1. 


Example 6 


solution Using the half-angle formula for tan g with 6 = a we have 


1- us _ v2 
a ae | 
sin = v2 2) fo 2 
Exercises 


5 g For 6 = 6 radians, evaluate each of the following: 


The next two exercises emphasize that cos(20) does not 


equal 2 cos 0. 
1 g For 6 = 23°, evaluate each of the following: 
(a) cos(20) (b) 2cosé 
2: g For 6 = 7 radians, evaluate each of the following: 
(a) cos(2@) (b) 2cosé 


The next two exercises emphasize that sin(20) does not equal 
2sin 0. 


3 g For 6 = —5 radians, evaluate each of the following: 
(a) sin(20) (b) 2sin0 

4 g For 6 = 100°, evaluate each of the following: 
(a) sin(20) (b) 2sin0 


The next two exercises emphasize that cos g does not equal 


cos 0 
a 


a (a 
(a) cos 5 (b) “S= 
6 g For 6 = —80°, evaluate each of the following: 
a a 
(a) cos 5 (b) ese 


The next two exercises emphasize that sin 8 does not equal 
sin @ 
a 
7 g For 6 = 65°, evaluate each of the following: 
480) sind 
(a) sin 7 (b) a 
8 g For 6 = 9 radians, evaluate each of the following: 
_ @ sin 0 
(a) sin 7 (b) — 


9 Given that sin18° = cise find an exact expression for 
cos 36°. 
[The value used here for sin 18° is derived in Problem 106 in 
this section. | 
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10 


Given that sin us i ea find an exact expression for 
coe. 

5 
[Problem 73 asks you to explain how the value for sin a used 
here follows from the solution to Exercise 9.] 


For Exercises 11-26, evaluate the given quantities assuming 
that u and v are both in the interval (0, a) and 


11 
12 
13 
14 
15 
16 


eae it See! 
cosu= 3 and sinv = 7. 
sinu 17 sin(2u) 23 sin 5 
cos U 18 sin(2v) i an? 
tan u 19 tan(2u) : 
tanv 20 tan(2v) 25 tan> 
cos(2u) 21 cos 5 26 tan § 
cos(2v) 22 cos 5 


For Exercises 27-42, evaluate the given quantities assuming 
that u and v are both in the interval (i 7m) and 


27 
28 
29 
30 
31 
32 


sinu = 4 and sinv—2 

=5 =t. 
cos u 33 sin(2u) 39 sin 5 
cos v 34 sin(2v) ig cine 
tan u 35 tan(2u) : 
tanv 36 tan(2v) 41 tans 
ue v 
cos(2i) 37 cos 5 42 tan§ 

cos(20) 38 cos 5 


For Exercises 43-58, evaluate the given quantities assuming 
that u and v are both in the interval (— 3,0) and 


43 
44 
45 
46 
47 
48 


59 
60 


61 
62 


tanu = —4 and tanv = —$. 

cos u 49 sin(2u) 55 sin 5 

cos U 50 sin(2v) 56 sin? 

sin u 51 tan(2u) , 

sinv 52 tan(2v) 57 tan 5 
u 

cos(2i) 53 cos 5 58 tan § 
cos(2v) 54 cos 5 


Find an exact expression for sin 15°. 
Find an exact expression for cos 22.5°. 


. F ao TE 
Find an exact expression for sin 54° 


: : 7U 
Find an exact expression for cos 16 ‘ 


Problems 

71 Show that tan 15° = 2-— V3. 

72 Show that tan75° = 24+ V3. 

73 Explain how the equation sin an = oe follows from 
the solution to Exercise 9. 

74 Show that 


(cos x + sin x)? = 1+ sin(2x) 


for every number x. 


63 


64 


65 


66 


67 
68 
69 


70 


75 


76 


g Suppose 0 < @ < a and sin @ = 0.4. 


(a) Without using a double-angle formula, evaluate 
sin(20) by first finding 6 using an inverse trigono- 
metric function. 


(b) Without using an inverse trigonometric function, 
evaluate sin(20) again by using a double-angle for- 
mula. 


[Your solutions to (a) and (b), which are obtained through dif- 
ferent methods, should be the same, although they might differ 
by a tiny amount due to using approximations rather than 
exact amounts. | 


g Suppose 0 < @ < 5 and sin @ = 0.2. 
(a) Without using a double-angle formula, evaluate 


sin(20) by first finding 6 using an inverse trigono- 
metric function. 


(b) Without using an inverse trigonometric function, 
evaluate sin(20) again by using a double-angle for- 
mula. 


g Suppose 5 < @ <0 and cosé = 0.3. 


(a) Without using a double-angle formula, evaluate 
cos(26) by first finding 6 using an inverse trigono- 
metric function. 


(b) Without using an inverse trigonometric function, 
evaluate cos(2@) again by using a double-angle for- 
mula. 


g Suppose 5 < @ <0 and cosé = 0.8. 


(a) Without using a double-angle formula, evaluate 
cos(26) by first finding 6 using an inverse trigono- 
metric function. 


(b) Without using an inverse trigonometric function, 
evaluate cos(2@) again by using a double-angle for- 
mula. 

Find a formula for sin(40) in terms of cos @ and sin@. 
Find a formula for cos(4@) in terms of cos 0. 


Find numbers a, b, and c such that 
cos*@ = a+ bcos(20) + ccos(40) 


for all 0. 


Find numbers a, b, and c such that 
sin*@ = a + bcos(20) + ccos(40) 


for all 0. 


Show that 7 
|cosx +sinx| < V2 


for every number x. 
[Hint: Use the result in the previous problem.] 


Show that 
cos(20) < cos?0 


for every angle 0. 


77 


78 


79 


80 


81 


82 


83 


84 
85 


86 


87 


88 


89 


90 


91 


Show that 
| sin(2@)| < 2| sin 0| 


for every angle 0. 
Do not make the mistake of thinking that 


sin(20) 


5 = sin@ 


is a valid identity. Although the equation above is false 
in general, it is true for some special values of 6. Find all 
values of @ that satisfy the equation above. 


Explain why there does not exist an angle @ such that 
cos @sin@ = 5. 
Show that 
| cos @ sin 6| < 4 
for every angle 0. 
Do not make the mistake of thinking that 


cos(26) 


7 = cos@ 


is a valid identity. 
(a) Show that the equation above is false whenever 
o<a<F. 
(b) Show that there exists an angle @ in the interval 
(5, 7t) satisfying the equation above. 
Without doing any algebraic manipulations, explain why 


(2cos*0 — 1)* + (2cos@sin@)? = 1 


for every angle 0. 


Find angles u and v such that cos(2u) = cos(2v) but 
cosu # cosv. 

Show that if cos(2u) = cos(2v), then | cos u| = | cos]. 
Find angles u and v such that sin(2u) = sin(2v) but 
|sinu| € | sino}. 


Show that 
sin*(20) = 4(sin*0 — sin*¢) 
for all 6. 
Find a formula that expresses sin?(20) only in terms of 


cos 0. 
Show that 


(cos @ + sin @)?(cos 6 — sin @)* + sin*(20) = 1 


for all angles 0. 


Suppose @ is not an integer multiple of 77. Explain why 
the point (1,2cos@) is on the line containing the point 
(sin @, sin(20)) and the origin. 


Show that 
1- tan(y /2) 


1 + tan*(y/2) 
for all numbers y except odd multiples of zt. 
Show that 


cosy = 


si 2tan(y/2) 
iny = ——>;—— 
Y= 7 +tan*(y/2) 
for all numbers y except odd multiples of 7t. 
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92 


93 


94 


95 
96 


97 
98 


99 


100 
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Show that 
4(cos*x — cos*x) 


(2 cos2x — 1)? 


tan(2x) = 


for all numbers x except odd multiples of -_ 


Find a formula that expresses tan?(20) only in terms of 
sin 0. 


cos—! t 


Find all numbers ft such that 5) = sin! t 

- 1 
Find all numbers tf such that cos~! t = at 
Show that 


pit ry pel 
2 ~V 1+ cosé 
for all 6 except odd multiples of 7t. 


Find a formula that expresses tan g only in terms of tané@. 


Suppose 6 is an angle such that cos @ is rational. Explain 
why cos(26@) is rational. 


Give an example of an angle @ such that sin @ is rational 
but sin(26) is irrational. 


Give an example of an angle 6 such that both sin@ and 
sin(20) are rational. 


Problems 101-106 will lead you to the discovery of an exact 
expression for the value of sin 18°. For convenience, through- 
out these problems let 


101 


102 


103 


104 


105 


106 


107 


t = sin18°. 


Using a double-angle formula, show that cos36° = 
1 — 2. 


Using a double-angle formula and the previous problem, 
show that 
cos 72° = 8f* — 8f +1. 


Explain why sin 18° = cos 72°. Then using the previous 
problem, explain why 


gt — 8 —t+1=0. 
Verify that 


tt — 8t2 — £4 


1 = (t —1)(2t +1) (4¢? + 2t— 1). 


Explain why the two previous problems imply that 


1 —-V5-1 V/5-1 
t=—-_, t= /or t= . 
2 4 4 


Explain why the first three values in the previous problem 
are not possible values for sin 18°. Conclude that 
V5-1 


in18° = : 
sin a 


[This value for sin 18° (or sin 10 if we work in radians) was 
used in Exercise 9.] 


Use the result from the previous problem to show that 


cos 18° = ea 
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108 Show that 
V/2—2cosx —sinx 


1—cosx 


x _ 
tan 7 


for all x in the interval (0, 27r). 

[Hint: Start with a half-angle formula for tangent to ex- 
press tan Z in terms of sin 5 and cos ¥. Then use half- 
angle formulas for cosine and sine, along with algebraic 
manipulations. ] 


109 Show that 


i. y2+y24v2ev2 


COS 35 = 5) 


[Hint: First do Exercise 62.] 


110 Show that 
- 2 V2+V24+ V2 
: . 


sin 35 = 


Worked-Out Solutions to Odd-Numbered Exercises 


The next two exercises emphasize that cos(20) does not 
equal 2 cos 0. 
1 g For 6 = 23°, evaluate each of the following: 
(a) cos(20) (b) 2cosé 


solution 


(a) Note that 2 x 23 = 46. Using a calculator working in 
degrees, we have cos 46° = 0.694658. 


(b) Using a calculator working in degrees, we have 
2cos 23° & 2 x 0.920505 = 1.841010. 


The next two exercises emphasize that sin(20) does not equal 
2sin 0. 
3 g For 6 = —5 radians, evaluate each of the following: 
(a) sin(20) (b) 2sin0 


solution 


(a) Note that 2 x (—5) = —10. Using a calculator working in 
radians, we have sin(—10) ~ 0.544021. 


(b) Using a calculator working in radians, we have 
2sin(—5) & 2 x 0.9589 = 1.9178. 


The next two exercises emphasize that cos g does not equal 
cos 8 


7: 
5 | For 6 = 6 radians, evaluate each of the following: 
(a) cos a (b) eos 
2 2 
solution 


(a) A calculator working in radians gives the following result: 
cos § = cos3 = —0.989992. 

(b) A calculator working in radians gives the following result: 
cos ,., 0.96017 _ 9.480085. 


The next two exercises emphasize that sin g does not equal 
sin 0 


7 
7 g For 6 = 65°, evaluate each of the following: 
. 6 ind 
(a) sins (b) 


solution 


(a) A calculator working in radians gives the following result: 
= sin32.5° & 0.537300. 


(b) A calculator working in radians gives the following result: 
SiN 65", 0.906308 _ 9.453154. 


sin 65 
2 


9 Given that sin 18° = cea, find an exact expression for 
cos 36°. 


solution To evaluate cos 36°, use one of the double-angle 
formulas for cos(20) with 6 = 18°. 


cos 36° = 1 — 2sin218° 


= 191? = a=) = ott 


remark The solution above shows that the golden ratio 
(see Problem 98 in Section 2.2) equals 2 cos 36°. 


For Exercises 11-26, evaluate the given quantities assuming 
that u and v are both in the interval (0, a) and 


ean | 
and sinv = q. 


Ql 


cos u = 


11 sinu 


solution Because 0 <u < 2 we know that sinu > 0. 
Thus 


: 7 nad, 1 8 2V2 
= = ape 
sinu = V1 costs = yf poy ee 37 


13 tanu 


solution To evaluate tan uw, use its definition as a ratio: 


: 2/2 
sin u ays 
tanu = = 3 =2y7/2. 
COs u 5 


15 cos(2u) 


solution To evaluate cos(2u), use one of the double- 
angle formulas for cosine: 


_ 2 52. ees 
cos(2u) = 2cos'u —1= g -1=—9. 


17 


19 


21 


23 


25 


sin(2u) 


solution To evaluate sin(2u), use the double-angle for- 
mula for sine: 


1 2/2 


sin(2u) =2cosu sinu = 2: 5 y4 = 


4/2 
ae 


tan(2u) 
solution To evaluate tan(2u), use its definition as a ratio: 
sin(2u) _ ae _ 
cos(2u) = —7 


tan(2u) = a2 


Alternatively, we could have used the double-angle for- 

mula for tangent, which will produce the same answer. 
u 

cos 5 


solution Because 0 < 5 < i, we know that cos 5 > 0. 


Thus 
u_  /1+cosu 
cos 5 = {> 
_ ita _/5_,/2_ ve 
2 2 3 3° 
iu 
sin > 


solution Because 0 < 5 < ae we know that sin 5 >0, 
Thus 


_ u _ /1—cosu 
cae” ae 2 
i ee: 3 /} 1 
2 2 3 V3 


v3 
.* 


u 
tan D) 


solution To evaluate tan ue use its definition as a ratio: 


- Uu 
eee eee d 8 V3_1_ 2 
a cos Y8 V6 V2? 


Alternatively, we could have used the half-angle formula 
for tangent, which will produce the same answer. 


For Exercises 27-42, evaluate the given quantities assuming 
that u and v are both in the interval (5, 7) and 


27 


ala 


ee oe 
sinu = 5 and sinv = 


cos u 


solution Because = <u < 7, we know that cosu < 0. 
Thus 
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29 


31 


33 


35 


37 


39 
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cosu = —V/1—sin2u = 4/1 55 = \/ 55 
2V6 
-_ 


tan u 


solution To evaluate tan u, use its definition as a ratio: 


v6 
LD. 


sin u i 1 


2V6 


tan u 


cos(2u) 


solution To evaluate cos(2u), use one of the double- 
angle formulas for cosine: 


cos(2u) = 1—2sin?u =1- oe = 5p. 
sin(2u) 


solution To evaluate sin(2u), use the double-angle for- 
mula for sine: 


2/6, 1 
ae 


4/6 
5 5 


sin(2u) = 2cosu sinu = 2: ( 
tan(2u) 
solution To evaluate tan(2u), use its definition as a ratio: 


_ 4v6 4V6 
23° 


sin(2u) 
cos(2u) 33 


tan(2u) = 


Alternatively, we could have used the double-angle for- 
mula for tangent, which will produce the same answer. 


u 
COs D} 


solution Because a < 5 ie me we know that cos 5 > 0. 
Thus 


u_ _/1+cosu 
cos 7 = ee 


sin 4 
2 


solution Because i < 5 < a we know that sin 5 >0. 
Thus 


[oe _ [BE _ [oa 
2 2 10 
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u 
41 tan 7 


solution To evaluate tan a use one of the half-angle 
formulas for tangent: 


2V6 
u_ l-cosu 1+ _ 
iaity = aa i =5+2V6. 


We could also have evaluated tan 5 by using its defini- 


tion as the ratio of sin 5 and cos ai but in this case that 
procedure would lead to a more complicated algebraic 
expression. 


For Exercises 43-58, evaluate the given quantities assuming 
that u and v are both in the interval (—7,0) and 


CO| 


tanu = —4 and tanv = — 


43 cosu 


solution Because —2 <u < 0, we know that cos u > 0 
and sinu < 0. Thus 


sin u 
cos u 


—vV1—cos2u 


cos u 


5 tan u 


Squaring the first and last entries above gives 


Multiplying both sides by cos@u and then by 49 gives 
cos*u = 49 — 49 cos*u. 


Thus 50cos?u = 49, which implies that 


/49 7 7/2 
cosu = 5 10 


45 sinu 
, : — sinu he 
solution Solve the equation tan u = Sob for sin u: 
sin u = cosu tanu = ie -( 7) = es 


47 cos(2u) 


solution To evaluate cos(2u), use one of the double- 
angle formulas for cosine: 


49 24 
1=2-55 -—1=55- 


cos(2u) = 2cos*u 


49 sin(2u) 


solution To evaluate sin(2u), use the double-angle for- 
mula for sine: 


7/2 J2 7 
10 (-19) = 


sin(2u) = 2cosu sinu = 2- TO 5° 


51 tan(2u) 


solution To evaluate tan(2u), use the double-angle for- 
mula for tangent: 


Alternatively, we could have evaluated tan(2u) by using 
its definition as a ratio of sin(2u) and cos(2u), producing 
the same answer. 


u 
53 cos 5 


solution Because -7 < 5 < 0, we know that 


cos 5 > 0. Thus 


7V2 1047/2 
ae a 
2 2 


—  /10+7V2 
20° 


. U 
55 sin 7 
solution Because -7 < 5 < 0, we know that sin 5 <0 
Thus 
ui 1—cos u 
sin D: => 2 
7/2 10-72 
_ LPO sa [eae _ 10-72 
2 2 20 
u 
57 tan > 


solution To evaluate tan oH use one of the half-angle 
formulas for tangent: 


7 
u 1—cos u 1-450 10 _ 
tan 5 Sin a eer 7-5/2 
~ TO 


59 Find an exact expression for sin 15°. 
solution Use the half-angle formula for sin § with 


6 = 30° (choose the plus sign associated with the square 
root because sin 15° is positive), getting 


sin 15° = /1 <0 


nee ae v2-V3 
2 2 , 


61 


63 


(a) 


(b) 


65 


. : . 70 
Find an exact expression for sin a4: 


solution Using the half-angle formula for sin $ with 
d= ib (and choosing the plus sign associated with the 


: TU re 
square root because sin 4 is positive), we have 


T= Jt 
sin 44 = Cee 
24 2 : 


Note that bo radians equals 15°. Substituting for cos 5 
the value for cos 15° from Example 3 gives 


7 oe WERE 4/9 24/ Opals 
ieee | 2 2 


g Suppose 0 < 6 < : and sin @ = 0.4. 


(a) Without using a double-angle formula, evaluate 
sin(20) by first finding 6 using an inverse trigono- 
metric function. 


(b) 


Without using an inverse trigonometric function, 
evaluate sin(2@) again by using a double-angle for- 
mula. 


solution 


Because 0 <0 < - and sin @ = 0.4, we see that 


6 = sin! 0.4 0.411517 radians. 


Thus 
20 = 0.823034 radians. 


Hence 


sin(20) © sin(0.823034) ~ 0.733212. 


To use the double-angle formula to evaluate sin(20), we 


must first evaluate cos@. Because 0 < 0 < ae we know 
that cos@ > 0. Thus 


cos@ = V1—sin26 = V1 — 0.16 = V0.84 
~ 0.916515. 
Now 
sin(20) = 2cos@sin@ & 2(0.916515) (0.4) 
= 0.733212. 


g Suppose -5 < @<0and cosé = 0.3. 


(a) Without using a double-angle formula, evaluate 
cos(26) by first finding @ using an inverse trigono- 
metric function. 

(b) Without using an inverse trigonometric function, 

evaluate cos(20) again by using a double-angle for- 


mula. 


solution 
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(b) 


67 


69 
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Because — a < @< 0and cos = 0.3, we see that 
0 


= —cos !0.3  —1.2661 radians. 


Thus 
20 = —2.5322 radians. 


Hence 
cos(20) * cos(—2.5322) ~ —0.82. 


Using a double-angle formula, we have 
cos(20) = 2cos”@ — 1 = 2(0.3)? —1 
= —0.82. 


Find a formula for sin(40) in terms of cos @ and sin @. 


solution Use the double-angle formula for sine, with @ 
replaced by 20, getting 


sin(40) = 2cos(20) sin(2@). 


Now use the double-angle formulas for the expressions 
on the right side, getting 


sin(40) = 2(2.cos*@ — 1)(2cos@ sin@) 
= 4(2cos”@ — 1) cosé@ sin 8. 
There are also other correct ways to express a solution. 


For example, replacing cos2@ with 1 — sin2é in the expres- 
sion above leads to the formula 


sin(40) = 4(1 — 2sin7@) cos@ sin 8. 


Find numbers a, b, and c such that 
cos*@ = a + bcos(20) + ccos(40) 
for all 0. 


solution One of the double-angle formulas for cos(2@) 
can be written in the form 


1 20 
cos*6 = pe cost ) 


Squaring both sides, we get 


1+ 2cos(20 2(20 
costé = + 2cos( es ) 


We now see that we need an expression for cos%(26), 
which we can obtain by replacing @ by 20 in the formula 
above for cos26: 


1+ cos(40) 
a wai 


Substituting this expression into the expression above for 
cos*@ gives 


cos*(20) = 


14 2cos(20) + L+s9s(49) 
4 


cos*@ 


a : 5 cos(28) + 4 cos (40). 
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This figure leads to an easy 
derivation of the formula for 
cos(u + 0). 


Monument to 19"-century 
Russian mathematician Sofia 
Kovalevskaya. Her discoveries 
helped shape the theory of the 
partial differential equations. 


5.6 Addition and Subtraction Formulas 


Learning Objectives 


By the end of this section you should be able to 
e find the cosine of the sum and difference of two angles; 
e find the sine of the sum and difference of two angles; 


e find the tangent of the sum and difference of two angles. 


The Cosine of a Sum and Difference 


Consider the figure below, which shows the unit circle along with the radius 
corresponding to u and the radius corresponding to —v. 


(cos u, sin 1) 


VW 


1 
(cos v, — sinv) 


We defined the cosine and sine so that the endpoint of the radius corresponding 
to u has coordinates (cosu,sinu). The endpoint of the radius corresponding to 
~v has coordinates (cos(—v),sin(—v)), which we know equals (cos v, — sinv), as 
shown above. 

The large triangle in the figure above has two sides that are radii of the unit circle 
and thus have length 1. The angle between these two sides is u + v. The length of 
the third side of this triangle has been labeled c. 

The idea now is that we can compute c? in two different ways: first by using the 
formula for the distance between two points, and second by using the law of cosines. 
We will then set these two computed values of c? equal to each other, obtaining a 
formula for cos(u + v). 

To carry out the plan discussed in the paragraph above, note that one endpoint 
of the line segment above with length c has coordinates (cos u,sin wu) and the other 
endpoint has coordinates (cos v, — sinv). Recall that the distance between two points 
is the square root of the sum of the squares of the differences of the coordinates. 
Thus 


c= \/(cos.u —cosv)? + (sinu + sin v)?. 


Squaring both sides of this equation, we have 


Section 5.6 Addition and Subtraction Formulas 415 


2 2. 


c* = (cosu — cosv)* + (sinu +sinv)? 


= cos*u — 2cosu cosv + cos2v 


+ sin2u +2sinu sinv + sin20 
= (cos*u + sin?) + (cos?v + sin’v) 
—2cosu cosv+2sinu sinv 


=2—2cosu cosv+2sinu sinv. 


To compute c? by another method, apply the law of cosines to the large triangle 
in the figure, getting c* = 1* +17 —2-1-1cos(u +), which can be rewritten as 


ec =2—2cos(u+). 


We have now found two expressions that equal c*. Setting those expressions 
equal to each other, we have 


2—2cos(u+v) =2—2cosu cosv+2sinu sinv. 


Subtracting 2 from both sides of the equation above and then dividing both sides by 
—2 gives the following result. 


Addition formula for cosine 


Never make the mistake of thinking 
cos(u + v) = cosu cosv— sinu sinv that cos(u + v) equals 


cos Uu + cos v. 


We derived this formula using a figure assuming that u and v are between 0 
and a However, the formula above is valid for all values of u and v. 


Find an exact expression for cos 75°. [ ss Example1 


solution Note that 75° = 45° + 30°, and we already know how to evaluate the 
cosine and sine of 45° and 30°. Using the addition formula for cosine, we have 


cos 75° = cos(45° + 30°) 
= cos 45° cos 30° — sin 45° sin 30° 


_ V2. V3 _ 4251 
7 2 2 9 


ee 
eee —eEeee———————= 
Notice that if v = u, the addition formula for cosine becomes We could have skipped the 
derivation of the double- 
cos(2u) = cos”u — sin?u, angle formulas in the previous 
section and instead obtained the 
which agrees with our previous double-angle formula for cosine. double-angle formulas as 


We can now find a formula for the cosine of the difference of two angles. In the consequences of the addition 
formula for cos(u + v), replace v by —v on both sides of the equation and use the formulas. However, sometimes 


identities cos(—v) = cosv and sin(—v) = — sin(v) to get the following. additional understanding comes 
from seeing multiple derivations of 


a formula. 


Subtraction formula for cosine 


cos(u — v) = cosu cosv+sinu sinv 
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Note that 15° = b radians. 


A remarkable exact formula for 
cos a is displayed just before the 
start of this section’s Exercises. 


Never make the mistake of thinking 
that sin(u + v) equals 
sinu + sin v. 


Find an exact expression for cos 15°. 


solution Note that 15° = 45° — 30°, and we already know how to evaluate the 
cosine and sine of 45° and 30°. Using the subtraction formula for cosine, we have 


cos 15° = cos(45° — 30°) 
= cos 45° cos 30° + sin 45° sin 30° 
_v2 v3, v2 1 
2 9°" 9 2 


_ v6+v2 
ee 


remark Using a half-angle formula, in Example 3 in Section 5.5 we found a differ- 
ent expression for cos 15°. Thus we have two seemingly different exact expressions 
for cos 15°, one produced by the subtraction formula for cosine and the other pro- 
duced by the half-angle formula for cosine. Problem 40 in this section asks you to 
verify that these two expressions for cos 15° are equal. 


The Sine of a Sum and Difference 
To find the formula for the sine of the sum of two angles, we will make use of the 
identities 

sin? = cos( > —@) and sin(> — 0) =cos@, 


which you can review in Section 4.6. We begin by converting the sine into a cosine 
and then we use the identity just derived above: 


—u) cosv +sin( + — u) sinv. 


The equation above and the identities above now imply the following result. 


Addition formula for sine 


sin(u +v) = sinu cosv +cosu sinv 


Notice that if v = u, the addition formula for sine becomes 


sin(2u) = 2cosu sinu, 


which agrees with our previous double-angle formula for sine. 

We can now find a formula for the sine of the difference of two angles. In the 
formula for sin(u + v), replace v by —v on both sides of the equation and use the 
identities cos(—v) = cosv and sin(—v) = — sin(v) to get the following result. 


Subtraction formula for sine 


sin(u — v) = sinu cosv — cosu sinv 
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Verify that the subtraction formula for the sine function gives the expected identity 
for sin( a = 6). 


solution Using the subtraction formula for sine, we have 


sin( > — 0) =sin > cos 6 — cos 7 sind 
=1-cos@—0-siné 


= cos 6. 


The Tangent of a Sum and Difference 


Now that we have found formulas for the cosine and sine of the sum of two angles, 
we can find a formula for the tangent of the sum of two angles by writing the 
tangent as a ratio of a sine and cosine. Specifically, we have 


sin(u + v) 
cos(u + v) 


tan(u+v) = 


_ sinu cosv+cosu sinv 
cos u cosv — sinu sinv 


sinu | sinv The last equality is obtained by 


— cOsu _COSd_ dividing the numerator and 
_ simu sinv denominator of the previous 
cos Uu COS UV expression by cos u cos v. 


Using the definition of the tangent as the sine divided by cosine, we can rewrite the 
equation above as follows. 


Addition formula for tangent 


tanu + tanv 
1 —tanu tanv 


tan(u+v) = 


The identity above is valid for all u, v such that tanu, tanv, and tan(u + v) are 
defined (in other words, avoid odd multiples of 5). 
Notice that if v = u, the addition formula for tangent becomes 


2 tan u 
en) 9 aaeea 


which agrees with our previous double-angle formula for tangent. 

We can now find a formula for the tangent of the difference of two angles. In the __ In this section we derive six 
formula for tan(u + v), replace v by —v on both sides of the equation and use the addition and subtraction formulas. 
identity tan(—v) = — tanv to get the following result. Memorizing all six is not a good 
use of your time or mental energy. 
Instead, concentrate on learning 
the formulas for cos(u + v) and 
sin(u + v) and on understanding 
tanu — tanv how the other formulas follow from 


i 1+ tanu tanv those two. 


Subtraction formula for tangent 
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Use the subtraction formula for tangent to find a formula for tan(7t — 6). 
Example 4 


solution Using the subtraction formula for tangent, we have 


tan 7 — tan @ 
1+tanz tan@ 
0 —tand 
1+0-tané 


tan(7 — 0) = 


= —tané. 


Products of Trigonometric Functions 


The addition and subtraction formulas lead to product formulas. The next example 
shows how these product formulas can be derived. 


Show that 
cos(u + v) + cos(u — v) 
cos u cosv = 


2 
Similar product formulas exist for 
sinu sinv and cos u sinv. for all u, v. 
Problems 49 and 50 ask you to 
derive those product formulas. solution Consider the addition and subtraction formulas for cosine: 


cos(u + v) = cosucosv — sinusinv; 


cos(u — v) = cosucosv + sinusinv. 
Adding the two equations above gives 
cos(u + v) + cos(u —v) = 2cosucosv. 
Now dividing by 2 and then writing the resulting equation in the other order gives 


cos(u + v) + cos(u — v) 
cosu cos” = a 


Just for fun, here is the exact formula for cos v7 that the German mathematician 
Carl Friedrich Gauss discovered in 1796: 


When he discovered this formula, . iis t /17 + 34 — 2/17 4 ay/17 + 3/17 170 + 38/17 


Gauss was only 19 years old! cos 77 = 4/2 
Exercises 
The next two exercises emphasize that cos(x+ y) does not —‘ The next two exercises emphasize that sin(x — y) does not 
equal cosx + cos y. equal sinx — siny. 
1 g For x = 19° and y = 13°, evaluate: 3 g For x = 5.7 radians and y = 2.5 radians, evaluate: 
(a) cos(x+y) (b) cosx+ cosy (a) sin(x — y) (b) sinx—siny 
2 g For x = 1.2 radians and y = 3.4 radians, evaluate: 4 g For x = 79° and y = 33°, evaluate: 
(a) cos(x +y) (b) cosx + cosy (a) sin(x — y) (b) sinx — siny 


For Exercises 5-12, find exact expressions for the indicated 
quantities. The following information will be useful: 


2 2 V2-vV2 
cos 22.5° = ae and sin22.5° = a 
cos 18° = (= : and sin18° = i 


[The value for sin 22.5° used here was derived in Example 4 
in Section 5.5; the other values were derived in Exercise 60 
and Problems 106 and 107 in Section 5.5.] 


5 cos 82.5° 9 cos 37.5° 
6 cos 48° 10 cos 12° 
[Hint: 48 = 30 + 18] [Hint: 12 = 30 — 18] 
7 sin 82.5° 11. sin37.5° 
8 sin48° 12 sin12° 


For Exercises 13-24, evaluate the indicated expressions as- 
suming that 


cosx = and 


a 


siny = 


sinu = and cosv = 


WIN Wie 
aime le 


Assume also that x and u are in the interval (0, oF that y is 


in the interval (F, zc), and that v is in the interval (— ae 0). 


Problems 
vo+v2- 


13 
14 
15 
16 
17 
18 


25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
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cos(x + y) 19 sin(x — y) 
cos(u + v) 20 sin(u — v) 
cos(x — y) 21 tan(x+y) 
cos(u — v) 22 tan(u+v) 
sin(x + y) 23 tan(x — y) 
sin(u +70) 24 tan(u— v) 
ns = 
Evaluate cos(¢ + cos! 3). 
Evaluate sin 5 +sin~! 2). 


( 
( 


Evaluate cos(cos”! 2 + tan-13). 


Evaluate sin(cos~! + + tan-! 2). 
Find a formula for cos(@ + 
Find a formula for sin(@ + 


Find a formula for cos 


Find a formula for sin 


Find a formula for tan 


ue NIA AIA NIA AIA AIA NIA la 


YY He SH we wr 


Find a formula for tan 


(94 

( 
(0 4 
Find a formula for tan(@ — 
(0 4 
Find a formula for tan(@ — 


37 Show that sin 75° = Y°7¥* 


38 Show (without using a calculator) that 


sin 10° cos 20° + cos 10° sin 20° = 7 


39 Show (without using a calculator) that 


4 V3 


sin 7 E cos se + cos + sin 57 ats ae 


40 Show that 


Vve+v2_ V2+Vv3 
4 a 


Do this without using a calculator and without using 
the knowledge that both expressions above are equal to 
cos 15° (see Example 2 in this section and Example 3 in 
Section 5.5). 


v6- v2 


41 Show that sin 15° = 
[Hint: 15 = 45 — 30] 

42 Show that cos(30) = 4cos?@ — 3cos@ for all 6. 

[Hint: cos(30) = cos(26 + @).] 

43 Show that cos 20° is a zero of the polynomial 8x3 — 6x —1. 
[Hint: Set @ = 20° in the identity from the previous prob- 
lem.] 

44 Show that 

sin(30) = 3sin@ — 4sin°0 
for all 0. 


45 Show that sin is is a zero of the polynomial 8x3 — 6x +1. 
[Hint: Use the identity from the previous problem.] 


46 


47 


48 
49 


50 


51 


52 


Show that 
cos(50) = 16 cos°@ — 20 cos*@ + 5 cos @ 
for all 0. 
Use the previous problem to find a polynomial of degree 


5 with integer coefficients that has cos 12° as a zero. 
Find a nice formula for sin(5@) in terms of sin @. 


Show that 


cos(u — v) — cos(u + 0) 


sinu sinv = ; 
for all u, v. 
Show that 
Geran sin(u + v) — sin(u — v) 
2 
for all u, v. 
Show that 
cos x + cos y = 2.cos ae cos =“ 
for all x, y. 


[Hint: Take u = aa and v = a" in the formula given 
by Example 5.] 


Show that 


i 
sin. y) 


x+y 
cos x — cosy = 2sin a 


for all x, y. 
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53 Show that 


os BEY 
sin 5) 


sin x — siny = 2cos ay 
for all x, y. 
54 Find a formula for sin x + sin y analogous to the formula 
in the previous problem. 
55 Show that 
tan an) = ae = —— 
siny — sinx 
for all numbers x and y such that both sides make sense. 
[Hint: Divide the result in Exercise 52 by the result in 
Exercise 53.] 
56 Show that if || is small but nonzero, then 
sin(x +f) — sinx 
t 


& cos x. 


57 Show that if || is small but nonzero, then 


cos(x +t) — cosx 
t 


x —sinx. 


58 Show that if || is small but nonzero and x is not an odd 
multiple of oe then 


tan(x +f) — tanx 2 
t T 


59 Suppose uv = tan!2 and v = tan !3. Show that 
tan(u+v) =—1. 


60 Suppose u = tan-!2 and v = tan“!3. Using the previous 
problem, explain why u + v = 3H 


61 Use the previous problem to derive the beautiful equation 
tan !1+tan!2+tan-!3= 7. 


[Problem 36 in Section 7.2 gives another derivation of the 
equation above.] 


Worked-Out Solutions to Odd-Numbered Exercises 


The next two exercises emphasize that cos(x + y) does not 
equal cosx + cos y. 


1 g For x = 19° and y = 13°, evaluate: 
(a) cos(x+y) (b) cosx+cosy 


solution 

(a) Using a calculator working in degrees, we have 

cos(19° + 13°) = cos32° = 0.84805. 
(b) Using a calculator working in degrees, we have 

cos 19° + cos 13° = 0.94552 + 0.97437 

= 1.91989. 

The next two exercises emphasize that sin(x — y) does not 
equal sinx — siny. 


3 g For x = 5.7 radians and y = 2.5 radians, evaluate: 


(a) sin(x— y) (b) sinx —siny 
solution 


(a) Using a calculator working in radians, we have 
sin(5.7 — 2.5) = sin3.2 + —0.05837. 
(b) Using a calculator working in radians, we have 
sin 5.7 — sin2.5 + —0.55069 — 0.59847 
= —1.14916. 


For Exercises 5-12, find exact expressions for the indicated 
quantities. The following information will be useful: 


cos 22.5° = ae and sin22.5° = = 
cos 18° = (oo and sin18° = ie t 


5 cos 82.5° 
solution 
cos 82.5° = cos(60° + 22.5°) 
= cos 60° cos 22.5° — sin 60° sin 22.5° 
_1 v24+v2_ v3 v2-v2 
2 aD: 2 2 


_ V2+V2-v3V2- v2 
4 


7 sin82.5° 
solution 
sin 82.5° = sin(60° + 22.5°) 
= sin 60° cos 22.5° + cos 60° sin 22.5° 
_ v3 V2+v2,1 V2-v2 
2 2 “a 2 


_ V3V24+V2+ V2- v2 
4 


9 cos37.5° 
solution 
cos 37.5° = cos(60° — 22.5°) 
= cos 60° cos 22.5° + sin 60° sin 22.5° 
_1 Via, v3 VI-WB 
2 2 3 2 
_ ¥24-v24+v3V2- v2 
4 


11. sin 37.5° 
solution 
sin 37.5° = sin(60° — 22.5°) 
= sin 60° cos 22.5° — cos 60° sin 22.5° 


_ V3 V24+Vv2 1 ~V2-Vv2 
5° $83 a o 
_ vBaV24V2-V2- V2 
4 


For Exercises 13-24, evaluate the indicated expressions as- 
suming that 


cos x = 


WIN Wire 


sinu = 


Assume also that x and u are in the interval (0, a) that y is 
in the interval Ci zc), and that v is in the interval (— ue 0). 


13 cos(x +y) 


solution To use the addition formula for cos(x + y), we 
will need to know the cosine and sine of both x and 
y. Thus first we find those values, beginning with sin x. 


Because 0 < x < 5, we know that sinx > 0. Thus 


sinx = V1—cos*x = 4/1 1 _ § = 2 


_ 2V2 
= 2y2. 


Because 5 < y < 7, we know that cosy < 0. Thus 


cosy = —1/1-—sin*y = yi a= YES 


__V15 
Sa a 
Thus 
cos(x + y) = cosx cosy — sinx siny 
1 ,_v15) 2/2 1 
ee a a a 
_ =Vv15—2V/2 
_ 12 . 
15 cos(x — y) 
solution 


cos(x — y) = cosx cosy +sinx siny 


1 V15, , 2v2 1 
=o a ee 


_ 272-15 
=e 
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17 sin(x+y) 


solution 


sin(x + y) = sinx cosy + cosx siny 


2V2 V1I5, 1 1 
ales Mad iar ue a 
1—2,/30 
= 72 


19 sin(x — y) 
solution 


sin(x — y) = sin x cosy — cosx siny 


21 tan(x+y) 


solution To use the addition formula for tan(x + y), we 
will need to know the tangent of both x and y. Thus first 
we find those values, beginning with tan x: 
sin x ae 
tanx = = 
cos x 


= 2/2. 


T 
3 


i 1 Wale 


Thus 
_ tanx + tany 
~ 1-tanx tany 


_ 2v2—4P 
(4672-28 
_ 30V2— V15 
1542/30 ’ 


where the last expression is obtained by multiplying the 
numerator and denominator of the previous expression 
by 15. 


tan(x +) 


23 tan(x — y) 


solution 
_ tanx —tany 
~ 1+tanx tany 


> 15 
1172.45 


tan(x— y) 


_ 30V24 V15 
15 — 2/30 ’ 
where the last expression is obtained by multiplying the 


numerator and denominator of the middle expression by 
15; 
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25 Evaluate cos(% +cos~! 3). 


solution To use the addition formula for cosine, we will 
need to evaluate the cosine and sine of cos~! 3. Thus we 
begin by computing those values. 


The definition of cos~! implies that 
cos(cos~! 3) = 3. 


takes a bit more work. Let 
Thus v is the angle in [0,7t] such that 


Evaluating sin(cos~ 


13 
t) 

v = cos 

cosv = }. Note that sinv > 0 because v is in (0, 7t]. Thus 


sin(cos~! 3) = sinv = V1—cos2v 


din 7 _v7 
~ 16~ \16~ 4° 


Using the addition formula for cosine, we now have 


cos(% +cos! 3) 


= cos z cos(cos~! 3) — sin 5 sin(cos~! 3) 
¥3.3_1, v7 

~ 2 4 2 4 

_ 3V3-v7 

— 8 


27 Evaluate sin(cos~! } + tan~! 2). 


solution To use the addition formula for sine, we will 
need to evaluate the cosine and sine of cos! I and 
tan—! 2. Thus we begin by computing those values. 


The definition of cos~! implies that 
cos(cos~! 1) = 1 


Evaluating sin(cos~! 4) takes a bit more work. Let 
u = cos! 4. Thus uw is the angle in [0,7] such that 


cos u = }. Note that sinu > 0 because u is in [0, 7t]. Thus 


. _11 . 
sin (cos : q) = sinu = V1—cos2u 


ial 15 V15 
= io V6’ 4 - 


Now let v = tan! 2. Thus 7 is the angle in (0, 5) such 


that tan v = 2 (the range of tan~! is the interval (— 5, 5 yy 
but for this particular v we know that tanv is positive, 
which excludes the interval (— 7 0] from consideration). 
We have 


sinv V1—cos2v 
2=tanv = — : 
cos v cos v 
Squaring the first and last terms above, we get 


_ 1-cos*v 


~ cos2v 
Solving the equation above for cos v now gives 


v5 


cos(tan—!2) = cosv = “5 


The identity sinv = V1 — cos?v now implies that 
sin(tan”!2) = sinv = a5. 
Using the addition formula for sine, we now have 
sin( cos! i + tan! 2) 


= sin(cos~! i) cos(tan~! 2) 


+cos(cos! 5) sin(tan! 2) 


VIB v5.1. 2y5 
— 4 5 T4 5 


_ 5Y¥3+2V5 
= 20 ; 


29 Find a formula for cos (@ + ah 
solution 


cos(6 + F) = cos 6 cos 5 —sin@ sin 5 


= — sind. 


31 Find a formula for cos(@ + as 
solution 
cos(6 + 5) = cos é cos t —sin@ sin a 
a 2 (cos — sin 6) 
33 Find a formula for tan(@ + a): 


solution 


us 
tan@ + tan q 


tan(@ + 4) = ——____4. 
( 4) 1—tané tan 

_ tané+1 

~ 1—tané 


35 Find a formula for tan(@ + a) 


solution Because tan + is undefined, we cannot use the 
formula for the tangent of the sum of two angles. But the 
following calculation works: 
sin(@ + > 
tan(o-+ ) = G42) 
cos(@ + 7) 


sin @ cos 5 +cosé sin 5 


cos 8 cos F — sind sin 5 
cos @ 
—siné 
ae | 
tang" 


Section 5.7 Transformations of Trigonometric Functions 423 


5.7 Transformations of Trigonometric Functions 


Learning Objectives 


By the end of this section you should be able to 
e compute the amplitude of a function; 
e compute the period of a function; 
e graph a phase shift; 


e find transformations of trigonometric functions that adjust the amplitude, 
period, and/or phase shift to desired values. 


Some events have patterns that repeat roughly periodically, such as tides (approx- 
imately daily), total daily nationwide ridership on mass transit (approximately 
weekly, with decreases on weekends as compared to weekdays), phases of the moon 
(approximately monthly), and the noon temperature in Chicago (approximately 
yearly, as the seasons change). 

The cosine and sine functions are periodic functions and thus are particularly 
well suited for modeling such events. However, values of the cosine and sine, which 
are between —1 and 1, and the period of the cosine and sine, which is 271, rarely fit 
the events being modeled. Thus transformations of these functions are needed. 

In Section 1.3 we discussed various transformations of a function that could 
stretch the graph of the function vertically or horizontally, shift the graph to the left 
or right, or flip the graph across the vertical or horizontal axis. In this section we 
will revisit function transformations, this time using trigonometric functions. This 
section will help you review and solidify the concepts of function transformations 
introduced in Section 1.3 while also deepening your understanding of the behavior 
of the key trigonometric functions. 


Amplitude 


Recall that if f is a function, c is a positive number, and a function g is defined by 
g(x) = cf (x), then the graph of g is obtained by vertically stretching the graph of f 
by a factor of c (see Section 1.3). 


(a) Sketch the graphs of cos x and 3cos x on the interval [—471, 471]. 
(b) What is the range of the function 3.cos x? 


solution 


(a) The graph of 3cosx is obtained by vertically stretching the graph of cos x by a 
factor of 3. 


The graphs of cos x (orange) 
and 3 cos x (blue) on the 
interval [—47, 471]. 


(b) The range of 3cos x is obtained by multiplying each number in the range of 
cos x by 3. Thus the range of 3 cos x is the interval [—3, 3]. 


The phases of the moon, which 
repeat approximately monthly, are 
an example of periodic behavior. 


Here we are informally using cos x 
as an abbreviation for the function 
whose value at a number x equals 

cos x. 


For convenience, throughout this 
section different scales are used on 
the horizontal and vertical axes. 
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Not every function has an 
amplitude. For example, the 
tangent function defined on the 
interval (0, a) does not have a 
maximum value and thus does not 


have an amplitude. 


The graphs of sin x (orange) and 
—3sin x (blue) on the interval 
[—37t, 371]. 


The graphs of cos x (orange) and 
2+ 0.3 cos x (blue) on the interval 
[—47t,47t]. Even though 
2+ 0.3 cos x is larger than cos x 
for every real number x, the 
function 2 + 0.3.cos x has smaller 
amplitude than cos x. 


We say that 3cos x has amplitude 3. Here is the formal definition. 


Amplitude 


The amplitude of a function is one-half the difference between the maximum 
and minimum values of the function. 


For example, the function 3 cos x has a maximum value of 3 and a minimum value 
of —3. Thus the difference between the maximum and minimum values of 3 cos x is 
6. Half of 6 is 3, and hence the function 3 cos x has amplitude 3. 

The next example illustrates the effect of multiplying a trigonometric function by 
a negative number. 


(a) Sketch the graphs of sinx and —3sin x on the interval [—371, 371]. 
(b) What is the range of the function —3 sin x? 


(c) What is the amplitude of the function —3 sin x? 


solution 


(a) The graph of —3sin x is obtained by vertically stretching the graph of sin x by a 
factor of 3 and then flipping across the horizontal axis, as shown here. 


(b) The range of —3sin x is obtained by multiplying each number in the range of 
sin x by —3. Thus the range of —3sin x is the interval [—3, 3]. 


(c) The function —3sinx has a maximum value of 3 and a minimum value of —3. 
Thus the difference between the maximum and minimum values of —3 sin x is 
6. Half of 6 is 3, and hence the function —3sin x has amplitude 3. 


Recall that if f is a function, a is a positive number, and a function g is defined 
by g(x) = f(x) +a, then the graph of g is obtained by shifting the graph of f up 
a units (see Section 1.3). The next example illustrates a function whose graph is 
obtained from the graph of the cosine function by stretching vertically and shifting 


up. 
(a) Sketch the graphs of cos x and 2 + 0.3cos x on the interval [—471, 471]. 


(b) What is the range of the function 2 + 0.3 cos x? 
(c) What is the amplitude of the function 2 + 0.3 cos x? 


solution 


(a) The graph of 2 + 0.3cos x is obtained by vertically stretching the graph of cos x 
by a factor of 0.3 and then shifting up 2 units, as shown here. 


(b) The range of 2 + 0.3cos x is obtained by multiplying each number in the range 
of cos x by 0.3, which produces the interval [—0.3,0.3], and then adding 2 to 
each number. Thus the range of 2 + 0.3 cos x is the interval [1.7, 2.3], as shown 
by the blue graph here. 


(c) The function 2 + 0.3cos x has a maximum value of 2.3 and a minimum value 
of 1.7. Thus the difference between the maximum and minimum values of 
2+0.3cosx is 0.6. Half of 0.6 is 0.3, and hence the function 2 + 0.3cos x has 
amplitude 0.3. 
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Period 


The graphs of the cosine and sine functions are periodic, meaning that they repeat 
their behavior at regular intervals. More specifically, 


cos(x+271)=cosx and sin(x+27) =sinx 


for every number x. In the equations above, we could have replaced 27¢ with 47t or 
67t or 87t, and so on. However, no positive number smaller than 27t would make 
these equations valid for all values of x. Thus we say that the cosine and sine 
functions have period 27t. Here is the formal definition. 


Period 


Suppose f is a function and p > 0. We say that f has period p if p is the smallest 
positive number such that 


f(x+p) = f(x) 


for every real number x in the domain of f. 


Some functions do not repeat their behavior at regular intervals and thus do not 
have a period. For example, the function f defined by f(x) = x* does not have a 
period. A function is called periodic if it has a period. 

Recall that if f is a function, c is a positive number, and a function h is defined by 
h(x) = f(cx), then the graph of h is obtained by horizontally stretching the graph 


of f by a factor of 1 (see Section 1.3). This implies that if f has period p, then h has 


period EF as illustrated by the next example. 


(a) Sketch the graphs of 3 + cos x and cos(2x) on the interval [—47r, 477]. 
(b) What is the period of the function cos(2x)? 


solution 

(a) The graph of 3 + cos x is obtained by shifting the graph of cos x up 3 units. The 
graph of cos(2x) is obtained by horizontally stretching the graph of cos x by a 
factor of 3. 


The graphs of 3 + cos x (orange) and cos(2x) (blue) on the interval |—47c, 471]. 


(b) To find the period of cos(2x), recall that the graph of cos(2x) is obtained by 
horizontally stretching the graph of cos x by a factor of ie as discussed in the 
solution to part (a) above. Because the graph of cos x repeats its behavior in 
intervals of size 27t (and not in any intervals of smaller size), this means that 
the graph of cos(2x) repeats its behavior in intervals of size 5(2 7) (and not in 


any intervals of smaller size); see the figure above. Thus cos(2x) has period 7. 


The cosine and sine functions have 
period 270; the tangent function 
has period 7t (see Section 4.6). 


The frequency of a periodic 
function is defined to be the 
reciprocal of the period. Thus 
functions with a small period have 
a large frequency. 


Example 4 


If we think of the horizontal axis in 
the graph in part (a) as 
representing time, then the graph 
of cos(2x) oscillates twice as fast 
as the graph of cos x. 
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Two common forms of radio 
broadcasting are FM (frequency 
modulation), which encodes 
information by varying the period 
(and thus the frequency) of the 
radio wave, and AM (amplitude 
modulation), which encodes 
information by varying the 
amplitude of the radio wave. 


As this example shows, 
multiplying a function by a 
number (in this case 7) changes the 
amplitude but has no effect on the 
period. 


The next example illustrates a transformation of the sine function that changes 
both the amplitude and the period. 


(a) Sketch the graph of the function 7 sin(27tx) on the interval [—3,3]. 
(b 
(c) What is the amplitude of the function 7 sin(27tx)? 


(d) What is the period of the function 7 sin(27tx)? 


) 
) What is the range of the function 7 sin(27tx)? 


solution 
(a) The graph of 7sin(27tx) is obtained from the graph of sinx by stretching 
horizontally by a factor of - and stretching vertically by a factor of 7. 


N fA f TA ff 
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The graph of 7 sin(27x) on the interval |—3, 3]. 


(b) As x varies over the real numbers, sin(27tx) takes on the same values as sin x. 
Hence the range of the function sin(27tx) is the interval [—1,1]. The range of 
7 sin(27tx) is obtained by multiplying each number in the range of sin(27tx) 
by 7. Thus the range of 7 sin(27tx) is the interval [—7,7]. 


(c) The function 7 sin(27tx) has a maximum value of 7 and a minimum value of —7. 
Thus the difference between the maximum and minimum values of 7 sin(277x) 
is 14. Half of 14 is 7, and hence the function 7 sin(27tx) has amplitude 7. 


(d 


a 


To find the period of 7 sin(27rx), recall that the graph of 7 sin(27tx) is obtained 
from the graph of sin x by stretching horizontally by a factor of a and stretching 
vertically by a factor of 7, as discussed in the solution to part (a) above. Because 
the graph of sin x repeats its behavior in intervals of size 27t (and not in any 
intervals of smaller size), this means that the graph of 7 sin(27tx) repeats its 
behavior in intervals of size a (27c) (and not in any intervals of smaller size); 
see the figure above. Thus 7sin(27rx) has period 1. 


Phase Shift 

Recall that if f is a function, b is a positive number, and a function g is defined by 
g(x) = f(x —b), then the graph of g is obtained by shifting the graph of f right b 
units (see Section 1.3). 
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1s 


(a) Sketch the graphs of cos x and cos(x — 3) on the interval [—47r, 477]. 


(b) What is the range of the function cos (x — 3)? 


(c) 


What is the amplitude of the function cos(x — 4)? 


(d) What is the period of the function cos(x — 4)? 


(e) 


By what fraction of the period of cos x has the graph been shifted right to obtain 
the graph of cos(x— 4)? 


solution 


(a) The graph of cos(x — 7) is obtained by shifting the graph of cos x right by 


units, as shown below. 


—4n —27 27 Ar 


1+ 
The graphs of cos x (orange) and cos(x — 3) (blue) on the interval |—471, 471]. 


(b) As x varies over the real numbers, cos x and cos(x — 7) take on the same values. 


(c) 


by 


Thus the range of cos(x — 7) is the interval [—1,1]. 


The function cos (x — 3) has a maximum value of 1 and a minimum value of —1. 
Thus the difference between the maximum and minimum values of cos(x — 2) 
is 2. Half of 2 is 1, and hence the function cos (x = 3) has amplitude 1. 


The graph of cos (x — 4) is obtained by shifting the graph of cos x right by a 
units. Thus the graph of cos x repeats its behavior in intervals of the same size 
as the graph of cos x. This implies that cos(x — 3) has period 27. 

The graph of the function cos x is shifted right by 3 units to obtain the graph of 
cos(x — 4). The period of cos x is 27t. Thus the fraction of the period of cos x 


by which the graph has been shifted is ue which equals . 


In the solution to part (e) above, we saw that the graph of cos x is shifted right 
one-sixth of a period to obtain the graph of cos(x — 7). Shifting the graph of 


a periodic function to the right or the left is often called a phase shift because the 
original function and the new function have the same period and the same behavior, 
although they are out of phase. 


Here is how the function cos x behaves with phase shifts of one-fourth its period, 


one-half its period, and all of its period: 


e Ifthe graph of cos x is shifted right by 7 units, which is one-fourth of its period, 


then we obtain the graph of sin x; this happens because cos(x — +) = sinx 
(see Example 3 in Section 4.6). 


e If the graph of cos x is shifted right by 7c units, which is one-half of its period, 
then we obtain the graph of — cos x; this happens because cos(x — 71) = — cos x 
(using the formula in Section 4.6 for cos(@ + n7t), with n = —1). 


e If the graph of cos x is shifted right by 27c units, which is its period, then we 
obtain the graph of cos x; this happens because cos(x — 27t) = cos x. 


Example 6 


As this example shows, shifting the 
graph of a function to the right or 
the left changes neither the range 
nor the amplitude nor the period. 


Because cosine and sine are phase 
shifts of each other, a model of 
periodic behavior based on one of 
these functions (as in Example 8) 
could be changed into a model 
based on the other. 
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Example 7 


You may be surprised that the 
graph is shifted right by a units, 
not % units. Take extra care with 


problems that involve both a 
change of period and a phase shift. 


The phase shift of é of the period 
obtained here seems about right 
when looking at the graphs above. 


The next example shows how to deal with a change in amplitude and a change 
in period and a phase shift. 
(a) Sketch the graphs of the functions 5 sin 5 and 5sin(5 — 4) on [—47, 471]. 
(b) What is the range of the function 5 sin(5 = 5) 2 
(c) What is the amplitude of the function 5 sin(5 — =) ? 
(d) What is the period of the function 5 sin(5 = 3) 2 


(e) By what fraction of the period of 5 sin 5 has the graph been shifted right to 


obtain the graph of 5sin(5 — 7)? 


solution 


(a) The graph of 5sin a shown below, is obtained from the graph of sinx by 
stretching vertically by a factor of 5 and stretching horizontally by a factor of 2. 


To see how to construct the graph of 5sin( — 7), define a function f by 
- Xx 
f(x) = 5sin 5. 


Now 


5sin(X — 4) =5sin— = = f (x — 22). 


Thus the graph of 5 sin(> = 5) is obtained by shifting the graph of 5sin 5 right 
by om units. 
5 


—Art a 


The graphs of 5 sin 5 (orange) and 5sin( — 3) (blue) on [—471, 477]. 


(b) The range of 5 sin(5 = 5) is obtained by multiplying each number in the range 
of sin( — 4) by 5. Thus the range of 5sin(5 — 4) is the interval [—5, 5]. 


(c) The function 5 sin(> — 5) has a maximum value of 5 and a minimum value 
of —5. Thus the difference between the maximum and minimum values of 
5sin(> — 3) is 10. Half of 10 is 5; hence 5sin(5 — 7) has amplitude 5. 


3 
(d) Because the graph of 5 sin( — 7) is obtained by shifting the graph of 5 sin 5 
right by ae units, the graph of 5sin( — 7) repeats its behavior in intervals 


of the same size as the graph of 5sin 5. Thus the period of 5sin(5— 3) 


equals the period of 5 sin 2 which equals the period of sin 5 (because changing 


the amplitude does not change the period). The function sin 7 has period 471, 
because its graph is obtained by horizontally stretching the graph of sin x (which 
has period 271) by a factor of 2. Thus 5sin(5 — 4) has period 47. 


(e) The graph of the function 5 sin 5 is shifted right by 25 units to obtain the graph 


of 5sin(+ — 7). The period of 5sin 5 is 47t. Thus the fraction of the period of 


5sin 5 by which the graph has been shifted is ants 


, which equals é 
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Fitting Transformations of Trigonometric Functions to Data 


We now know how to modify a trigonometric function by modifying its amplitude, 
period, and/or phase shift. These tools give us enough flexibility to model periodic 
events using transformations of trigonometric functions. 

Although we use a transformation of the cosine in the next example, we could 
have used the sine with a different phase shift. The identities sin x = cos(x — 5) 


and cos x = sin(# — x) allow us to switch easily between cosine and sine. 


The graph below shows the average monthly temperature in Chicago for the nine 
years ending in January 2016 (the twelve data points for each year have been joined 
by line segments). Find a function of the form 


acos(bx +c) +d 


that models the temperature in Chicago, where x is measured in years (thus x = 
2010.5 would correspond to the time halfway through the year 2010). 


75 7 
55 F 
35 F 


157 


2008 2009 


2015 2016 


4 1 1 1 1 1 
2007 2010 2011 2012 2013 2014 
solution As we have seen from examples, the period of the function above is om 
(we plan to choose b > 0). Because this is temperature data, it is reasonable to 
assume the period is one year, as suggested by the graph above. Thus we want 
an = 1, which means that b = 27. 

We know that the amplitude of the function above is a (we plan to choose a > 0). 
The yearly maximum temperature on this graph seems to average about 75; the 
yearly minimum temperature seems to average about 20. Thus our function should 
have amplitude 257", which equals 27.5. Thus we take a = 27.5. 

As we have seen, d should be chosen to be halfway between the minimum and 
maximum values of our function. Thus we should take d = 20-575 = 47.5. 

In the graph above, we see that the annual minimum value of this function seems 
to occur most often at the very beginning of the year. Thus we want to choose c so 
that cos(27tx + c) = —1 when x is an integer. Thus we take c = 71. 


Putting all this together, our function that models the temperature in Chicago is 
27.5cos(27x + 7) + 47.5, 


whose graph is shown below along with our previous temperature graph for 
Chicago. 
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The next example shows a typical 
real-world payoff for thinking 
about amplitude, period, and phase 
shift. 


Example 8 


Average monthly temperature in 
Chicago, January 2007 — January 
2016. Not surprisingly, this graph 
appears to be somewhat periodic. 


Here we have no data, only a graph 
from which to make 
approximations. 


Average monthly temperatures in 
Chicago (orange) and the graph of 
27.5 cos(27x + 7) + 47.5 on the 
interval [2007,2016] (blue). Real 
data is messy. A mathematical 
model will not match real data 
exactly. The blue graph here does 
not perfectly reproduce the actual 
data in orange, but it gives a good 
approximation. 
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Exercises 


1 


2 


3 


4 


Let f(x) = 4sinx. 
(a) Sketch the graph of f on the interval [—7, 7]. 
(b) What is the range of f? 
(c) What is the amplitude of f? 
(d) What is the period of f? 
Let f(x) = —5sinx. 
(a) Sketch the graph of f on the interval [—7, 7]. 
(b) What is the range of f? 
(c) What is the amplitude of f? 
(d) What is the period of f? 
Let ¢(x) = sin(4x). 
(a) Sketch the graph of g on the interval [—7, 77]. 
(b) What is the range of g? 
(c) What is the amplitude of g? 
(d) What is the period of g? 
Let ¢(x) = sin(—5x). 
(a) Sketch the graph of g on the interval [—7, 77]. 
(b) What is the range of g? 
(c) What is the amplitude of g? 
(d) What is the period of g? 


Use the following graph for Exercises 5-12. 


12 


13 


b 


Suppose the figure above is part of the graph of the func- 
tion 3sin x. What is the value of b? 


Suppose the figure above is part of the graph of the func- 
tion 4sin(5x). What is the value of b? 


Suppose the figure above is part of the graph of the func- 
tion sin(7x). What is the value of a? 


Suppose the figure above is part of the graph of the func- 
tion 9 sin(6x). What is the value of a? 


Find the smallest positive number c such that the figure 
above is part of the graph of the function sin(x + c). 


Find the smallest positive number c such that the figure 
above is part of the graph of the function sin(x — c). 


Find the smallest positive number c such that the figure 
above is part of the graph of the function cos(x —c). 


Find the smallest positive number c such that the figure 
above is part of the graph of the function cos(x + c). 


Let f(x) = 2+ cosx. 
(a) Sketch the graph of f on the interval [—372, 371]. 
(b) What is the range of f? 
(c) What is the amplitude of f? 
(d) What is the period of f? 


20 Let f(x) = 6cos( 4x + = 


Let f(x) =4—cosx. 
(a) Sketch the graph of f on the interval [—37r, 377]. 
(b) What is the range of f? 
(c) What is the amplitude of f? 
(d) What is the period of f? 
Let g(x) = cos(2+ x). 
(a) Sketch the graph of g on the interval [—37r, 371]. 
(b) What is the range of g? 
(c) What is the amplitude of g? 
(d) What is the period of g? 
Let g(x) = cos(4— x). 
(a) Sketch the graph of g on the interval [—37r, 371]. 
(b) What is the range of g? 
(c) What is the amplitude of g? 
(d) What is the period of g? 
Let h(x) = 5cos(7x). 
(a) Sketch the graph of h on the interval [—4, 4]. 
(b) What is the range of h? 
(c) What is the amplitude of h? 
(d) What is the period of h? 
Let h(x) = 4cos(37x). 
(a) Sketch the graph of h on the interval [—2, 2]. 
(b) What is the range of h? 
(c) What is the amplitude of h? 
(d) What is the period of h? 


Let f(x) = 7 cos( x + of), 


(a) What is the range of f? 

(b) What is the amplitude of f? 

(c) What is the period of f? 

(d) By what fraction of the period of 7cos(5x) should 
the graph of 7cos( 5x) be shifted left to obtain the 


graph of f? 

(e) Sketch the graph of f on the interval [—8, 8]. 

(f) Sketch the graph of 7cos( $x + 9) +3 on the in- 
terval [—8, 8]. 


oy. 


(a) What is the range of f? 

(b) What is the amplitude of f? 

(c) What is the period of f? 

(d) By what fraction of the period of 6 cos(#x) should 
the graph of 6 cos( x) be shifted left to obtain the 
graph of f? 

(e) Sketch the graph of f on the interval [—9,9]. 

(f) Sketch the graph of 6 cos( ae + Sz) +7 on the in- 
terval [—9,9]. 


For Exercises 21-30, assume f is the function defined by 
f(x) = acos(bx+c)+d, 


where a, b, c, and d are numbers. 

21 Find two distinct values of a that give f amplitude 3. 
22 Find two distinct values of a that give f amplitude z. 
23 Find two distinct values for b so that f has period 4. 
24 Find two distinct values for b so that f has period . 


25 Find values for a and d, with a > 0, so that f has range 
[3,11]. 

26 Find values for a and d, with a > 0, so that f has range 
[—8, 6]. 

27 Find values for a, d, and c, witha > 0 and 0 <c < 7,80 
that f has range [3,11] and f(0) = 10. 

28 Find values for a, d, and c, witha > 0 and 0 <c < 7,80 
that f has range [—8,6] and f(0) = —2. 

29 Find values for a, d, c, and b, with a > 0 and b > 0 and 
0<c <7, s0 that f has range [3,11], f(0) = 10, and f 
has period 7. 


30 Find values for a, d, c, and b, with a > 0 and b > 0 and 
0<c<17,so that f has range [—8,6], f(0) = —2, and f 
has period 8. 


31 Let ¢(x) = sin*x. 

(a) What is the range of g? 

(b) What is the amplitude of g? 

(c) What is the period of g? 

(d) Sketch the graph of g on the interval [—37r, 377]. 
32 Let g(x) = cos*(3x). 

(a) What is the range of g? 

(b) What is the amplitude of g? 

(c) What is the period of g? 

(d) Sketch the graph of g on the interval [—27r, 277]. 


Problems 


Use the following graph for Problems 37-39. Note that no 
scale is shown on the coordinate axes. Do not assume the 
scale is the same on the two coordinate axes. 


y 


37 Explain why, with no scale on either axis, it is not possible 
to determine whether the figure above is the graph of 
sin x, 3sinx, sin(5x), or 3sin(5x). 


38 Suppose you are told that the function graphed above 
is either sinx or 3sinx. To narrow the choice down to 
just one of these two functions, for which axis would you 
want to know the scale? 
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Hint for Exercises 33-34: Write g(x) in the form b sin(x + c) 
for appropriate choices of b and c. 


33 Let g(x) = cosx +sinx. 
(a) What is the range of g? 
(b) What is the amplitude of ¢? 
(c) What is the period of g? 
(d) Sketch the graph of g on the interval [—37r, 371]. 


34 Let g(x) = V3cosx+sinx. 
(a) What is the range of g? 
(b) What is the amplitude of ¢? 
(c) What is the period of g? 
(d) Sketch the graph of g on the interval [—371, 371]. 


For Exercises 35-36, use the following information: In the 
northern hemisphere, the day with the longest daylight is 
June 21. Also, “day x of the year” means that x = 1 on 
January 1, x = 2 on January 2, x = 32 on February 1, etc. 


35 g Anchorage, Alaska, receives 19.37 hours of daylight 
on June 21. Six months later, on the day with the shortest 
daylight, Anchorage receives only 5.45 hours of daylight. 
Find a function of the form 


acos(bx+c)+d 


that models the number of hours of daylight in Anchor- 
age on day x of the year. 


36 g Phoenix, Arizona, receives 14.37 hours of daylight on 
June 21. Six months later, on the day with the shortest 
daylight, Phoenix receives only 9.93 hours of daylight. 
Find a function of the form 


acos(bx +c) +d 


that models the number of hours of daylight in Phoenix 
on day x of the year. 


39 Suppose you are told that the function graphed above 
is either sin x or sin(5x). To narrow the choice down to 
just one of these two functions, for which axis would you 
want to know the scale? 


40 Suppose f is the function whose value at x is the cosine 
of x degrees. Explain how the graph of f is obtained from 
the graph of cos x. 


41 Explain how the sine function behaves with phase shifts 
of one-fourth its period, one-half its period, and all of its 
period, as was done for the cosine function in the bulleted 
list between Examples 6 and 7. 


42 Explain why a function of the form 
—5cos(bx +c), 
where b and c are numbers, can be rewritten in the form 
5cos(bx + ¢), 


where c is a number. What is the relationship between c 
and c? 
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43 


44 


45 


46 


Explain why a function of the form 
acos(—7x +c), 
where a and c are numbers, can be rewritten in the form 
acos(7x +), 


where ¢ is a number. What is the relationship between c 
and c? 


Explain why a function of the form 
acos(bx — 4), 

where a and b are numbers, can be rewritten in the form 
acos(bx + ¢), 


where ¢ is a positive number. 
Explain why a function of the form 


acos(bx +c), 


where a, b, and c are numbers, can be rewritten in the 
form 


acos(bx + ¢), 
where a, b, and c are nonnegative numbers. What is the 
relationship between ¢ and c? 
Explain why a function of the form 


asin(bx +c), 


where a, b, and c are numbers, can be rewritten in the 
form 

acos(bx + ¢), 
where c is a number. What is the relationship between c 
and c? 


47 


48 


49 


50 


51 


52 


53 


Explain why a function of the form 
asin(bx +c), 


where a, b, and c are numbers, can be rewritten in the 
form 
a@cos(bx +¢), 


where a, b, and c are nonnegative numbers. 


Suppose f is a function with period p. Explain why 
f(x +2p) = f(x) for every number x in the domain of f. 


Suppose f is a function with period p. Explain why 
f(x — p) = f(x) for every number x such that x — p is in 
the domain of f. 


Suppose f is the function defined by f(x) = sin*x. Is f a 
periodic function? Explain. 


Suppose g is the function defined by g(x) = sin(x*). Is g 


a periodic function? Explain. 


Find a graph of real data that suggests periodic behavior 
and then find a function that models this behavior (as in 
Example 8). 


Find some real data involving periodic behavior and then 
find a function that models this behavior (as in Exer- 
cise 35). 


Worked-Out Solutions to Odd-Numbered Exercises 


1 


(a) 


(b) 


(c) 


Let f(x) = 4sinx. 


(a) Sketch the graph of f on the interval [—7, 7]. 
(b) What is the range of f? 

(c) What is the amplitude of f? 

(d) What is the period of f? 


solution 


The graph of 4sin x is obtained by vertically stretching 
the graph of sin x by a factor of 4. 


The graph of 4sin x on the interval [—7t, 71]. 


The range of 4sin x is obtained by multiplying each num- 
ber in the range of sin x by 4. Thus the range of 4 sin x is 
the interval [—4, 4]. 


The function 4sinx has a maximum value of 4 and a 
minimum value of —4. Thus the difference between the 
maximum and minimum values of 4sin x is 8. Half of 8 
is 4; hence the function 4 sin x has amplitude 4. 


(d) 


3 


(a) 


(b) 


The period of 4sinx is the same as the period of sin x. 
Thus 4sin x has period 27t. 


Let ¢(x) = sin(4x). 
(a) Sketch the graph of g on the interval [—7, 71]. 
(b) What is the range of g? 
(c) What is the amplitude of g? 
(d) What is the period of g? 
solution 


The graph of sin(4x) is obtained by horizontally stretch- 
ing the graph of sin x by a factor of i. 


yy 


The graph of sin(4x) on the interval [— 


As x ranges over the real numbers, sin x and sin(4x) take 
on the same values. Thus the range of sin(4x) is the 
interval [—1, 1]. 


(c) The function sin(4x) has a maximum value of 1 and a 
minimum value of —1. Thus the difference between the 
maximum and minimum values of sin(4x) is 2. Half of 2 
is 1; hence the function sin(4x) has amplitude 1. 


(d) The period of sin(4x) is the period of sin x divided by 4. 
Thus sin(4x) has period an which equals a The figure 
above shows that sin(4x) indeed has period oe 


Use the following graph for Exercises 5-12. 


b 


a 


5 Suppose the figure above is part of the graph of the func- 
tion 3sin x. What is the value of b? 


solution The function shown in the graph has a max- 
imum value of b. The function 3sinx has a maximum 
value of 3. Thus b = 3. 


7 Suppose the figure above is part of the graph of the func- 
tion sin(7x). What is the value of a? 


solution The function sin x has period 277; thus the func- 
tion sin(7x) has period 2a The function shown in the 


graph above has period a. Thus a = an 


9 Find the smallest positive number c such that the figure 
above is part of the graph of the function sin(x + c). 


solution The graph of sin(x +c) is obtained by shift- 
ing the graph of sin x left by c units. The graph above 
looks like the graph of sin x (for example, the graph goes 
through the origin and depicts a function that is increas- 
ing on an interval centered at 0). 


The graph above is indeed the graph of sin x if we take 
a = 27 and b = 1. Because sin x has period 27:, taking 
c = 27 gives the smallest positive number such that 
the figure above is part of the graph of the function 
sin(x +c). 


11 Find the smallest positive number c such that the figure 
above is part of the graph of the function cos(x —c). 


solution The graph of cos(x —c) is obtained by shifting 
the graph of cos x right by c units. Shifting the graph of 
cos x right by 5 units gives the graph of sin x; in other 


TU m Siay 
words, cos(x - >) = sin x, as can be verified from the 
subtraction formula for cosine. 


The graph above is indeed the graph of sin x if we take 
a = 27m and b = 1. No positive number smaller than 
5 produces a graph of cos(x — c) that goes through the 


origin. Thus we must have c = a 


13 Let f(x) =2+cosx. 


(a) Sketch the graph of f on the interval [—37z, 371]. 
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(b) What is the range of f? 
(c) What is the amplitude of f? 
(d) What is the period of f? 


solution 


(a) The graph of 2 + cos x is obtained by shifting the graph 
of cos x up 2 units. 


L n L pox 


—37 —27 —7m 1 27 370 


The graph of 2 + cos x on the interval |—371, 371]. 


(b) The range of 2+ cosx is obtained by adding 2 to each 
number in the range of cos x. Thus the range of 2 + cos x 
is the interval [1,3]. 

(c) The function 2 + cosx has a maximum value of 3 and a 
minimum value of 1. Thus the difference between the 
maximum and minimum values of 2 + cos x is 2. Half of 
2 is 1; hence the function 2 + cos x has amplitude 1. 


(d) The period of 2 + cos x is the same as the period of cos x. 
Thus 2 + cos x has period 277. 
15 Let g(x) = cos(2+ x). 


(a) Sketch the graph of g on the interval [—37r, 371]. 
(b) What is the range of g? 

(c) What is the amplitude of ¢? 

(d) What is the period of g? 


solution 


(a) The graph of cos(2 + x) is obtained by shifting the graph 
of cos x left by 2 units. 


The graph of cos(2 + x) on the interval [—371, 371]. 


(b) As x ranges over the real numbers, cos(2 + x) and cos x 
take on the same values. Thus the range of cos(2 + x) is 
the interval [—1, 1]. 

(c) The function cos(2 + x) has a maximum value of 1 and a 
minimum value of —1. Thus the difference between the 
maximum and minimum values of cos(2 + x) is 2. Half 
of 2 is 1; hence the function cos(2 + x) has amplitude 1. 

(d) The period of cos(2 + x) is the same as the period of cos x. 
Thus cos(2 + x) has period 277. 


17 Let h(x) = 5cos(7x). 
(a) Sketch the graph of h on the interval [—4, 4]. 
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(b) What is the range of h? 
(c) What is the amplitude of h? 
(d) What is the period of h? 


solution 


(a) The graph of 5cos(7x) is obtained by vertically stretch- 
ing the graph of cosx by a factor of 5 and horizontally 


, 1 
stretching by a factor of Fe 


The graph of 5cos(7x) on the interval |—4, 4]. 


(b) The range of 5cos(7tx) is obtained by multiplying each 
number in the range of cos(7tx) by 5. Thus the range of 


5.cos(7tx) is the interval [—5,5]. 


(c) The function 5cos(7x) has a maximum value of 5 and a 
minimum value of —5. Thus the difference between the 
maximum and minimum values of 5cos(7tx) is 10. Half 
of 10 is 5; hence the function 5 cos(7rx) has amplitude 5. 

(d) The period of 5cos(7tx) is the period of cos x divided by 


7. Thus 5cos(7tx) has period 2m which equals 2. The 
figure above shows that 5 cos(7tx) indeed has period 2. 


19 Let f(x x) =7cos(Fx + SZ), 


(a) What is the range of f? 

(b) What is the amplitude of f? 

(c) What is the period of f? 

(d) By what fraction of the period of 7 cos(F 
the graph of 7 cos( F 
graph of f? 

(e) Sketch the graph of f on the interval [—8, 8]. 


(f) Sketch the graph of 7 cos( 5 rx + oe ) +3 on the in- 


terval [—8, 8]. 


solution 
6 


(a) The range of the function 7 cos( 4x + a) is obtained by 
670 


multiplying each number in the range of cos(4 7X + “Be 


by 7. Thus the range of the function 7 cos( 4 7X + “= ) is 
the interval [—7, 7]. 


(b) The function 7cos( 4 Eee oe 


the maximum and minimum values of 7 cos( x + oz ) 
670 


is 14. Half of 14 is 7; hence the function 7 cos( 5 7X + a 
has amplitude 7. 


(c) The period of 7 cos( Fx + SE) is the period of cosx 


divided by J. oh 


x) should 
x) be shifted left to obtain the 


oF) has a maximum value of 7 
and a minimum value of —7. Thus the difference between 


Thus 7 cos( 5x + “5-) has period 


(d) 


(e) 


(270) /( 
7cos(x+ SE) indeed has period 4. 


ay which equals 4. The figure below shows that 


The graph of 7 cos( FX) is shifted left by 2 units to obtain 
the graph of 7 cos( ae - oz ). The period of Tea 9 x) is 
x) oe which 
B 2/4, which equals 3 5: 


4. Thus the fraction of the eo of 7cos(F 
the graph has been shifted is 


The graph of 7cos( Fx) is obtained by vertically stretch- 
ing the graph of cos x by a factor of 7 and horizontally 


' 2 
stretching by a factor of Z 


—7 
The graph of 7cos(#x) on the interval |—8, 8]. 


To see how to construct the graph of 7 cos( 4x + om ie 


define a function f by 


f(x) = 7cos(Fx). 
Now 


7cos( 4x om) = 7c0s(5 (x 2) = 


f(xt 2). 


Thus the graph of ae + SE) is obtained by shifting 
x) left by 2 units. 


the graph of 7 cos(F 


The graph of 7cos(Fx + SE) on the interval [—8, 8]. 


Note that the peaks of the graph of the function 
7 cos( x) that occur at x = —4, atx = 0, atx = 4, 
and at x = 8 have been shifted by i units to the left, 
now occurring in the graph at x = —4— 2 (which equals 
2), atx = 0- 2 (which equals 12), atx = 4— 2 
(which equals 8), and at x = 8— B (which equals 38), 


The graph of 7cos(Fx + 9) +3 is obtained by shift- 


ing the graph of 7 cos(F 7X4 on ) up 3 units. Shifting 
the graph obtained in part (e) up 3 units, we obtain the 
following graph. 


For Exercises 21-30, assume f is the function defined by 


f(x) = acos(bx +c) +d, 


where a, b, c, and d are numbers. 


21 


23 


25 


Find two distinct values of a that give f amplitude 3. 


solution The amplitude of a function is half the differ- 
ence between its maximum and minimum values. The 
function cos(bx +c) has a maximum value of 1 and a min- 
imum value of —1 (regardless of the values of b and c). 


Thus the function acos(bx + c) has a maximum value of 
|a| and a minimum value of —|a|. Hence the function 
acos(bx +c) +d has a maximum value of |a| + d and a 
minimum value of —|a| +d. The difference between this 
maximum value and this minimum value is 2|a|. Thus 
the amplitude of acos(bx +c) + d is |a| (notice that the 
value of d does not affect the amplitude). 


Hence the function f has amplitude 3 if |a| = 3. Thus we 
can take a = 3 ora = —3. 


Find two distinct values for b so that f has period 4. 


solution The function cos x has period 277. If b > 0, then 
the graph of cos(bx) is obtained by horizontally stretch- 


ing the graph of cos x by a factor of f- Thus cos(bx) has 
. 4 270 

period +-. 

The graph of cos(bx + c) differs from the graph of cos(bx) 
only by a phase shift, which does not change the period. 
Thus cos(bx + c) also has period a 

The graph of acos(bx +c) is obtained from the graph of 
cos(bx + c) by stretching vertically, which changes the 
amplitude but not the period. Thus a cos(bx +c) also has 
period a7 

The graph of acos(bx + c) +d is obtained by shifting the 
graph of acos(bx +c) up or down (depending on whether 
d is positive or negative). Adding d changes neither the 
period nor the amplitude. Thus a cos(bx + c) +d also has 


period 27 


We want acos(bx + c) +d to have period 4. Thus we 
In other 


2: 
words, acos( ae +c) +d has period 4, regardless of the 
values of a, c, and d. 


Note that 


solve the equation oa = 4, getting b = 


acos(—Fx+c) +d =acos(Fx c) +d, 


and thus a cos(— a +c) +d also has period 4. Hence to 
make f have period 4, we can take b = 5 or b= — a 


Find values for a and d, with a > 0, so that f has range 
[3,11]. 


solution Because f has range [3, 11], the maximum value 
of f is 11 and the minimum value of f is 3. Thus the 
difference between the maximum and minimum values of 
f is 8. Thus the amplitude of f is half of 8, which equals 
4. Reasoning as in the solution to Exercise 21, we see that 
this implies a = 4 or a = —4. This exercise requires that 
a > 0, and thus we must take a = 4. 
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27 


29 


31 


(a) 


(b) 
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The function 4 cos(bx +c) has range [—4,4] (regardless 
of the values of b and c). Note that [—4, 4] is an interval 
of length 8, just as [3,11] is an interval of length 8. We 
want to find a number d such that each number in the 
interval [3,11] is obtained by adding d to a number in the 
interval [—4,4]. To find d, we can subtract either the left 
endpoints or the right endpoints of these two intervals. 
In other words, we can find d by evaluating 3 — (—4) or 
11 — 4. Either way, we obtain d = 7. 


Thus the function 4cos(bx + c) + 7 has range [3,11] (re- 
gardless of the values of b and c). 


Find values for a, d, and c, witha > 0 and0 <c < 71,80 
that f has range [3,11] and f(0) = 10. 


solution From the solution to Exercise 25, we see that 
we need to choose a = 4 and d = 7. Thus we have 


f(x) = 4cos(bx +c) +7, 


and we need to choose c so that 0 < c < mand f(0) = 10. 
Hence we need to choose c so that 0 < c < 7 and 


4cosc+7 = 10. 


Thus cosc = 3. 


-13 
q° 


Because 0 < c < 7, this means that 
c = cos 


Thus the function 4cos(bx + cos”! 3) +7 has range (3, 11] 
and f(0) = 10 (regardless of the value of b). 


Find values for a, d, c, and b, with a > 0 and b > 0 and 
0<c<7,s0 that f has range [3,11], f(0) = 10, and f 
has period 7. 


solution From the solution to Exercise 27, we see that 
we need to choose a = 4, c = cos~! 3, and d = 7. Thus 
we have 


f(x) =4cos(bx + cos! 3) +7, 


and we need to choose b > 0 so that f has period 7. Be- 
cause the cosine function has period 27r, this means that 
27 


we need to choose b = 7: 


1 


Thus the function 4cos (23 x + cos— 3) + 7 has range 
[3,11], equals 10 when x = 0, and has period 7. 


Let ¢(x) = sin*x. 


(a) What is the range of g? 

(b) What is the amplitude of g? 

(c) What is the period of g? 

(d) Sketch the graph of g on the interval [—37r, 371]. 


solution 


The sine function takes on all the values in the interval 
[—1,1]; squaring the numbers in this interval gives the 
numbers in the interval [0,1]. Thus the range of sin*x is 
the interval [0, 1]. 


The function sin2x has a maximum value of 1 and a min- 
imum value of 0. The difference between this maximum 


value and this minimum value is 1. Thus the amplitude 


of sin2x is 5 
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(c) We know that sin(x + 77) = — sinx for every number x 
(see Section 4.6). Squaring both sides of this equation, we 


get 

sin*(x + 7) = sin?x. 
No positive number p smaller than 7 can produce the 
identity 

sin’(x + p) = sin?x, 
as can be seen by taking x = 0, in which case the equation 
above becomes sin*p = 0. The smallest positive number 
p satisfying this last equation is 7. 
Putting all this together, we conclude that the function 
sin?x has period zr. 

(d) The function sin*x takes on values between 0 and 1, has 
period 7r, equals 0 when x is an integer multiple of 7, 
and equals 1 when x is halfway between two consecutive 
zeros of this function. Thus a sketch of the graph of sin?x 
should resemble the figure below. 


ul 


x 
370 27 7 1 27 37 


The graph of sin2x on the interval [—371, 371]. 


Hint for Exercises 33-34: Write g(x) in the form b sin(x +c) 
for appropriate choices of b and c. 


33 Let g(x) = cosx +sinx. 


(a) What is the range of g? 

(b) What is the amplitude of g? 

(c) What is the period of g? 

(d) Sketch the graph of g on the interval [—37r, 377]. 


solution Neither the range nor the amplitude of g is 
obvious. To answer the questions about g, we use a trick 
to rewrite g as follows: 


g(x) = cosx +sinx 


v2(<s cos x 4 7 sin x) 


= V2(cosxsin | + sinxcos 7) 


: 7 
= V2sin(x + 4a) 
The expression above for g will now allow us to deter- 
mine the properties of g. 


(a) Using the formula g(x) = V2sin(x + fae we see that the 
range of g is obtained by multiplying each number in the 


range of sin(x + 7) by V2. Thus the range of g is the 


interval [-v2, V2]. 

(b) The function ¢ has a maximum value of 2 and a min- 
imum value of —\/2. Thus the difference between the 
maximum and minimum values of g is 2/2. Half of this 
amount equals /2, which is the amplitude of g. 


(c) The formula g(x) = V2 sin(x + t) shows that the period 


of g is the same as the period of sin(x + aa which is 270. 


(d) The formula g(x) = V2sin(x + 7) shows that the graph 
of g is obtained from the graph of sin x by shifting left a 
units and then vertically stretching the graph by a factor 
of 2. This produces the following graph. 


The graph of cos x + sin x on the interval |—37, 371]. 


For Exercises 35-36, use the following information: In the 
northern hemisphere, the day with the longest daylight is 
June 21. Also, “day x of the year” means that x = 1 on 
January 1, x = 2 on January 2, x = 32 on February 1, etc. 


35 g Anchorage, Alaska, receives 19.37 hours of daylight 
on June 21. Six months later, on the day with the shortest 
daylight, Anchorage receives only 5.45 hours of daylight. 
Find a function of the form 


acos(bx +c) +d 


that models the number of hours of daylight in Anchor- 
age on day x of the year. 

solution The period of the function above is an (here 
we are assuming that b > 0). Because a year has 365 days 
(we will ignore leap years), we want the period of our 


function to be 365. In other words, we want as = 365, 


. 27 
which means that b = 365° 


As we have seen from examples, the amplitude of the 
function above is a (here we are assuming that a > 0). 
Our function should have amplitude 1237 248 | which 


equals 6.96. In other words, we take a = 6.96. 


As we have seen, d should be chosen to be halfway be- 
tween the minimum and maximum values of our function. 
Thus we should take d = 1937545 = 12.41. 


June 21 is day 172 of the year. Thus we want to choose c 
so that cos(bx +c) is largest when x = 172. We know that 


b= se, so we want to choose c so that cos (425172 + c) 
is as large as possible. The largest value of cosine is 1, 


and cos0 = 1. Thus we choose c so that $26 172 +c=0. 
27 

Thus we take c = — 365 172. 

Hence our function that models the number of daylight 

hours in Anchorage on day x of the year is 


6.96 cos(2n ze”) + 12.41. 


How well does this function model actual behavior? For 
January 21 (x = 21), the function above predicts 6.45 
hours of daylight in Anchorage. The actual number is 
6.87. Thus the model is off by about 6%, a decent but not 
spectacular performance. 


For March 21 (x = 80), the model above predicts 12.32 
hours of daylight in Anchorage. The actual amount is 
12.33 hours. Thus in this case the model is extremely 
accurate. 
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Chapter Summary 


To check that you have mastered the most important concepts and skills covered in this chapter, 
make sure that you can do each item in the following list: 


1 


e Give the domain and range of cos~!, sin~!, and 


tan—!. 


e Find the angle a line with given slope makes 
with the horizontal axis. 


e Compute the composition of a trigonometric 
function and an inverse trigonometric function. 


e Compute the area of a parallelogram or a 
triangle given the lengths of two adjacent sides 
and the angle between them. 


e Compute the area of a regular polygon. 


Explain why knowing the sine of an angle of a 
triangle is sometimes not enough information to 
determine the angle. 


e Find all the angles and the lengths of all the 


sides of a triangle given only some of this data. 


Use the double-angle and half-angle formulas 
for cosine, sine, and tangent. 


Use the addition and subtraction formulas for 
cosine, sine, and tangent. 


Graph transformations of trigonometric 
functions that change the amplitude, period, 
and/or phase shift. 


To review a chapter, go through the list above to find items that you do not know how to do, then reread the material in 
the chapter about those items. Then try to answer the chapter review questions below without looking back at the chapter. 


Chapter Review Questions 


1 


10 


11 


12 


13 


g Find the angles (in radians) in a right triangle with a 
hypotenuse of length 7 and another side with length 4. 


g Find the angles (in degrees) in a right triangle whose 
nonhypotenuse sides have lengths 6 and 7. 


g Find the lengths of both circular arcs of the unit circle 


connecting the points (3,3) and (7, 13): 


Give the domain and range of each of the following func- 
tions: cos~!, sin—!, and tan7!. 


Evaluate cos! ve 


w 


Evaluate sin~! we 
Evaluate cos(cos~! 2). 


Without using a calculator, sketch the radius of the unit 
circle corresponding to cos~!(—0.8). 


Explain why your calculator is likely to be unhappy if 
you ask it to evaluate cos! 3. 


g Find the smallest positive number x such that 


3sin2x — 4sinx +1=0. 


- 17... 197 
Evaluate sin 1 (sin 3): 


Evaluate cos(tan~! 5). 


g Find the area of a triangle that has sides of length 7 
and 10, with a 29° angle between those sides. 


14 


15 


16 


17 


18 
19 


20 


21 


g Find the area of a regular 9-sided polygon whose 
vertices are nine equally spaced points on a circle with 
radius 2. 


g Find the angles in a rhombus (a parallelogram whose 
four sides have equal length) that has area 19 and sides 
of length 5. 


g Find the perimeter of a regular 13-sided polygon 
whose vertices are 13 equally spaced points on a circle 
with radius 5. 


Suppose two triangles have the same area, and each of 
the two triangles has one side of length 4 and one side of 
length 5. Must the two triangles be similar? 


Suppose sinu = 3. Evaluate cos(2u). 


Suppose @ is an angle such that sin @ is a rational number. 
Explain why cos(2@) is a rational number. 


Suppose @ is an angle such that tan @ is a rational number 
other than 1 or —1. Explain why tan(20@) is a rational 
number. 


Suppose @ is an angle such that cos @ and sin @ are both 
rational numbers, with cos @ # —1. Explain why tan g is 
a rational number. 


For Questions 22-27, evaluate the given expression assuming 


that cosv = —3, with m#<u< 37. 

22. cos(2v) 25 cos A 
23. sin(2v) 26 sin 5 
24 tan(20) 27 tan 5 
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28 Find an exact expression for sin 75°. 37 cos(u + v) 40 sin(u—v) 


In Questions 29-35 use the following figure (which is not 38 cos(u — v) 41 tan(u +0) 
drawn to scale). When a question requests that you evaluate 39 sin(u +z) 42 tan(u — v) 
an angle, give answers in both radians and degrees. 


43 Find a number b such that 
cos x + sinx = bsin(x + t) 
for every number x. 


44 Find a formula for cos (0 + 5) in terms of cos @ and sin @. 


45 Show that if |x| is small but nonzero, then 


us 
xtan(> —x) 1. 
29 @ Suppose a = 7, B = 35°, and C = 25°. Evaluate: 
(a) A (b) b (c) c 46 Explain why the right triangle below has area 9 sin(20). 


30 g Suppose a = 6, A= 3m radians, and B = a radians. 
Evaluate: 


(a) C (b) b (c) ¢ 


31 g Suppose 4 = 5,b = 7, and c = 11. Evaluate: 


(a) A (b) B (c) C 
32 g Suppose a = 4, b = 7, and C = 41°. Evaluate: 47 Give an example of a function that has amplitude 5 and 
(a) c (b) A (c) B period 3. 
33 g Suppose a = 3, b = 4, and C = 1.5 radians. Evaluate: 48 Give an example of a function that has period 37 and 
range [2,12]. 
(a) c b) A () B eas, 


49 Sketch the graph of the function 
34 @ Suppose a = 5, b = 4, and B = 30°. Evaluate: 
4sin(2x +1) +5 
(a) A (assume A < 90°) 
on the interval [—371, 377]. 


(b) Cc 
(c) ¢ For Questions 50-54, assume g is the function defined by 
35 @ Suppose a = 5, b =4, and B = 30°. Evaluate: g(x) = asin(bx +c) +d, 
(a) A (assume A > 90°) where a, b, c, and d are numbers with a 4 0 and b £ 0. 
(b) C 50 Find two distinct values for a so that g has amplitude 4. 
c) c 
©) 51 Find two distinct values for b so that ¢ has period a 
36 Starting with the formula for the cosine of the sum of two 52 Find values for a and d, with a > 0, so that ¢ has range 
angles, derive the formula for the cosine of the difference [—3, 4]. 


of two angles. 
53 Find values for a, d, and c, witha > Oand withO <c< Zz, 


For Questions 37-42, evaluate the given expression assum- so that g has range [—3, 4] and ¢(0) = 2. 
ing that cosu = 2 and sinv = 3, with —~F <u < O0and 


54 Find values for a, d, c, and b, with a > 0 and b > 0 and 
0 <c<7,s0 that g has range [—3,4], ¢(0) = 2, and g 
has period 5. 


v<n< 4. 


Chapter 


Isaac Newton, as painted in 1689, 
two years after the publication of 
his monumental book Principia. 
Newton made numerous 
discoveries connecting sequences, 
series, and limits. 


Sequences, Series, and Limits 


This chapter begins by considering sequences, which are lists of numbers. We 
particularly focus on the following special sequences: 


e arithmetic sequences—consecutive terms have a constant difference; 
e geometric sequences—consecutive terms have a constant ratio; 
e recursively defined sequences—each term is defined by previous terms. 


Then we consider series, which are sums of numbers. Here you will learn about 
summation notation, which is used in calculus and many other parts of mathematics. 
We will derive formulas to evaluate arithmetic series and geometric series. We will 
also discuss the Binomial Theorem and Pascal’s triangle. 

Finally, the chapter concludes with an introduction to limits, one of the central 
ideas of calculus. 
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Two sequences are equal if and 
only if every term of the first 
sequence equals the corresponding 
term of the second sequence. 


“Infinity” is not a real number. 
The term “infinite sequence” can 
be regarded simply as an 
abbreviation for the phrase 
“sequence that does not end”. 


6.1 Sequences 


Learning Objectives 


By the end of this section you should be able to 
e use sequence notation; 
e compute the terms of an arithmetic sequence; 
e compute the terms of a geometric sequence; 


e compute the terms of a recursively defined sequence. 


Introduction to Sequences 


Sequence 


A sequence is an ordered list of numbers. 


For example, 7, /3,3 is a sequence. The first term of this sequence is 7, the 
second term of this sequence is /3, and the third term of this sequence is 2. 

Sequences differ from sets in that order matters and repetitions are allowed in a 
sequence. For example, {2,3,5} and {5,3,2} are the same set, but the sequences 


2,3,5 and 5,3,2 are not the same. 


Explain why {8,8,4,5} and {8,4,4,5} are the same set, but the sequences 8,8,4,5 
and 8,4,4,5 are not the same sequence. 


solution The sets {8,8,4,5} and {8,4,4,5} are the same set because repetitions 
do not matter for sets; both these sets equal the set {8, 4,5}. 

The sequences 8,8,4,5 and 8,4,4,5 are different in their second terms (8 for the 
first sequence and 4 for the second sequence). Thus these are different sequences. 
(The two sequences are also different in their third terms, but we already know that 
these two sequences are not equal before considering their third terms.) 


A sequence might end, as is the case with all the sequences mentioned above, or 
a sequence might continue indefinitely. 


Finite sequence; infinite sequence 


e A sequence that ends is called a finite sequence. 


e A sequence that does not end is called an infinite sequence. 


Describe the infinite sequence whose 1" term is 3n. 


solution The first term of this sequence is 3, the second term of this sequence is 6, 
the third term of this sequence is 9, and so on. Because this sequence does not end, 
the entire sequence cannot be written down. Thus we write this sequence as 


37 6, 97 0x2; 


where the three dots indicate that the sequence continues without end. 


When using the three-dot notation to designate a sequence, information should 
be given about how each term of the sequence is determined. Sometimes this is done 
by giving an explicit formula for the 1" term of the sequence, as in the following 
example. 


Each of the equations below gives a formula for the n'* term of a sequence 41, @2,.... 


Write each sequence using the three-dot notation, giving the first four terms of the 
sequence. Furthermore, describe each sequence in words. 


(a) a, =n (Cc) a) =2n—1 (e) an = (-1)" 
(b) ay =2n (d) an =3 Oi, =2" 4 
solution 


(a) The sequence a1,42,... defined by a, =n is 1,2,3,4,... . 
This is the sequence of positive integers. 


(b) The sequence a1,42,... defined by a, = 2n is 2,4,6,8... . 
This is the sequence of even positive integers. 


(c) The sequence a1,42,... defined by a, = 2n —1is 1,3,5,7.... 
This is the sequence of odd positive integers. 


(d) The sequence a1,42,... defined by a, = 3 is 3,3,3,3.... 
This is the sequence of all 3’s. 


(e) The sequence a1, a7,... defined by a, = (—1)" is —1,1,—1,1.... 
This is the sequence of alternating —1’s and 1’s, beginning with —1. 


(f) The sequence a1,a2,... defined by a, = 2"~1 is 1,2,4,8... . 
This is the sequence of powers of 2, starting with 2 to the zeroth power. 


Caution must be used when determining a sequence simply from the pattern of 
some of the terms, as illustrated by the following example. 


What is the fifth term of the sequence 1,4,9,16,... ? 


solution This is a trick question. You may reasonably suspect that the n'* term of 
this sequence is n?, which would imply that the fifth term equals 25. 
However, the sequence whose n'* term equals 


n* —10n? + 39n? — 50n + 24 
4 


has as its first four terms 1,4,9,16, as you can verify. The fifth term of this sequence 
is 31, not 25. 

Because we do not know whether the formula for the n'* term of the sequence 
1,4,9,16,... is given by n* or by the formula above or by some other formula, we 
cannot determine whether the fifth term of this sequence equals 25 or 31 or some 
other number. 


The easist solution to the dilemma posed by the example above is to assume 
the sequence is defined in the simplest possible way. Unless other information is 
given, you should make this assumption. This then raises another problem, because 
“simplest” is an imprecise notion and can be a matter of taste. However, in most 
cases almost everyone will agree. In Example 4 above, all reasonable people would 
2 n*—10n34 = 50n-+24 


agree that the expression n* is simpler than the expression 
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The subscript notation ay is often 
used to denote the n'" term of a 
sequence. 


Example 4 


Problem 59 explains how this 
expression was found. 
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When we consider the difference 
between consecutive terms in a 
sequence a1,42,..., we will 
subtract each term from its 
successor. In other words, we 
consider the difference ay+4 — 4n. 


An arithmetic sequence can be 
either an infinite sequence or a 
finite sequence. All the sequences 
in this example are infinite 
sequences except the last one. 


When used in the phrase 
“arithmetic sequence”, the word 
“arithmetic” is pronounced 
differently from the word used to 
describe the subject you started 
learning in elementary school. You 
should be able to hear the difference 
when your instructor pronounces 
“arithmetic sequence”. 


Arithmetic Sequences 


The sequence 1,3,5,7... of odd positive integers has the property that the difference 
between any two consecutive terms is 2. Thus the difference between two consecutive 
terms is constant throughout the sequence. Sequences with this property are 
important enough to deserve their own name. 


Arithmetic sequence 


An arithmetic sequence is a sequence such that the difference between two 
consecutive terms is constant throughout the sequence. 


For each of the following sequences, determine whether or not the sequence is 
an arithmetic sequence. If the sequence is an arithmetic sequence, determine the 
difference between consecutive terms in the sequence. 


(a) The sequence 1,2,3,4,... of positive integers. 

(b) The sequence —1, —2, —3, —4,... of negative integers. 

(c) The sequence 6,8,10,12,... of even positive integers starting with 6. 
(d) The sequence —1,1,—1,1,... of alternating —1’s and 1's. 


(e) The sequence 1,2,4,8,... of powers of 2. 
(f) The sequence 10,15, 20,25. 


solution 


(a) The sequence 1,2,3,4,... of positive integers is an arithmetic sequence. The 
difference between any two consecutive terms is 1. 


(b) The sequence —1,—2, —3, —4,... of negative integers is an arithmetic sequence. 
The difference between any two consecutive terms is —1. 


(c) The sequence 6,8,10,12,... of even positive integers starting with 6 is an 
arithmetic sequence. The difference between any two consecutive terms is 2. 


(d) The difference between consecutive terms of the sequence —1,1,—1,1,... oscil- 
lates between 2 and —2. Because the difference between consecutive terms of 
the sequence —1,1,—1,1,... is not constant, this sequence is not an arithmetic 
sequence. 


(e) In the sequence 1,2,4,8,..., the first two terms differ by 1, but the second and 
third terms differ by 2. Because the difference between consecutive terms of 
the sequence 1,2,4,8,... is not constant, this sequence is not an arithmetic 
sequence. 


(f) In the finite sequence 10, 15,20,25, the difference between any two consecutive 


terms is 5. Thus this sequence is an arithmetic sequence. 


Consider an arithmetic sequence with first term b and difference d between 
consecutive terms. Each term of this sequence after the first term is obtained by 
adding d to the previous term. Thus this sequence is 


b, b+ d, b+ 2d, b+3d,.... 


The n'* term of this sequence is obtained by adding d a total of n — 1 times to the 
first term b. Thus we have the following result. 


Formula for an arithmetic sequence 


The n'" term of an arithmetic sequence with first term b and with difference d 
between consecutive terms is b + (n — 1)d. 


Suppose at the beginning of the year your mobile phone contains 53 songs and 
that you purchase four new songs each week to place on your phone. Consider the 
sequence whose 1" term is the number of songs on your phone at the beginning of 
the n'" week of the year. 


(a) What are the first four terms of this sequence? 


(b) What is the 30" term of this sequence? In other words, how many songs will 
be on your phone at the beginning of the 30° week? 


solution 
(a) The first four terms of this sequence are 53,57, 61,65. 


(b) To find the 30‘ term of this sequence, use the formula in the box above with 
b = 53, n = 30, and d = 4. Thus at the beginning of the 30 week the number 
of songs on your phone will be 53 + (30 — 1) - 4, which equals 169. 


Geometric Sequences 


The sequence 1,3,9,27... of powers of 3 has the property that the ratio of any 


two consecutive terms is 3. Thus the ratio of two consecutive terms is constant 
throughout the sequence. Sequences with this property are important enough to 
deserve their own name. 


Geometric sequence 


A geometric sequence is a sequence such that the ratio of two consecutive terms 
is constant throughout the sequence. 


For each of the following sequences, determine whether or not the sequence is a 
geometric sequence. If the sequence is a geometric sequence, determine the ratio of 
consecutive terms in the sequence. 

(a) The sequence 16,32, 64, 128,... of the powers of 2 starting with 24. 

(b) The sequence 3,6,12,24,... of 3 times the powers of 2 starting with 3 - 20. 

(c) The sequence —1,1,—1,1,... of alternating —1’s and 1’s. 
(d) The sequence 1,4,9,16,... of the squares of the positive integers. 


(e) The sequence 2,4,6,8,... of even positive integers. 


(f) The sequence 2, a, 2, wy. 
solution 


(a) The sequence 16,32,64,128,... of the powers of 2 starting with isa geometric 
sequence. The ratio of any two consecutive terms is 2. 


(b) The sequence 3,6, 12,24,... of 3 times the powers of 2 starting with 3 - 2° is a 
geometric sequence. The ratio of any two consecutive terms is 2. 
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Example 6 


When we consider the ratio of 
consecutive terms in a sequence 
a1,47,..., we will divide each 
term into its successor. In other 
words, we consider the ratio 
An41/ An. 


Example 7 


A geometric sequence can be either 
an infinite sequence or a finite 
sequence. All the sequences in this 
example are infinite sequences 
except the last one. 
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This sequence is neither a 
geometric sequence nor an 
arithmetic sequence. 


Although this sequence is not a 
geometric sequence, it is an 
arithmetic sequence. 


Example 8 


As this example shows, compound 
interest leads to geometric 
sequences. 


(c) The sequence —1,1,—1,1,... of alternating —1’s and 1’s is a geometric sequence. 
The ratio of any two consecutive terms is —1. 


(d) In the sequence 1,4,9,16,..., the second and first terms have a ratio of 4, but the 
third and second terms have a ratio of 7 Because the ratio of consecutive terms 
of the sequence 1,4,9,16,... is not constant, this sequence is not a geometric 
sequence. 


(e) In the sequence 2,4,6,8,..., the second and first terms have a ratio of 2, but the 
third and second terms have a ratio of 3. Because the ratio of consecutive terms 
of the sequence 2,4,6,8,... is not constant, this sequence is not a geometric 
sequence. 


(f) In the finite sequence 2, z, 3, ey, the ratio of any two consecutive terms is }. 


Thus this sequence is a geometric sequence. 


Consider a geometric sequence with first term b and ratio r of consecutive terms. 
Each term of this sequence after the first term is obtained by multiplying the 
previous term by r. Thus this sequence is 


b, br, br, br?, .... 


The n'" term of this sequence is obtained by multiplying the first term b by r a total 
of n — 1 times. Thus we have the following result. 


Formula for a geometric sequence 


The n' term of a geometric sequence with first term b and with ratio r of 
consecutive terms is br”~!. 


Suppose at the beginning of the year $1000 is deposited in a bank account that pays 
5% interest per year, compounded once per year at the end of the year. Consider 
the sequence whose n'" term is the amount in the bank account at the beginning of 
the n'* year. 


(a) What are the first four terms of this sequence? 


(b) What is the 20" term of this sequence? In other words, how much will be in 
the bank account at the beginning of the 20'" year? 


solution 


(a) Each term of this sequence is obtained by multiplying the previous term by 1.05. 
Thus we have a geometric sequence whose first four terms are 


$1000, $1000-1.05, $1000- (1.05), $1000 - (1.05)°. 


These four terms can be rewritten as $1000, $1050, $1102.50, $1157.63. 


(b) To find the 20 term of this sequence, use the formula in the box above with 
b = $1000, r = 1.05, and n = 20. Thus at the beginning of the 20'" year the 
amount of money in the bank account will be $1000 - (1.05)!?, which equals 
$2526.95. 


The next example shows how to deal with a geometric sequence when we have 
information about terms that are not consecutive. 


Find the tenth term of a geometric sequence whose second term is 7 and whose 
fifth term is 35. 


solution Letr denote the ratio of consecutive terms of this geometric sequence. 
To get from the second term of this sequence to the fifth term, we must multiply by 
r three times. Thus 

TP = 35: 


Solving the equation above for r, we have r = 51/°. 
To get from the fifth term of this sequence to the tenth term, we must multiply 
by r five times. Thus the tenth term of this sequence is 357°. Now 


357° = 35(51/3)° 
3655" 
= 35.5.52/3 
= 175 .52/9, 


Thus the tenth term of this sequence is 175 - 5?/°, which is approximately 511.703. 


Recursively Defined Sequences 


Sometimes the n'" term of a sequence is defined by a formula involving n. For 
example, we might have the sequence a1,42,... whose n' term is defined by 
ay, =4+3n. This is the arithmetic sequence 


7, 10, 13, 16, 19, 22, ... 


whose first term is 7, with a difference of 3 between consecutive terms. 

Suppose we want to compute the seventh term of the sequence above, which 
has six terms displayed. To compute the seventh term we could use the formula 
ay, = 4+3n to evaluate a7 = 4+3-7, or we could use the simpler method of adding 
3 to the sixth term. Using this second viewpoint, we think of the sequence above as 
being defined by starting with 7 and then getting each later term by adding 3 to the 
previous term. In other words, we could think of this sequence as being defined by 
the equations 

a=7 and ayy, =4n+3 forn > 1. 


This viewpoint is sufficiently useful to deserve a name. 


Recursively defined sequence 


A recursively defined sequence is a sequence in which each term from some 
point on is defined by using previous terms. 


In the definition above, the phrase “from some point on” means that some terms 
at the beginning of the sequence will be defined explicitly rather than by using 
previous terms. In a recursively defined sequence, at least the first term must be 
defined explicitly because it has no previous terms. 

Perhaps the most famous recursively defined sequence is the Fibonacci sequence, 
which was defined by the Italian mathematician Leonardo Fibonacci over eight 
hundred years ago. 
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Example 9 


The tenth term of this sequence 
could also be obtained by 
multiplying the second term of the 
sequence by r®. In other words, the 
tenth term equals 7r® (which 
equals 35r° when r = 51/9), 


Statue of Fibonacci, whose book 
LiBER ABACI (BOOK OF 
CALCULATION) introduced Europe 
in 1202 to the Indian-Arabic 


decimal system that we use today. 
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Example 10 


You may want to do a web search 
to learn about some of the ways in 
which the Fibonacci sequence 
arises in nature. 


The notation n! to denote n 
factorial was introduced in 1808 
by the French mathematician 
Christian Kramp. 


This procedure is a special case of 
what is called Newton’s method. 
Tf you take calculus, you will learn 
about Newton's method. 


Each term of the Fibonacci sequence is the sum of the two previous terms (except 
the first two terms, which are defined to equal 1). Thus the Fibonacci sequence has 
the recursive definition 


a4=1, ag=1, and ayy. =4n+ 4,4, forn > 1. 
Find the first ten terms of the Fibonacci sequence. 


solution The first two terms of the Fibonacci sequence are 1,1. 

The third term of the Fibonacci sequence is the sum of the first two terms; thus 
the third term is 2. The fourth term of the Fibonacci sequence is the sum of the 
second and third terms; thus the fourth term is 3. Continuing in this fashion, we get 
the following as the first ten terms of the Fibonacci sequence. 


1, 1, 2, 3, 5, 8, 13, 21, 34, 55 


The next example shows how a geometric sequence can be thought of as a 
recursively defined sequence. 


Write the geometric sequence 6,12,24,48... whose nh term is defined by 
A= 32" 
as a recursively defined sequence. 


solution Each term of this sequence is obtained by multiplying the previous term 
by 2. Thus the recursive definition of this sequence is given by the equations 


a4=6 and ay41 = 2a, forn > 1. 


If n is a positive integer, then 1! (pronounced “n factorial”) is defined to be the 
product of the integers from 1 to n. Thus 


W=1, 2!=2, 3!=6, 4!=24, 5!=120, 


and so on. 


Write the factorial sequence 1!,2!,3!,4!..., whose n'* term is defined by a, = n!, as 
a recursively defined sequence. 


solution Note that (n +1)! is the product of the integers from 1 to n + 1. Thus 
(n + 1)! equals n! times n + 1. Hence the recursive definition of this sequence is 
given by the equations 


a4,=1 and ayy, =(n+1)a, forn > 1. 


Recursive formulas provide a method for estimating square roots with remarkable 
accuracy. To estimate ,/c, the idea is to define a sequence recursively by letting a 
be any crude estimate for /c; then use the recursive formula 


1 Cc 
an+1 = 3(— +n). 
n 


The number a,, will be a good estimate for \/c even for small values of n; for larger 
values of n the estimate becomes extraordinarily accurate. 
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The next example illustrates this procedure to estimate 5. Note that we start 
with the first term a, = 2, which means that we are using the crude estimate V5 & 2. 


Define a sequence recursively using the equations [Example 13] 


5 
a=2 and aj4,= a(— +n) forn > 1. 
n 


(a) Compute a4. For how many digits after the decimal point does a4 agree with 


J5? 


(b) Compute a7. For how many digits after the decimal point does a7 agree with 


J5? 
solution 


(a) Using the recursive formula above, we have 


Now 
1/5 ,9 161 
Hog ay Oe 
4 
Finally, 
ee 5 | 161 51841 
4 2\ 161 ' 72) ~~ 23184° 
72 
Using a calculator, we see that Your calculator almost certainly 
uses this procedure to calculate 
ay = 35854 © 2.2360679779 and /5 ~ 2.2360679774. mers 


Thus a4, which is computed with only a small amount of calculation, agrees 
with 5 for nine digits after the decimal point. 


(b) A typical calculator cannot handle enough digits to compute a7 exactly. However, 
a computer algebra system such as Mathematica or Maple or SageMath can easily 
be used to compute that 


az — 2374978561 
5 ~ 2403763488’ 


57780789062419261441 
46 = 95840354427429161536’ 


4 6677239169351578707225356193679818792961 
7 ~ 2986152136938872067784669198846010266752 ° 


Even though computing a7 requires only three more calculations after com- Te "umber of accurate digits 
puting a4, the value for a7 calculated above agrees with \/5 for 79 digits after ha anes ea Genii as 
the decimal point! This remarkable level of accuracy is typical of this recursive 
method for computing square roots. 
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Exercises 


For Exercises 1-8, a formula is given for the n'" term of a 
sequence a4, @2,.... 


(a) Write the sequence using the three-dot notation, 
giving the first four terms. 


(b) Give the 100" term of the sequence. 


1 a,=-n — /2n—1 
, i _ “a 6 an = ‘EE 
n~ = n 
@ a= 9-68 ae 
4 a, =4n—-3 8 an =1—- 37 

5 an =f aHT 


For Exercises 9-14, consider an arithmetic sequence with first 
term b and difference d between consecutive terms. 


(a) Write the sequence using the three-dot notation, 
giving the first four terms. 


(b) Give the 100'" term of the sequence. 
9 b=2,d=5 
10 b=7,d=3 
11 b=4,d=-6 


12 b=8,d=-5 
13 b=0,d=5 
14 b=-1,d=3 


For Exercises 15-18, suppose at the beginning of the first day 
of a new year you have 3324 e-mail messages saved on your 
computer. At the end of each day you save only your 12 most 
important new e-mail messages along with the previously 
saved messages. Consider the sequence whose n'" term is the 
number of e-mail messages you have saved on your computer 
at the beginning of the n'" day of the year. 


15 What are the first, second, and third terms of this se- 
quence? 

16 What are the fourth, fifth, and sixth terms of this se- 
quence? 


17 What is the 100" term of this sequence? In other words, 
how many e-mail messages will you have saved on your 
computer at the beginning of the toot day of the year? 


18 What is the 250'" term of this sequence? In other words, 
how many e-mail messages will you have saved on your 
computer at the beginning of the 250th day of the year? 


For Exercises 19-24, consider a geometric sequence with first 
term b and ratio r of consecutive terms. 


(a) Write the sequence using the three-dot notation, 
giving the first four terms. 


(b) Give the 100" term of the sequence. 


19 b=1,r=5 22 b=4,r=-5 
20 b=1,r=4 Bae psd 
21 b=3,r=-2 Bieahr=4 


25 Find the fifth term of an arithmetic sequence whose sec- 
ond term is 8 and whose third term is 14. 


26 Find the eighth term of an arithmetic sequence whose 
fourth term is 7 and whose fifth term is 4. 


27 Find the first term of an arithmetic sequence whose sec- 
ond term is 19 and whose fourth term is 25. 


28 Find the first term of an arithmetic sequence whose sec- 
ond term is 7 and whose fifth term is 11. 


29 Find the 100" term of an arithmetic sequence whose 
tenth term is 5 and whose eleventh term is 8. 


30 Find the 200 term of an arithmetic sequence whose fifth 
term is 23 and whose sixth term is 25. 


31 Find the fifth term of a geometric sequence whose second 
term is 8 and whose third term is 14. 


32 Find the eighth term of a geometric sequence whose 
fourth term is 7 and whose fifth term is 4. 


33 Find the first term of a geometric sequence whose second 
term is 8 and whose fifth term is 27. 


34 Find the first term of a geometric sequence whose second 
term is 64 and whose fifth term is 1. 


35 g Find the ninth term of a geometric sequence whose 
fourth term is 4 and whose seventh term is 5. 


36 g Find the tenth term of a geometric sequence whose 
second term is 3 and whose seventh term is 11. 


37 g Find the 100" term of a geometric sequence whose 
tenth term is 5 and whose eleventh term is 8. 


38 g Find the 400" term of a geometric sequence whose 
fifth term is 25 and whose sixth term is 27. 


For Exercises 39-42, suppose your annual salary at the begin- 
ning of your first year at a new company is $38,000. Assume 
your salary increases by 7% per year at the end of each year 
of employment. Consider the sequence whose n'" term is your 
salary at the beginning of your n'" year at this company. 

39 "| What are the first, second, and third terms of this 
sequence? 

40 g What are the fourth, fifth, and sixth terms of this 
sequence? 

41 g What is the 10 term of this sequence? In other words, 
what will your salary be at the beginning of your 1ot 
year at this company? 

42 g What is the 15 term of this sequence? In other words, 
what will your salary be at the beginning of your 5th 
year at this company? 

43 g Suppose at the beginning of the year $3000 is de- 
posited in a bank account that pays 2% interest per year, 
compounded four times per year. Consider the sequence 
whose '" term is the amount in the bank account at the 
beginning of the n'® year. 

(a) What are the first four terms of this sequence? 
(b) What is the 10 term of this sequence? In other 


words, how much will be in the bank account at the 
beginning of the 10" year? 


44 g Suppose at the beginning of the year $2000 is deposited 
in a bank account that pays 3% interest per year, com- 
pounded twelve times per year. Consider the sequence 
whose n'® term is the amount in the bank account at the 
beginning of the n'® year. 

(a) What are the first four terms of this sequence? 
(b) What is the 15" term of this sequence? In other 


words, how much will be in the bank account at the 
beginning of the 15" year? 


For Exercises 45-48, give the first four terms of the specified 
recursively defined sequence. 


45 
46 


a, = 3 and ay41 = 2a, +1 forn>1. 


a, =2and a,,, = 3a, —5 forn>1. 


47 a, = 2, ay =3, and ayi2 = Andy. forn > 1. 


48 


a, = 4, a) = 7, and ay42 = 4y41 — 4n forn > 1. 


For Exercises 49-50, let a1, a2,... be the sequence defined by 


set 


ting a equal to the value shown below and for n > 1 


letting 


49 


50 


an 5 ‘ 

s if Ay is even; 
anti = 

3an +1 


Suppose a, = 3. Find the smallest value of n such that 
Qe = 1: 

[No one knows whether a, can be chosen to be a positive integer 
such that this recursively defined sequence does not contain 
any term equal to 1. You can become famous by finding such a 
choice for a1. If you want to find out more about this problem, 
do a web search for “Collatz Problem”.] 


if An is odd. 


Suppose a; = 7. Find the smallest value of n such that 
te = 1. 


Problems 


Some problems require considerably more thought than the exercises. 


59 


For Example 4, the author wanted to find a polynomial p 
such that 


p(1) =1, p(2) =4, p(3) =9, p(4) = 16, p(S) = 31. 
Carry out the following steps to see how that polynomial 
was found. 


(a) Note that the polynomial 
(x — 2)(x —3)(x —4)(x —5) 


is 0 for x = 2,3,4,5 but is not zero for x = 1. By 
dividing the polynomial above by a suitable number, 
find a polynomial p; such that p;(1) = 1 and 


pi(2) = pi(3) = pi(4) = pi(5) = 0. 


Similarly, find a polynomial pz of degree 4 such that 
p2(2) = 1 and 


p2(1) = pa(3) = p2(4) = p2(5) = 0. 
Similarly, find polynomials Pir for j = 3,4,5, such 
that each p; satisfies pj(j) = 1 and p;(k) = 0 for 
values of k in {1,2,3,4,5} other than j. 

(d) Explain why the polynomial p defined by 
Pp = pit 4p2 + 9p3 + l6pa + 31ps5 
satisfies 


p(1) = 1,p(2) 


(b) 


(c) 


4, p(3) = 9, p(4) = 16, p(5) = 31. 


For Exercises 51-56, consider the sequence whose n 
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h term an 


is given by the indicated formula. 


51 
52 
53 


57 


58 


61 


62 


63 


64 


(a) Write the sequence using the three-dot notation, 
giving the first four terms. 


(b) Give a recursive definition of the specified se- 


quence. 
ay, =5n—3 54 a, =5-3°" 
an =1—6n 55 a, = 2"n! 
3n 
Ay = 3(—2)" 56 an = at 


g Define a sequence recursively by 


1/7 
a4 =3 and ayy. = 2(-- + an) forn > 1. 


Find the smallest value of n such that a, agrees with V7 
for at least six digits after the decimal point. 
g Define a sequence recursively by 


1/17 
= es ae > a, 
a4 =6 and anit 5 (— an) forn>1 


Find the smallest value of n such that a, agrees with J17 
for at least four digits after the decimal point. 


Explain why the polynomial p defined by 


x* — 10x3 + 39x2 


me 50x +24 
px ri 


is the only polynomial of degree 4 such that p(1) = 1, 
p(2) = 4, p(3) = 9, p(4) = 16, and p(5) = 31. 


Explain why an infinite sequence is sometimes defined to 
be a function whose domain is the set of positive integers. 


Find a sequence 
3,—7,18,93,.++ 
whose 100" term equals 29. 


[Hint: A correct solution to this problem can be obtained 
with no calculation.] 


Find all infinite sequences that are both arithmetic and 
geometric sequences. 


Show that an infinite sequence 41, 42,43,... is an arith- 
metic sequence if and only if there is a linear function f 
such that 


an = f (n) 


for every positive integer n. 
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Worked-Out Solutions to Odd-Numbered Exercises 


Do not read these worked-out solutions before attempting to do the 
exercises yourself. Otherwise you may mimic the techniques shown 
here without understanding the ideas. 


For Exercises 1-8, a formula is given for the n'" term of a 
sequence ay, A2,.... 


(a) Write the sequence using the three-dot notation, 
giving the first four terms. 


(b) Give the 100"" term of the sequence. 
1 a,=-n 
solution 


(a) The sequence 44,4,... —n is 


—1,-2,-3,-4,.... 
(b) The 100" term of this sequence is —100. 


defined by a, = 


3 a, =2+5n 
solution 


(a) The sequence 41,42,... 
TAQ ANT, 22y dee 


(b) The 100" term of this sequence is 2 +5- 100, which equals 
502. 


defined by an = 2+ 5n is 


5 ay = a 


solution 


(a) The sequence 41,42,... defined by an = i is 
q y n+1 
Gh ve re de .... Note that (3 has not been sim- 
plified to = ; similarly, 4 € has not been simplified to 
ct Making those simplifications would make it harder 
to discern the pattern in the sequence. 


(b) The 100" term of this sequence is \/ 7p. 


7 a4 =3+2" 
solution 


(a) The sequence 41,42,... 
Fly V9} csc 


(b) The 100" term of this sequence is 3 + 2100. 


defined by an = 3+ 2” is 


For Exercises 9-14, consider an arithmetic sequence with first 
term b and difference d between consecutive terms. 


(a) Write the sequence using the three-dot notation, 
giving the first four terms. 


(b) Give the 100'" term of the sequence. 


9 b=2,d=5 


solution 


Best way to learn: Carefully read the section of the textbook, then do 
all the odd-numbered exercises and check your answers here. If you 
get stuck on an exercise, then look at the worked-out solution here. 


(a) The arithmetic sequence with first term 2 and difference 
5 between consecutive terms is 2,7,12,17,.... 


(b) The 100'* term of this sequence is 2 + 99 - 5, which equals 
497. 


11 b=4,d=—-6 
solution 
(a) The arithmetic sequence with first term 4 and difference 


—6 between consecutive terms is 4, —2,—8,—14,.... 


(b) The 100" term of this sequence is 4 + 99 - (—6), which 
equals —590. 


= —_ 1 
13 b=0,d=% 
solution 


(a) The arithmetic sequence with first term 0 and difference 
3 between consecutive terms is 0, oe 3, | Deere 


(b) The 100" term of this sequence is 0 + 99 - 3, which equals 
33. 


For Exercises 15-18, suppose at the beginning of the first day 
of a new year you have 3324 e-mail messages saved on your 
computer. At the end of each day you save only your 12 most 
important new e-mail messages along with the previously 
saved messages. Consider the sequence whose n'" term is the 
number of e-mail messages you have saved on your computer 
at the beginning of the n'" day of the year. 


15 What are the first, second, and third terms of this se- 
quence? 


solution We have an arithmetic sequence whose first 
three terms are 3324, 3336, 3348; each term is the previ- 
ous term plus 12. 


17 What is the 100" term of this sequence? In other words, 
how many e-mail messages will you have saved on your 
computer at the beginning of the 100% day of the year? 


solution The 100" term of this sequence is 
3324 + (100 — 1) - 12, 
which equals 4512. 


For Exercises 19-24, consider a geometric sequence with first 
term b and ratio r of consecutive terms. 


(a) Write the sequence using the three-dot notation, 
giving the first four terms. 


(b) Give the 100" term of the sequence. 


19 b=1,r=5 


solution 


(a) 


(b) 


21 


(a) 


(b) 


23 


(a) 


(b) 


25 


27 


29 


31 


33 


The geometric sequence with first term 1 and ratio 5 of 
consecutive terms is 1,5,25,125,.... 


The 100" term of this sequence is 5”. 


b=3,7r=>—2 
solution 
The geometric sequence with first term 3 and ratio —2 of 


consecutive terms is 3, —6,12,—24,.... 


The 100 term of this sequence is 3 - (—2), which equals 
—3- 2%, 


= == 
b=2,r=3 


solution 


The geometric sequence with first term 2 and ratio 5 of 
consecutive terms is 2, z, 5, * See 


99 


The 100" term of this sequence is 2 - (3) , which equals 


2/3. 


Find the fifth term of an arithmetic sequence whose sec- 
ond term is 8 and whose third term is 14. 


solution Because the second term of this arithmetic se- 
quence is 8 and the third term is 14, we see that the dif- 
ference between consecutive terms is 6. Thus the fourth 
term is 14+ 6, which equals 20, and the fifth term is 
20 + 6, which equals 26. 


Find the first term of an arithmetic sequence whose sec- 
ond term is 19 and whose fourth term is 25. 


solution Because the second term of this arithmetic se- 
quence is 19 and the fourth term is 25, and because the 
fourth term is two terms away from the second term, we 
see that twice the difference between consecutive terms 
is 6. Thus the difference between consecutive terms is 3. 
Thus 19, which is the second term, is 3 more than the first 
term. This implies that the first term equals 16. 


Find the 100" term of an arithmetic sequence whose 
tenth term is 5 and whose eleventh term is 8. 


solution Because the tenth term of this arithmetic se- 
quence is 5 and the eleventh term is 8, we see that the 
difference between consecutive terms is 3. To get from 
the eleventh term to the 100'" term, we need to add 3 to 
the eleventh term 100 — 11 times, which equals 89 times. 
Thus the 100" term is 8 + 89 - 3, which equals 275. 


Find the fifth term of a geometric sequence whose second 
term is 8 and whose third term is 14. 


solution The second term of this geometric sequence is 
8, and the third term is 14. Hence the ratio of consecutive 
terms is e which equals q. Thus the fourth term equals 
the third term times ie In other words, the fourth term is 
14. i, which equals oe Similarly, the fifth term is 2 : i, 
which equals 33. 

Find the first term of a geometric sequence whose second 
term is 8 and whose fifth term is 27. 


35 


37 
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solution Let r denote the ratio of consecutive terms of 
this geometric sequence. Because the second term of this 
sequence is 8 and the fifth term is 27, and because the 
fifth term is three terms away from the second term, we 
have 8r> = 27. Solving for r, we get r = 3. Thus the ratio 
of consecutive terms is 3. Thus 8, which is the second 
term, is 3 times the first term. This implies that the first 


term equals 8 - z, which equals 16 


g Find the ninth term of a geometric sequence whose 
fourth term is 4 and whose seventh term is 5. 


solution Let r denote the ratio of consecutive terms of 
this geometric sequence. To get from the fourth term of 
this sequence to the seventh term, we must multiply by r 
three times. Thus 

4r° = 5. 
Solving the equation above for r, we have r = (2) ue 


To get from the seventh term of this sequence to the ninth 
term, we must multiply by r twice. Thus the ninth term 
of this sequence is 577. Now 


5? = 5((3)"")" = 5(3) ~ 5.80199. 


Thus the ninth term of this sequence is approximately 
5.80199. 


g Find the 100" term of a geometric sequence whose 
tenth term is 5 and whose eleventh term is 8. 


solution Because the tenth term of this geometric se- 
quence is 5 and the eleventh term is 8, we see that the 
ratio of consecutive terms is g. To get from the eleventh 
term to the 100" term, we need to multiply the eleventh 
term by 8 a total of 100 — 11 times, which equals 89 times. 
Thus the 100 term is 8- (2), which equals 8 - 1.6°°, 
which is approximately 1.2 x 1019. 


For Exercises 39-42, suppose your annual salary at the begin- 
ning of your first year at a new company is $38,000. Assume 
your salary increases by 7% per year at the end of each year 
of employment. Consider the sequence whose n" term is your 


salary at the beginning of your n 


39 


41 


'h year at this company. 


g What are the first, second, and third terms of this 
sequence? 


solution We have here a geometric sequence, with first 
term 38000 and with ratio 1.07 of consecutive terms. Each 
term is 1.07 times the previous term. Thus the first three 
terms are 38000, 38000 x 1.07,38000 x 1.072, which equals 


38000, 40660, 43506.2. 
g What is the 10" term of this sequence? In other words, 


what will your salary be at the beginning of your oth 
year at this company? 


solution The 10" term of this sequence is 
38000 x 1.07”, 


which equals 69861.45. In other words, your salary at the 
beginning of your oth year will be almost $70,000. 
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43 


(a) 


(b) 


g Suppose at the beginning of the year $3000 is de- 
posited in a bank account that pays 2% interest per year, 
compounded four times per year. Consider the sequence 
whose 1 term is the amount in the bank account at the 
beginning of the n' year. 


(a) What are the first four terms of this sequence? 

(b) What is the 10 term of this sequence? In other 
words, how much will be in the bank account at the 
beginning of the 10 year? 


solution 
Because 1 + 0.02 = 1.005, the amount in the account at 
the beginning of year n is 

3000 - (1.005)4"-) 


dollars. Thus the first four terms of this geometric series 
are 
$3000, $3060.45, $3122.12, $3185.03. 


Taking n = 10 in the formula above, we see that the 
amount in the account at the beginning of the 10th year 
is $3590.04. 


For Exercises 45-48, give the first four terms of the specified 
recursively defined sequence. 


45 


47 


a, =3 and 4,41 = 2a, +1 forn>1. 


solution Each term after the first term is obtained by 
doubling the previous term and then adding 1. Thus the 
first four terms of this sequence are 3,7, 15,31. 


a, = 2, ay = 3, and ay42 = andy, forn > 1. 


solution Each term after the first two terms is the prod- 
uct of the two previous terms. Thus the first four terms 
of this sequence are 2,3,6, 18. 


For Exercises 49-50, let a1, a2,... be the sequence defined by 
setting a, equal to the value shown below and for n > 1 


letting 
an , ; 
ca if An is even; 
anti = 
3a, +1 if ay is odd. 
49 Suppose a, = 3. Find the smallest value of n such that 


ay:= 1. 


solution Using the recursive formula above, starting 
with a, = 3 we compute terms of the sequence until one 
of them equals 1. The first eight terms of the sequence 
are 
3, 10, 5, 16, 8, 4, 2, 1. 

The eighth term of this sequence equals 1, with no earlier 
term equal to 1. Thus n = 8 is the smallest value of n 
such that a, = 1. 


For Exercises 51-56, consider the sequence whose nh term ay 
is given by the indicated formula. 


(a) Write the sequence using the three-dot notation, 
giving the first four terms. 

(b) Give a recursive definition of the specified se- 
quence. 


51 


(a) 


53 


(a) 


(b) 


55 


(a) 


(b) 


57 


ay = 5n—-3 
solution 


The sequence 41,4,... 
2,7,12,17, «++: 


We have 


defined by an = 5n—3 is 


Ang. = 5(n+1)-—3 =5n+5-—3 = (5n—-3)+5 
=a4,4+5. 
Thus this sequence is defined by the equations 


a,=2 and ay41 =4n+5forn>1. 


Ay = 3(—2)" 
solution 


The sequence 4,4,... 
—6,12,—24,48,.... 


We have 


defined by a, = 3(—2)” is 


an41 = 3(—2)"*! = 3(-2)"(—2) = —2an. 


Thus this sequence is defined by the equations 


a, =-—6 and ayy, = —2ay forn > 1. 
ae=2"n! 
solution 
The sequence 4,42,... defined by an = 2"n! is 
2,8,48, 384,.... 
We have 


Ons = 2° (n +1)! =2-2"al(n +1) 
= 2(n+1)2"n! = 2(n+1)an. 
Thus this sequence is defined by the equations 


a =2 and ayy, =2(n4+1)an forn > 1. 


g Define a sequence recursively by 


1/7 
— d = 5(— f > il 
a4=3 and anit 5) G +n) orn > 
Find the smallest value of n such that a, agrees with V7 
for at least six digits after the decimal point. 


solution A calculator shows that V7 ~ 2.6457513. Using 
a calculator and the recursive formula above, we compute 
terms of the sequence until one of them agrees with V7 
for at least six digits after the decimal point. The first 
four terms of the sequence are 


3, 2.6666667, 2.6458333, 2.6457513. 


The fourth term of this sequence agrees with /7 for at 
least six digits after the decimal point; no earlier term 
has this property. Thus n = 4 is the smallest value of n 
such that a, agrees with /7 for at least six digits after 
the decimal point. 


6.2 Series 


Learning Objectives 


By the end of this section you should be able to 
e compute the sum of a finite arithmetic sequence; 
e compute the sum of a finite geometric sequence; 
e use summation notation; 


e use the Binomial Theorem. 


Sums of Sequences 


Series 


A series is the sum of the terms of a sequence. 


What series corresponds to the finite sequence 1,4,9, 16? 


solution The corresponding series is 1 + 4+ 9 + 16, which equals 30. 


In this section we will deal only with the series that arise from finite sequences; 
in the next section we will investigate the intricacies of infinite series. 

We can refer to the terms of a series using the same terminology as for a sequence. 
For example, the series 1+ 4+9-+ 16 has first term 1, second term 4, and last term 
16. 

The three-dot notation for infinite sequences was introduced in the previous 
section. Now we extend that notation so that it can be used to indicate terms in a 
finite sequence or series that are not explicitly displayed. For example, consider the 
geometric sequence with 100 terms, where the m' term of this sequence is 2”. We 
could denote this sequence by 


DAS cy 2 Oo. 


Here the three dots denote the 94 terms of this sequence that are not explicitly 
displayed. Similarly, in the corresponding series 


2+ALBH--- £28 4.299 4 7100 
the three dots denote the 94 terms that are not displayed. 


Arithmetic Series 


Arithmetic series 


An arithmetic series is the sum obtained by adding up the terms of an arithmetic 
sequence. 


The next example provides our model for evaluating an arithmetic series. 
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When three dots are used in a 
sequence, they are placed at the 
same vertical level as a comma. 


When three dots are used in a 
series, they are vertically centered 
in the line. 
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Find the sum of all the odd numbers between 100 and 200. 


As you read this explanation of 
how to evaluate any arithmetic 
series, refer to the concrete example 
above to help visualize the 
procedure. 


The formula is presented here twice, 
once using symbols and once with 
just words. Use whichever version 
is easiest for you. 


solution We want to find the sum of the finite arithmetic sequence 
TOL, 103,105. 047.195, 197, 199. 


We could add up the numbers above by brute force, but that will become tiresome 
when we need to deal with sequences that have 50,000 terms instead of 50 terms. 

Thus we employ a trick. Let s denote the sum of all the odd numbers between 
100 and 200. Our trick is to write out the sum defining s twice, but in reverse order 
the second time: 


s=101+103+105+---+195 +197 + 199; 
s = 199+ 197+195+---+105+ 103 + 101. 


Now add the two equations above, getting 


2s = 300 + 300 + 300 + --- +300 + 300 + 300. 


The right side of the equation above consists of 50 terms, each equal to 300. Thus 
the equation above can be rewritten as 2s = 50 - 300. Solving for s, we have 


s = 50- 308 — 59.150 = 7500. 


The trick used in the example above works with any arithmetic series. Let F 
denote the first term of the arithmetic series, L denote the last term, d denote the 
difference between consecutive terms, and s denote the sum. Write the arithmetic 
series twice, in reverse order the second time. Thus we have 


s=F+(F+d)+(F+2d)+---+(L—2d)+(L—d)+L, 
s =L+(L—d)+(L—2d)+---+(F+2d)+(F+d)+F. 


Now add the two equations above, getting 


= (PL) PPh) (Pease Seah Pes. 


If n denotes the number of terms in the series, then the equation above can be 
rewritten as 2s = n(F + L). Solving for s, we have the following simple formula for 
evaluating an arithmetic series. 


Arithmetic series 


e The sum of a finite arithmetic sequence with n terms, first term F, and last 


term L is ee 
n(Etby, 


e The sum of a finite arithmetic sequence is the number of terms times the 
average of the first and last terms. 


As a special case, take F = 1 and L = n above to obtain the following formula. 


Sum of the first n positive integers 


Evaluate the arithmetic series 


3+8+13+18+---+1003 + 1008. 


solution The arithmetic sequence 3,8, 13,18,...,1003, 1008 has first term 3 and a 
difference of 5 between consecutive terms. We need to determine the number n of 
terms in this sequence. Using the formula for the terms in an arithmetic sequence, 
we have 

3+ (n—1)5 = 1008. 


Solving this equation for n gives n = 202. Thus this series has 202 terms. 

The average of the first and last terms of this series is 2+}08, which equals 12. 
The formula for an arithmetic series tells us that 3+ 8 + 13 +18 + --- +1003 + 1008 
equals 202 - 1 which equals 101 - 1011, which equals 102111. 


In the example above, we first had to find the number of terms. In the next 
example, we first have to find the last term. 


For your summer exercise, you rode your bicycle every day, starting with 5 miles on 
the first day of summer. You increased the distance you rode by 0.5 miles each day. 
How many miles total did you ride over the 90 days of summer? 


solution The number of miles you rode increased by a constant amount of 0.5 
miles each day; thus we have an arithmetic sequence with 90 terms. The last term 
in that arithmetic sequence is 5 + 89 - 0.5, which equals 49.5. Thus the sum of this 
arithmetic sequence is 

90 ( 282 ) : 


which equals 2452.5. Thus your summer bicycle riding totaled 2452.5 miles. 


Geometric Series 


Geometric series 


A geometric series is the sum obtained by adding up the terms of a geometric 
sequence. 


The next example shows how to evaluate a geometric series. 


97 398 | 399. 


Evaluate the geometric series 1+3+9+---+3 


solution We again employ a trick. Let s equal the sum above. Multiply s by 3, 
writing the resulting sum with terms aligned under the same terms of s: 


= 143404.37 43" 48". 


Bs= 3 $94 --- 4.377 4.378 4.377 4.3100. 


Now subtract the first equation from the second equation, getting 
25 = 31 1, 


Thus s = (3! — 1)/2. 
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Example 4 


The author’s bicycle with a twisted 
front wheel after a crash. The 
author once rode this bicycle from 
Missoula (Montana) to San 
Francisco in three weeks. 


The terms of s and 3s are the same, 
except for the first term of s and 
the last term of 3s. 
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The case r = 1 is excluded to avoid 
division by 0. 


Example 6 


Here we have the first term 

b = 12,000, the ratio r = 1.06 of 
consecutive terms, and the number 
of terms n = 5. 


This box allows you to think about 
the formula for a geometric series 
in words instead of symbols. 


The trick used in the last example works with any geometric series. Specifically, 
consider a geometric series with n terms, starting with first term b, and with ratio r 
of consecutive terms. Let s denote the sum. Multiply s by r, writing the resulting 
sum with terms aligned under the same terms of s, as follows: 


s=b t br - br2 pw... 4 br? 2 br}. 


rs= br + br? +--+ + br? + byt! 4+ br, 


Now subtract the second equation from the first equation, getting 
s—rs=b—br", 


which can be rewritten as (1 — r)s = b(1—r"). Dividing both sides by 1 — r shows 
that s = b(1—r")/(1 —r). In other words, we have the following formula. 


Geometric series 


The sum of a geometric sequence with first term b, ratio r 4 1 of consecutive 


terms, and n terms is 
ill = ade 
1l=7- 


In other words, if r ~£ 1 then 


1-91" 
1=7- 


b+br+br2+---+br" 1=b 


Suppose tuition during your first year in college is $12,000. You expect tuition to 
increase 6% per year, and you expect to take five years total to graduate. What is 
the total amount of tuition you should expect to pay in college? 


solution Tuition each year is 1.06 times the previous year’s tuition; thus we have a 
geometric sequence. Using the formula above, the sum of this geometric sequence is 


1 —1.06° 


which equals 67645.1. Thus you should expect to pay a total of about $67,645 in 
tuition during five years in college. 


To express the formula 


T= 7" 


b+or+br?+---+br1=b 
1-r 


in words, first rewrite the right side of the equation as 


b— br" 
1=f 


The expression br" would be the next term if we added one more term to the 
geometric sequence. Thus we have the following restatement of the formula. 


Geometric series 


The sum of a finite geometric sequence equals the first term minus what would 


be the term following the last term, divided by 1 minus the ratio of consecutive 
terms. 


Evaluate the geometric series 


solution The first term of this geometric series is 3. The ratio of consecutive terms 
is 5. If we added one more term to this geometric series, the next term would be 


ae Using the result in the last box, we see that 


I 
NIGT = 


Summation Notation 


The three-dot notation that we have been using has the advantage of presenting an 
easily understandable representation of a series. Another notation, called summation 
notation, is also often used for series. Summation notation has the advantage of 
explicitly displaying the formula used to compute the terms of the sequence. For 
some manipulations, summation notation works better than three-dot notation. 


Summation notation % 


The following equation uses summation notation on the left side and three-dot 
notation on the right side: 


99 
yo H144494--- +987 +997, 
k=1 


In spoken language, the left side of the equation above becomes “the sum as k 
goes from 1 to 99 of k*”. This means that the first term of the series is obtained 
by starting with k = 1 and computing k? (which equals 1). The second term of the 
series is obtained by taking k = 2 and computing k* (which equals 4), and so on, 
until k = 99, giving the last term of the series (which is 997). 

Nothing is special about the use of k in the notation above. We could have used j 
or m or any other letter, as long as we consistently use the same letter throughout 
the notation. Thus 


2 
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Example 7 


The symbol & used in summation 
notation is an upper-case Greek 
sigma. 


Tf you take calculus, you will 
probably first encounter 
summation notation there when 
you reach the topic called Riemann 
integration. 
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Example 8 


Usually the starting and ending 
values for a summation are written 
below and above the X. Sometimes 
to save vertical space this 
information appears alongside the 
x. For example, the sum here 


might be written as eal 3. 


Example 9 


n 
As you can guess, iz ax (starting 


k=0 
with k = 0 instead of k = 1) 
means ag + 4, +°++++ Ay. 


Example 10 


Write the geometric series 
34+9+427+---4+3° 


using summation notation. 


solution The k'" term of this series is 3*. Thus 


80 
3494274---+3% = y° 3k 
k=1 


You should also become comfortable translating in the other direction, from 
summation notation to either an explicit sum or the three-dot notation. 


Write the series 


as an explicit sum. 


solution In this case the summation starts with k = 0. When k = 0, the expression 
(k? — 1)2* equals —1, so the first term of this series is —1. 

When k = 1, the expression (k? — 1)2* equals 0, so the second term is 0. 

When k = 2, the expression (k? — 1)2* equals 12, so the third term is 12. 

When k = 3, the expression (k? — 1)2* equals 64, so the fourth term is 64. Thus 


3 
y" (ke —1)2* = -14+0+412464=75. 
k=0 


Sometimes there is more than one convenient way to write a series using summa- 
tion notation, as illustrated in the following example. 


Suppose r 4 0. Write the geometric series 


eee ae ee ae 


using summation notation. 


solution This series has n terms. The k'" term of this series is r*~!. Thus 


n 
ltrtrP4e-tr™ t= prt, 
k=1 


We could also think of this series as the sum of powers of r, starting with r° 
(recall that r° = 1 provided r 4 0) and ending with r"~!. From this perspective, we 


could write 
n—-1 


1trerP+ tr ta Yr. 
k=0 


Note that on the right side of the last equation, k starts at 0 and ends at n — 1. 
Thus we have written this geometric series in two different ways using summation 
notation. Both are correct; the choice of which to use may depend on the context. 


When using any kind of technology to evaluate a sum, you will probably need to 
convert the three-dot notation to the summation notation expected by the software, 
as shown in the next example. 


(a) Evaluate 1+4+9+---+987 + 992. 
(b) Find a formula for the sum of the first n squares 1+4+9+---+ n?. 


solution 


(a) Enter [sum k‘2 for k = 1 to 99) in a WolframAlpha entry box to get 


99 
)_ k? = 328350. 
k=1 


(b) Enter [sum k‘2 for k = 1 ton) in a WolframAlpha entry box to get 


n(n+1)(2n +1) 


nN 
P= . 
Xu 6 


Pascal's Triangle 


We now turn to the question of expanding (x + y)" into a sum of terms. 


Expand (x + y)" for n = 0,1,2,3,4,5. 


solution Each equation below (except the first) is obtained by multiplying both 
sides of the previous equation by x + y and then expanding the right side. 


(x+y)=1 

(xty)=xty 

(x+ y)? = 724 2xy + y? 

(x+y)? = 2° +3x°y + 3xy* + 9° 

(x+y)? = x8 +4 Py + 6x7? + xy? ty? 

(x ty)? =x? + 5x4y + 10x79? + 10x7y? + Say! + 


Some patterns are evident in the expansions above: 

e Each expansion of (x + y)” above begins with x” and ends with y". 
e The second term in each expansion of (x + y)" is nx"~ly. 

e The second-to-last term in each expansion of (x + y)" is nxy"!. 


e Each term in the expansion of (x + y)" is a number times x/y*, where j and k 
are nonnegative integers and j +k =n. 


e In the expansion of (x + y)", the coefficient of x/y* is the same as the coefficient 
of xky/, 
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The solution here uses 
WolframAlpha, but feel free to use 
your preferred technology instead. 


Here the terms in each expansion 
have been written in decreasing 
order of powers of x. 
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[ Example 13 Center the expansions above, then find a pattern for computing the coefficients. 


solution Centering the expansions above gives the following display. 


(x+y)°= 1 
(x+y) = x oo+ y 
(x+y)? = ee: ae 2 
(x+y) = eo+ Bry + 3x + ¥ 
The highlighted coefficient 10 is the (x+y) =x +5x4y + (10x3y*) + 10x2y? + 5xy4+y? 


sum of the coefficient 4 diagonally 
to the left and the coefficient 6 
diagonally to the right in the row 
above 10. 


Consider, for example, the term 10x3y? (orange) in the last row above. The 
coefficient diagonally to the left in the row above 10x?y? is 4 (blue) and the coefficient 
diagonally to the right above 10x°y? is 6 (blue), and furthermore 10 = 4+ 6. 

The same pattern holds throughout the expansions above. As you should verify, 
each coefficient that is not 1 is the sum of the coefficient diagonally to the left and 
the coefficient diagonally to the right in the row above. 


In the previous example we discovered that the coefficient 10 in the term 10x°y? 
is the sum of the coefficient diagonally to the left and the coefficient diagonally to 
the right in the row above. The next example explains why this happens. 


E le 14 Explain why the coefficient of xy” in the expansion of (x + y)° is the sum of the 
AgniprS coefficients of x*y and x*y? in the expansion of (x + y)*. 


solution Consider the following equations: 
(x+y) = (xty)*(x+y) 


= (x4 + Go8y) + Gx2y?) + 4xy? + 4) (x +9). 


When the last line above is expanded using the distributive property, the only way 
that x°y* terms can arise is when 4x°y is multiplied by y (giving 4x3y”) and when 
6xy? is multiplied by x (giving 6x3y?). The sum of these two xy? terms is 10x°y?. 


The same idea as used in the example above explains why every coefficient in the 
expansion of (x + y)" can be computed by adding together two coefficients from 
the expansion of (x + y)"—1. 

The pattern of coefficients in the expansion of (x + y)" becomes more visible if 
we write just the coefficients from Example 13, leaving out plus signs and powers of 
x and y. We then have the following numbers, arranged in a triangular shape. 


14 6 4 1 
15 10 10 5 1 


Statue in France of Blaise Pascal. 
Pascal’s triangle was used 
centuries before Pascal in India, 
Persia, China, and Italy. 


This triangular array of numbers, with any number of rows, is called Pascal’s 
triangle, in honor of Blaise Pascal, the 17'*-century French mathematician who 
discovered important properties of this triangle of numbers. 


Pascal’s triangle 


e Pascal's triangle is a triangular array with n numbers in the n" row. 


e The first and last entries in each row are 1. 


e Each entry that is not a first or last entry in a row is the sum of the two 
entries diagonally above to the left and right. 


The reasoning that was used in Example 14 now gives the following method for 
expanding (x + y)". Note that row 1 of Pascal’s triangle corresponds to (x + y)°, row 
2 of Pascal’s triangle corresponds to (x + y)!, row 3 of Pascal's triangle corresponds 
to (x+y), and so on. 


Coefficients of (x + y)" 


Suppose 1 is a nonnegative integer. Then row n + 1 of Pascal’s triangle gives the 
coefficients in the expansion of (x + y)". 


Use Pascal's triangle to find the expansion of (x + y)’. 


solution We already know the sixth row of Pascal’s triangle, corresponding to 
the expansion of (x +y)°. The sixth row of Pascal’s triangle is listed as the first 
line below, then below it we do the usual addition to get the seventh row, and then 
below it we do the usual addition to get the eighth row. 


1 5 10 10 5 1 


17 21 35 35 21 7 1 


The eighth row of Pascal’s triangle (the last row above) now allows us to expand 
(x+y) easily: 


(xy)! =x? + 7x°y 4 21x y? + 35x44? + 3hx3y* + 21x72? + 7xy? +y’. 


Here is another example showing how Pascal’s triangle can help speed up a 
calculation. 


Use Pascal's triangle to simplify the expression (2 + V3)°. 
solution The sixth row of Pascal’s triangle is 
15 10 10 5 1. 
Thus 
5 _ 95 4 3, (a2 2, (9 V3 5 
(2+ V3) =2°4+5-24V34+10-2V3 +10-22V3 +5-2V3 + V3 
= 32 +8073 +80-34+40- V3 -V3+10- V3 V3 + V3 V3 V3 
= 32+ 80V3+80-3+40-3V3+10-3-3+4+3-3V3 


= 32 + 80V3 + 240 + 120V3 +90 +93 


= 362 + 2093. 
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The coefficients correspond to terms 
in decreasing order of powers of x. 


To expand (x + y)’, we find the 
eighth row of Pascal's triangle. 


Example 16 
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The Binomial Theorem 


Suppose we want to find the coefficient of x°”y? in the expansion of (x + y)!0°. We 


could calculate this coefficient using Pascal’s triangle, but only after much work to 
get to row 101. Thus we now discuss binomial coefficients, which will give us a 
direct way to compute the expansion of (x + y)” without first having to compute 
the expansion for lower powers. 

Recall that n! is defined to be the product of the integers from 1 to n. We will 
also find it convenient to define 0! to be 1. Thus 


Ol=1, =1, 2!=2, 3!=2-3=6, 44=2-3-4=24 5!=2-3-4-5=120. 


Now we can define binomial coefficients. 


Binomial coefficient 


Suppose n and k are integers with 0 < k < n. The binomial coefficient (‘) is 


Even though they look like defined by 


fractions, each binomial coefficient 
is actually an integer. 


Example 17 (a) Evaluate (2) (c) Evaluate (aie (e) Evaluate (5). 


(b) Evaluate 2), (d) Evaluate (7). (f) Evaluate (3). 


solution 


(a) We do not actually need to compute 10! because the six terms from 7! in the 
denominator cancel the first six terms in the numerator, as shown below: 


10) _ 10! 
3) 317! 


The large cancellation of the < BG t849+6-7 2829-10 
numbers in orange in this example (2-3)(2-3-4-5-6-7) 
often happens when working with 
binomial coefficients. = 8-9-10 
2-3 
=4-3-10 
= 120. 


(b) We have (’) aa = a7 G) 120, where the last equality comes from 


n! _ (n= Ss)in=2)\(n= 1a 7 (n—2)(n—1)n 
3! (n —3)! 3! (n—3)! 2-3 
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In part (b) of the example above, we saw that ‘e = @) A similar result holds 
more generally, as follows. 


Binomial coefficient identity 


Suppose 1 and k are integers with 0 < k <n. Then 


() = ae ~ Gan = Goprecacoy = (ne): 


The next result allows us to compute coefficients in the expansion of (x + y)” 
without using Pascal's triangle. 


Binomial Theorem 


Suppose n is a positive integer. Then The word binomial means an 
expression with two terms, just as 
Des polynomial refers to an expression 
(x+y)" = ie i aim. with multiple terms. For example, 
k=0 the expression x + y is a binomial. 


n—k,,k ; 


In other words, the coefficient of x”~*y" in the expansion of (x + y)” is ({). 


Before explaining why the Binomial Theorem holds, let’s look at two examples. 


97,34 


Find the coefficient of x°”y° in the expansion of (x + y)!. Example 18 
97,34 


solution According to the Binomial Theorem, the coefficient of x*’y° in the expan- 


sion of (x + y)! is Ce), which we compute as follows: 


100\ 100! 
3) 3197! 
98-99 - 100 


as 
= 161700. 


The next example confirms our previous observation that the first term of the 
expansion of (x + y)" is x” and the second term is nx"~1y. 


Suppose n > 4. Explicitly display the first four terms in the expansion of (x + y)". Example 19 


solution Using the Binomial Theorem and the results from Example 17, we have 


n_{"\ n N\ y-4 N\ y 22 N\ 1-33 “ (N\ nk k The summation starts with k = 4 
(x +Y) -_ GE + (t). Yr @: yor GE Y ap (i) Y because the terms for k = 0,1,2,3 
~ are explicitly displayed. 
(n-1)n n22, (n-2)(n—-1)n_ 3,5 
ry 4 xy 
2 2-3 


464 Chapter6 Sequences, Series, and Limits 


As another example, if n = 20 and y is replaced by —z, the expansion in the last 
example is 


20 
Notice the alternation of plus and (x = z)20 = x20 _ 99x19, sie 190x1822 — 1140x1723 sie y 20 (—1)kx20-K zk 
minus signs in this expansion. kod k , 


The identity in next example will be used to explain why the Binomial Theorem 
holds. 


Example 20 Suppose n and k are positive integers with k < n. Show that 


n—-1 4 n—1 _ (n 
k-1 k Ak 
solution We have 


Goilt(, )= cenit aca 


) 
7 (n—1)! re 
k—1)!(n—k Te: oe) 
= (n—1)! n 
k—1)!(n—k—1)! (n—Kk 
_ (n—1)!n 
k—1)!k(n—k—1)!(n—k) 
n! 
~ Ki (n—by! 


Pascal’s triangle and binomial coefficients 


Suppose n is a nonnegative integer. Then row n + 1 of Pascal’s triangle is 


(0) G) G) ~ Gt) G2) G) 


To see why the result above holds, consider the triangular array with row n +1 
as described above. Thus the first five rows of this triangular array are 


1 () 1 1 
(0) (1) 11 
G) () (5) which equals 121 
) 3 3 o 
A version of Pascal's triangle r (0) i (1) 4 (5) ‘ (3) ; 1 Soo 
printed in China in 1303. The (9) a) (5) (3) (a), 146 4 1, 


fourth entry in row 8 is 34 rather 

than the correct value of (3), which which are the same as the first five rows of Pascal’s triangle. Example 20 shows that 

is 35. All other entries are correct. this new triangular array is constructed just as Pascal’s triangle is constructed, with 
The error is probably a typo. each entry equal to the sum of the two entries diagonally above to the left and right. 
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Because this new triangular array and Pascal’s triangle have the same first few 
rows and the same method for determining further rows, these two triangular arrays 
are equal. Thus we have the desired result that the entries in Pascal’s triangle are 


binomial coefficients. 


We already know that the coefficients in the expansion of (x + y)” are given by 
row 1 + 1 of Pascal’s triangle. Our last result now gives the Binomial Theorem: 


(x+y)" = y a gy 


k=0 


Exercises 


In Exercises 1-10, evaluate the arithmetic series. 
1 1+2+4+3+---+98+99 + 100 

2 1001 + 1002 + 1003 + --- + 2998 + 2999 + 3000 

3 302 + 305 + 308 + --- + 6002 + 6005 + 6008 

4 25+31+4+37+---+601-+ 607 + 613 

5 

6 


200 + 195 + 190 +--+. +75+ 70+ 65 
300 + 293 + 286 +---+55+48+ 41 


80 


7 Yo (4+5m) 


m=1 
75 


8 J) (2+3m) 


m=1 
65 
9 )° (4k -1) 
k=5 
900 
10 )° (3k—2) 


k=10 
11 Find the sum of all the four-digit positive integers. 


12 Find the sum of all the four-digit odd positive integers. 


13 Find the sum of all the four-digit positive integers whose 
last digit equals 3. 


14 Find the sum of all the four-digit positive integers that 
are evenly divisible by 5. 


15 @ Evaluate 1+8+27+--- +998 +9993, 
16 @ Evaluate 1+16+81+--- +998! +9991, 


For Exercises 17-20, suppose you started an exercise program 
by riding your bicycle 10 miles on the first day and then you 
increased the distance you rode by 0.25 miles each day. 


17 How many total miles did you ride after 50 days? 
18 How many total miles did you ride after 70 days? 


19 g What is the first day on which the total number of 
miles you rode exceeded 2000? 


20 g What is the first day on which the total number of 
miles you rode exceeded 3000? 


In Exercises 21-30, evaluate the geometric series. 


21: 14+34+94--- 43200 
22 142444... 42100 

1 1 1 1 
2. T T T } 
a4 16 64 450 


1 1 1 1 
24 =+-4 | 
3° 9 ' 27 333 
55 4 ii 4. oe 1 
2°4 8° ' 280 981 
56 4 11 1. 1 i, 1 
3° 9 27) " 3600 361 "362 
40 3 77 i 
27 x 29: 5 (5) 
k=1 m=3 
90 5 91 
m 
28 aE 30 > (-2) 
k=1 m=5 


In Exercises 31-36, write the series explicitly and evaluate 
the sum. 

4 4 
31 )° (m? +5) 34 )° In(2* +1) 
m=1 k=0 


5 5 
32) (m?—2m+7) 35 > cos * 
n=2 


m=1 

3 5 Pe 
33 eae +2) 36 L sin 

k= n= 


In Exercises 37-40, write the series using summation nota- 
tion (starting with k = 1). Each series in Exercises 37-40 is 
either an arithmetic series or a geometric series. 


37 24+4+64 100 
38 14+3+54 201 
5 5 5 5 
39 9 T 7 T 81 T T 3,40 
7 per G 7 
Oe oo © 225 


For Exercises 41-44, consider the fable from the beginning of 
Section 3.4. In this fable, one grain of rice is placed on the 
first square of a chessboard, then two grains on the second 
square, then four grains on the third square, and so on, dou- 
bling the number of grains placed on each square. 
41 Find the total number of grains of rice on the first 18 
squares of the chessboard. 
42 Find the total number of grains of rice on the first 30 
squares of the chessboard. 
43 rs] Find the smallest number n such that the total number 
of grains of rice on the first n squares of the chessboard 
is more than 30,000,000. 
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44 g Find the smallest number n such that the total number 
of grains of rice on the first n squares of the chessboard 
is more than 4,000,000,000. 


For Exercises 45-46, use Pascal’s triangle to simplify the in- 
dicated expression. 


45 (2-3)? 46 (3—2)° 
47 Find the ninth row of Pascal’s triangle. 


48 Find the tenth row of Pascal’s triangle. 


Problems 
57 Explain why the polynomial factorization 
1=229=(=z)\(l4e4x +--+ 4x74 


holds for every integer n > 2. 


58 Show that 
rane + z <Inn 
2 3 n 


for every integer n > 2. 


[Hint: Draw the graph of the curve y = I in the xy-plane. 
Think of Inn as the area under part of this curve. Draw 
appropriate rectangles under the curve.] 

59 Show that 


1 i 
ee ee Sere 


for every integer n > 2. 


[Hint: Draw the graph of the curve y = 1 in the xy-plane. 
Think of Inn as the area under part of this curve. Draw 
appropriate rectangles above the curve.] 

60 Show that the sum of a finite arithmetic sequence is 0 if 
and only if the last term equals the negative of the first 
term. 

61 Show that the sum of an arithmetic sequence with n 
terms, first term b, and difference d between consecutive 


terms is 
(n— =) 
ee 


62 Restate the symbolic version of the formula for evaluating 
an arithmetic series using summation notation. 


n(b+ 


49 


50 


(a) Evaluate (Ci (b) Evaluate . 


(a) Evaluate ees (b) Evaluate (Oy 


For Exercises 51-54, assume n is a positive integer. 


51 
52 


55 
56 


63 


64 


65 


66 


67 


68 


69 


70 


Evaluate (7). 


Evaluate (,,"1). 


53 Evaluate (,,",). 
54 Evaluate (,,"5). 


Find the coefficient of t*” in the expansion of (t + 2)°?. 


Find the coefficient of w!”® in the expansion of (w +3)?. 


Restate the symbolic version of the formula for evaluating 
a geometric series using summation notation. 


g Use technology to find a formula for the sum of the 
first n cubes 1+8+27+---+n°. 


g Use technology to find a formula for the sum of the 
first n fourth powers 1+ 16 +81+---+n4. 


For n = 0,1,2,3,4,5, show that the sum of the entries in 
row n+ 1 of Pascal’s triangle equals 2”. 


Show that 
‘ n! on 
foo Ki(n — k)! ~ 
for every positive integer n. 
[Hint: Expand (1+ 1)" using the Binomial Theorem. ] 


Suppose n is a positive integer. Show that the sum of the 
entries in row n+ 1 of Pascal’s triangle equals 2”. 
[Hint: Use the result from the previous problem.] 


Explain why 
999 999 
Yo (mm? — 2m +7) = Yo (IP — 2k +7). 
m=1 k=1 
Explain why 
1000 999 
m = > (m* + 2m +1) 


Worked-Out Solutions to Odd-Numbered Exercises 


In Exercises 1-10, evaluate the arithmetic series. 


114+2+3+---+98+99 + 100 


solution This series contains 100 terms. 


The average of the first and last terms in this series is 
14100 | which equals 101 


Thus 1+2+---+99+100 equals 100- 491, which equals 
50 - 101, which equals 5050. 


3 302 + 305 + 308 + --- + 6002 + 6005 + 6008 


solution The difference between consecutive terms in 
this series is 3. We need to determine the number n of 
terms in this series. Using the formula for the terms of 
an arithmetic sequence, we have 


302 + (n — 1)3 = 6008. 
Subtracting 302 from both sides of this equation gives the 
equation (n — 1)3 = 5706; dividing both sides by 3 then 
gives n — 1 = 1902. Thus n = 1903. 


The average of the first and last terms in this series is 
30246008 which equals 3155. 


Thus 302 + 305 + --- + 6005 + 6008 equals 1903 - 3155, 
which equals 6003965. 


200 + 195 + 190+ -+-+75+ 70+ 65 


solution The difference between consecutive terms in 
this series is —5. We need to determine the number n of 
terms in this series. Using the formula for the terms of 
an arithmetic sequence, we have 


11 


13 


200 + (n —1)(—5) = 65. 


Subtracting 200 from both sides of this equation gives the 
equation 

(n — 1)(—5) = —135; 
dividing both sides by —5 then gives n — 1 = 27. Thus 
n = 28. 


The average of the first and last terms in this series is 
rey which equals oS 


Thus 200+ 195+ 190+.--- 
which equals 3710. 


+ 75 + 70 + 65 equals 28 - 5, 


80 


>" (4+5m) 


m=1 


solution Because 4+5-1=9 and 4+5-80 = 404, we 


have 
80 


yo (4+5m) =9+144+19--- +404. 

m=1 
Thus the first term of this arithmetic sequence is 9, the 
last term is 404, and we have 80 terms. Hence 


80 
(44+5m) = 80. 2404 — 16520, 
} 2 
m= 
65 
yo (4k — 1) 
k=5 


solution Because 4-5—1=19 and 4-65 —1 = 259, we 
have 


65 
yo (4k —1) = 19+ 234+ 274--- +259. 
k=5 


Thus the first term of this arithmetic sequence is 19, the 
last term is 259, and we have 65 —5 +1 terms, or 61 terms. 
Hence 


65 
¥ (4k — 1) = 61 - 424259 — gazo, 
k=5 


Find the sum of all the four-digit positive integers. 
solution We need to evaluate the arithmetic series 


1000 + 1001 + 1002 + --- +9999. 


The number of terms in this arithmetic series is 
9999 — 1000 + 1, which equals 9000. 


The average of the first and last terms is 


equals 10399, 


— : which 
Thus the sum of all the four-digit positive integers equals 
9000 - 10399 which equals 49495500. 


Find the sum of all the four-digit positive integers whose 
last digit equals 3. 


solution We need to evaluate the arithmetic series 


1003 + 1013 + 1023 + --- + 9983 + 9993. 


Consecutive terms in this series differ by 10. We need to 
determine the number n of terms in this series. Using the 
formula for the terms of an arithmetic sequence, we have 


15 
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1003 + (n — 1)10 = 9993. 


Subtracting 1003 from both sides of this equation gives 
the equation (1 — 1)10 = 8990; dividing both sides by 10 
then gives n — 1 = 899. Thus n = 900. 

The average of the first and last terms is 100372995. which 
equals 5498. 


Thus the sum of all the four-digit positive integers whose 
last digit equals 3 is 900 - 5498, which equals 4948200. 


@ Evaluate 14+ 8-+27 +--- +998? +9993, 


solution Enter [sumk‘3fork=1to0999) in a 
WolframAlpha entry box to get 


999 
y= ke = 249500250000. 
k=1 


Instead of WolframAlpha, you could use your preferred 
technology to obtain the same result. 


For Exercises 17-20, suppose you started an exercise program 
by riding your bicycle 10 miles on the first day and then you 
increased the distance you rode by 0.25 miles each day. 


17 


19 


How many total miles did you ride after 50 days? 


solution Let the number of miles you rode on the nth 
day be the nh term of a sequence. This is an arithmetic 
sequence, with first term 10 and difference 0.25 between 
consecutive terms. The 50'" term of this sequence is 


10 + 49 - 0.25, 


which equals 22.25. Thus the sum of the first 50 terms of 
this arithmetic sequence is 


50 ( 1022.29 ) ; 


which equals 806.25. Thus you rode a total of 806.25 miles 
after 50 days. 


g What is the first day on which the total number of 
miles you rode exceeded 2000? 


solution On the n'* day, you rode 
10 + 0.25(n — 1) 


miles, which equals 9.75 + 0.25n miles. Thus after n days, 
the total miles you rode is 


: ( 10 + er + 0.25n) ) 


which equals 1(9.875 + 0.125n). To see when the total 
reaches 2000 miles, we solve the equation 


n(9.875 + 0.125n) = 2000 


for n (use the quadratic formula), getting a negative solu- 
tion (which we discard because it makes no sense) and 
n = 93.0151. Thus the 94'" day was the first day that the 
total number of miles you rode exceeded 2000. 


In Exercises 21-30, evaluate the geometric series. 
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21 


23 


25 


27 


29 


14+3494---43200 


solution The first term of this series is 1. If we added 
one more term to this series, the next term would be 329!. 
The ratio of consecutive terms in this geometric series is 
3. Thus 


1 — 3201 _ 3201 =f 


1 3 9 Pa 200 __ 
+3494++°+3 13 5 


solution The first term of this series is i, If we added 
one more term to this series, the next term would be 
1/4°!. The ratio of consecutive terms in this geometric 
series is 4. Thus 


1 1 1 
1 1,1, ,1 _ 4-gI _!-% 
i rr 3 
4 


where the last expression was obtained by multiplying the 
numerator and denominator of the previous expression 
by 4. 


1 1.1 21, il 1 
2'4 8! " 280 981 
solution The first term of this series is 1. If we added 


one more term to this series, the next term would be 
1/28. The ratio of consecutive terms in this geometric 
series is —}. Thus 


1 dd 1, il 1 
2'4 ; "980-981 
L 
_ 17 
a 1 
Lats) 
1 i 
_ i -pR 2758 
3 30 
2 


where the last expression was obtained by multiplying the 
numerator and denominator of the previous expression 
by 2. 


40 3 


2 5K 
kai 2 
solution The first term of the series is 2. If we added 
one more term to this geometric series, the next term 
would be =. The ratio of consecutive terms in this 


geometric series is 5. Putting all this together, we have 


aa 
yo 3_ 23 
fae 1-4 240 


solution The first term of the series is (—5)°, which 
equals —125. If we added one more term to this geomet- 
ric series, the next term would be (—5)%8, which equals 
5/8. The ratio of consecutive terms in this geometric series 
is —5. Putting all this together, we have 


rt 5) = 125-575 _ 


m=3 


125 +578 
1—(-5) — 6 


In Exercises 31-36, write the series explicitly and evaluate 
the sum. 


31 


33 


35 


4 
es (m? +5) 


m=1 


solution When m = 1, the expression m? +5 equals 
6. When m = 2, the expression m* +5 equals 9. When 
m = 3, the expression m2 +5 equals 14. When m = 4, the 
expression m* + 5 equals 21. Thus 

4 

> (m? +5) =64+94+14+421 =50. 


m=1 


3 
3s log(k? + 2) 
k=0 


solution When k = 0, the expression log(k* + 2) equals 
log2. When k = 1, the expression log(k* + 2) equals 
log3. When k = 2, the expression log (k? +2) equals 
log6. When k = 3, the expression log(k? +2) equals 
log 11. Thus 


3 
Y" log(k? + 2) = log2 + log3 + log 6 + log 11 
k=0 


= log(2-3- 6-11) = log 396. 


5 
ys cos a 
nN 
n=2 


solution If n = 2, then cos os equals cos oo which 
equals 0. If n = 3, then cos * equals cos a which equals 
a If n = 4, then cos a equals cos i, which equals 
J/2/2. If n = 5, then cos a equals cos B which equals 
(/5 + 1) /4 (from Exercise 9 in Section 5.5). Thus 
os 941, V2, Vo+1 _ 34+2vV2+V5 
Cn i. ae ee 4 


In Exercises 37-40, write the series using summation nota- 
tion (starting with k = 1). Each series in Exercises 37-40 is 
either an arithmetic series or a geometric series. 


37 2+4+6+---+100 


solution The k® term of this sequence is 2k. The last 
term corresponds to k = 50. Thus 


50 
2+4+6+-+-+100= )) 2k. 
k=1 


solution The k'" term of this sequence is yar: The last 
term corresponds to k = 39 (because when k = 39, the 


; 5 5 
expression 3757 equals 340): Thus 


By eS ey a 
9° 27" 81" Be Bert 


For Exercises 41-44, consider the fable from the beginning of 
Section 3.4. In this fable, one grain of rice is placed on the 
first square of a chessboard, then two grains on the second 
square, then four grains on the third square, and so on, dou- 
bling the number of grains placed on each square. 


41 Find the total number of grains of rice on the first 18 
squares of the chessboard. 


solution The total number of grains of rice on the first 
18 squares of the chessboard is 


mee 


This is a geometric series; the ratio of consecutive terms 
is 2. The term that would follow the last term is 2!°. Thus 
the sum of this series is 


1-218 
1-2’ 


which equals 718 _ 4. 


43 g Find the smallest number n such that the total number 
of grains of rice on the first n squares of the chessboard 
is more than 30,000,000. 


solution The formula for a geometric series shows that 
the total number of grains of rice on the first n squares 
of the chessboard is 2” — 1. Thus we want to find the 
smallest integer 1 such that 2” — 1 > 30000000, which is 
equivalent to the inequality 


2” > 30000001. 
Taking logs of both sides, we see that we need 


log 30000001 
> Se 


wy 24.8. 
log2 : 


The smallest integer satisfying this inequality is n = 25. 


For Exercises 45-46, use Pascal’s triangle to simplify the in- 
dicated expression. 
45 (2-4/3)? 


solution The sixth row of Pascal’s triangle is 
1 5 10 10 5 1. Thus 
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(2— v3)> 
= 23 _5.24/3410-23V3 — 10-223" 
£53yo 4/3 
= 32— 80V3 +80-3—40- V3 v3 
+10-¥3 V3 — V3 V3 v3 
= 32— 80V3 + 80-3-—40-3V3 


4103-9 -—3..3/3 


= 32 — 80/3 + 240 — 120V3 +90 —9V3 


= 362 — 209/3. 


47 Find the ninth row of Pascal’s triangle. 


solution From Example 15, we know that the eighth row 
of Pascal’s triangle is 


1. 2 21.35 35 21 7 1. 


Doing the usual addition, we see that the ninth row of 
Pascal's triangle is 


1 8 28 56 70 56 28 8 1. 


49 (a) Evaluate ee (b) Evaluate (a: 


solution 
9) 9 7-8-9 
(a) (3) 361 2g 
9) 9 7-8-9 
ae = 84 
(b) 6 agi eo 


For Exercises 51-54, assume n is a positive integer. 


51 Evaluate (‘). 
! 
solution (‘) Ba es 1 


53 Evaluate (,,",). 


solution (,"5) =~ (n Sear ~ oe 


55 Find the coefficient of t*” in the expansion of (t + 2)°?. 


solution The Binomial Theorem tells us that the coeffi- 
cient of f*” in the expansion of (f + 2)*° is 2° ee which 
equals 


50-49-48 
2:3 7 


which equals 156800. 
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6.3 Limits 


Learning Objectives 


By the end of this section you should be able to 
e recognize the limit of a sequence; 
e use partial sums to evaluate an infinite series; 
e compute the sum of an infinite geometric series; 


e convert repeating decimals to fractions. 


Introduction to Limits 


Consider the sequence 


here the n'" term of the sequence is 1 For all large values of n, the n'” term of this 
sequence is close to 0. For example, all the terms after the one-millionth term of this 
sequence are within one-millionth of 0. We say that this sequence has limit 0. More 
generally, the following informal definition explains what it means for a sequence 
to have limit equal to some number L. 


Limit of a sequence (less precise version) 


A sequence has limit L if from some point on, all the terms of the sequence are 
very close to L. 


This definition fails to be precise because the phrase “very close” is too vague. 
A more precise definition of limit will be given soon, but first we examine some 
examples to get a feel for what is meant by taking the limit of a sequence. 


[ = Example1 What is the limit of the sequence whose n"" term equals Vn? + — n? 


Je solution The limit of a sequence depends on the behavior of the n' term for large 

: a f values of n. The table here shows the values of the n'* term of this sequence for 

10 . 4980 a some large values of n, calculated by a computer and rounded off to seven digits 
100 | 0.4987562 after the decimal point. 


1000 | 0.4998751 This table leads us to suspect that this sequence has limit 4. This suspicion is 
10000 | 0.4999875 correct, as can be shown by rewriting the n'" term of this sequence as follows (see 
100000 | 0.4999988 Problem 29 for a hint on how to do this): 


1000000 0.4999999 


1 
Vne2+n-n= ; 
This formula shows that every git +1 
n 


term in this sequence is less than 
i as we should suspect from the 1 
table above. If n is very large, then 1+ = is very close to 1, and thus the right side of the equation 


above is very close to 7 Hence the limit of the sequence in question is indeed equal 
il 

to 5. 
2 


Not every sequence has a limit, as shown by the following example of the 
sequence of alternating 1’s and —1’s. 


Consider the sequence whose n'* term is equal to (—1)"~!. Explain why this 
sequence does not have a limit. 


solution The sequence in question is the sequence of alternating 1’s and —1’s: 
1S aly eae 
If this sequence had a limit, then that limit would have to be very close to 1 and 


very close to —1. However, no number is close to both 1 and —1. Thus this sequence 
does not have a limit. 


The next example shows why we need to be careful about the meaning of “very 
close”. 


What is the limit of the sequence all of whose terms equal 10-10? 


solution The sequence in question is the constant sequence 


As ee IO ee phe 
The limit of this sequence is 107-109. Note, however, that all the terms of this 
sequence are within one-billionth of 0. Thus if “very close” were defined to mean 
“within one-billionth”, then the imprecise definition above might lead us to conclude 
incorrectly that this sequence has limit 0. 


The example above shows that in our less precise definition of limit, we cannot 
replace “very close to L” by “within one-billionth of L”. For similar reasons, no 


single positive number, no matter how small, can be used to define “very close”. 


This dilemma is solved by considering all positive numbers, including those that 
are very small (whatever that means). The following more precise definition of limit 
captures the notion that a sequence gets as close as we like to its limit if we go far 
enough out in the sequence. 


Limit of a sequence (more precise version) 


A sequence has limit L if for every ¢ > 0, from some point on all terms of the 
sequence are within ¢ of L. 


This definition means that for each possible choice of a positive number ¢, there 
is some term of the sequence such that all following terms are within e of L. How 
far out in the sequence we need to go (to have all the terms beyond there be within 
e of L) can depend on e. 

For example, consider the sequence 


(-1)" 
n 
consider the choice ¢ = 10~°, then all terms after the millionth term of this sequence 
are within ¢ of the limit 0. If we consider the choice ¢ = 10~?, then all terms after 
the billionth term of this sequence are within é of the limit 0. No matter how small 


we choose €, we can go far enough out in the sequence (depending on e) so that all 
the terms beyond there are within ¢ of 0. 


here the n"" term of the sequence equals . This sequence has limit 0. If we 
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In this section, we consider only 
infinite sequences. The notion of a 
limit for a finite sequence is not 
defined. 


As mentioned in Chapter 0, the 
Greek letter ¢ (epsilon) is often 
used when thinking about small 
positive numbers. 
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Once again, remember that oo is 
not a real number. The symbol oo 
is used here to convey the notion 
that only large values of n matter. 


Example 4 


The one-hundredth term of this 

» 7 + 7101\100 . 
sequence, which is (tog), is 
approximately 2.705, which agrees 
with e only for the first two digits. 
Thus this sequence gets close to e 
slowly. 


Because the limit of a sequence depends only on what happens “from some point 
on”, changing the first five terms or even the first five million terms does not affect 
the limit of a sequence. For example, consider the sequence 


11111 : 
10, 100, 1000, 10000, 100000, 2, 7, $, G Tgr 3 


here the n' term of the sequence equals 10” if n <5 and equals 1 ifn > 5. Make 
sure you understand why the limit of this sequence equals 0. 

The notation commonly used to denote the limit of a sequence is introduced 
below. 


Limit notation 


The notation 


lima — ae 
n—-oo 


means that the sequence 4, 42,... has limit L. We say that the limit of a, as n 
goes to infinity equals L. 


For example, we could write 


we would say that the limit of i as n goes to infinity equals 0. As another example 
from earlier in this section, we could write 


lim (Vn? +n—n) = 


n—-oo 


y 


NIR 


we would say that the limit of /n? + n — nas n goes to infinity equals 5. 
1 n 
Evaluate lim (1 + i) ; 
n—-oo 
solution This is the sequence whose first five terms are 
2 3 4 5 
3 4 5 6 
> (2) - (3) (@)- ()- 


A computer can tell us that the one-millionth term of this sequence is approximately 
2.71828, which you should recognize as the first six digits of e. Indeed, in Section 3.6 


n 
we saw that (1 + ) = e for large values of n. The precise meaning of that 


n 
approximation is that lim (1 + i) =e. 
n—oo 
Consider the geometric sequence 


ee ee 
2’ 4’ 8 167-7 
Here the n'" term equals (4)", which is very small for large values of n. Thus this 


<i . . . “i n 
sequence has limit 0, which we can write as lim (3) =0. 
n—-oo 


Similarly, multiplying any number with absolute value less than 1 by itself many 
times produces a number close to 0, as illustrated in the next example. 


In the decimal expansion of 0.9919, how many zeros follow the decimal point 
before the first nonzero digit? 


g 100000 


solution Calculators cannot evaluate 0.9 , 80 take its common logarithm: 


log 0.991000 — 190000 log 0.99 ~ 100000 - (—0.004365) = —436.5. 


This means that 0.99100 is between 10~*°” and 10~*°°. Thus 436 zeros follow the 
decimal point in the decimal expansion of 0.99100? before the first nonzero digit. 


The example above should help convince you that if r is any number with |r| < 1, 


then lim r” = 0. 
n— oo 


Similarly, if |r| > 1, then r” is very large for large values of n. Thus if |r| > 1, 
then the geometric sequence r,r?,r°,... does not have a limit. 


If r = —1, then the geometric sequence 1, r2,r2,7*... is the alternating sequence 
—1,1,-1,1,...; this sequence does not have a limit. If r = 1, then the geometric 
sequence r, r2,7°,1*... is the constant sequence 1,1,1,1,...; this sequence has limit 


il 
Putting together the results above, we have the following summary concerning 
the limit of a geometric sequence. 


Limit of a geometric sequence 


Suppose r is a real number. Then the geometric sequence 


e has limit 0 if |r| < 1; 


e has limit 1 if r = 1; 


e does not have a limit if r << —lorr>1. 


Infinite Series 


Addition is initially defined as an operation that takes two numbers a and b and 
produces their sum a + b. We can find the sum of a finite sequence 41, 4,...,4n by 
adding the first two terms a; and az, getting a, + a2, then adding the third term, 
getting a, +a +43, then adding the fourth term, getting a; + a2 +43 + a4, and so 
on. After 1 terms we will have found the sum for this finite sequence; this sum can 
be denoted 


n 
a,+d2+-+:++ay, or Ye ag. 
k=1 


Now consider an infinite sequence 41, 42,.... What does it mean to find the sum 
of this infinite sequence? In other words, we want to attach a meaning to the infinite 
sum 


foe) 
a, +a2+03+-:: or Ye ag. 
k=1 


Such sums are called infinite series. 

The problem with trying to evaluate an infinite series by adding one term at a 
time is that the process will never terminate. Nevertheless, let’s see what happens 
when we add one term at a time in a familiar geometric sequence. 
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Even though 0.99 is just slightly 
less than 1, raising it to a large 
power produces a very small 
number. 


Because of the associative property, 
we do not need to worry about 
putting parentheses in these sums. 
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Example 6 


The numbers )°y_, a, are called 
partial sums of )o¢2_, 4. Thus 
the infinite series is the limit of the 
sequence of partial sums. 


To evaluate an infinite series, the 
idea is to add up the first n terms 
and then take the limit as n goes to 


infinity. 


Example 7 


Here the first term of the series is 
i and what would be the term 

i 
10741’ 
the ratio of consecutive terms is th 


following the last term is 


foe) 
What value should be assigned to the infinite series )° ar 
k=1 
solution We need to evaluate 


th We 
9°47 ea) GF 


The sum of the first two terms equals #. The sum of the first three terms equals 
i. The sum of the first four terms equals ie. More generally, the sum of the first 


n terms equals 1 — a as can be shown by using the formula from the previous 
section for the sum of a finite geometric series. 

Although the process of adding terms of this series never ends, we see that after 
adding a large number of terms the sum is close to 1. In other words, the limit of 
the sum of the first 1 terms is 1. Thus we declare that the infinite series equals 1. 
Expressing all this in summation notation, we have 


CO 


1 : a : 1 
D5 = im Ye oe = fim (1 pp) = 1 


The last example provides motivation for the definition of an infinite series. 


Infinite series 


The infinite series ) ° a; is defined by 
k=l 


if this limit exists. 


foe) 
. . 1 

Evaluate the geometric series Xu Tok 
solution According to the definition above, we need to evaluate the partial sums 


n 

sz iit and then take the limit as n goes to infinity. Using the formula from the 
k=1 
previous section for the sum of a finite geometric series, we have 


1 1 
s 1 17 jot 1-77 
k ¥ 
kel 10 _ - 9 


where the last expression is obtained by multiplying the numerator and denominator 
of the middle expression by 10. Thus 


Some infinite sequences cannot be summed, because the limit of the sequence of 
partial sums does not exist. When this happens, the infinite series is left undefined. 


Explain why the infinite series )~ (—1)* is undefined. 
k=1 


solution We are trying to make sense of the infinite series 


A a ae so ee oe 
Following the usual procedure for infinite series, first we evaluate the partial sums 


y_(-1)}*, getting 
k=l 


0 if n is even. 


y(-1)k = i if n is odd 


Thus the sequence of partial sums is the alternating sequence of —1’s and 0’s. This 
sequence of partial sums does not have a limit. Thus the infinite series is undefined. 


We turn now to the problem of finding a formula for evaluating an infinite 
geometric series. Fix a number r # 1, and consider the geometric series 


l+rtrt+---; 


here the ratio of consecutive terms is r. The sum of the first 1 terms is 


je ae ee ae 


The term following the last term would be r”; thus by our formula for evaluating a 
geometric series we have 


1—r" 


irre S 
1-r 


By definition, the infinite series 1 + r+ eS ee equals the limit (if it exists) 
of the partial sums above as n goes to infinity. We already know that the limit of r” 
as n goes to infinity is 0 if |r| < 1 (and does not exist if |r| > 1). Thus we get the 
following beautiful formula. 


Evaluating an infinite geometric series 


If |r| < 1, then 


ltrtrPtrtes : 
=F 


Any infinite geometric series can be reduced to the form above by factoring out 
the first term. The following example illustrates the procedure. 


Evaluate the geometric series 5 + 5 + dy foe, 


solution We factor out the first term 5 and then apply the formula above, getting 


(Ae are Se 7 ee 
Sg opr Salle gga 


NIN 
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Example 8 


“Tf I have seen further, it is by 
standing on the shoulders of 
giants.” 

—Isaac NEWTON 


If |r| > 1, then this infinite series 
is not defined. 


Example 9 
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If from some point on each dx 
equals 0, then we have what is 
called a terminating decimal; in 
this case we usually do not write 
the ending string of 0s. 


Example 10 


A terminating decimal is a special 
case of a repeating decimal, with 
repetitions of 0 from some point 


on 


A real number is rational if and 
only if it has a repeating decimal 
representation. 


Decimals as Infinite Series 


A digit is one of the numbers 0,1,2,3,4,5,6,7,8,9. Each real number t between 0 
and 1 can be expressed as a decimal in the form 


t= O.dydods..., 


where d1,d2,d3,... is a sequence of digits. The interpretation of this representation 


is that 
dy d> 


100 


1000" 


which we can write in summation notation as 


_ Ak 
H 108 


In other words, real numbers are represented by infinite series. 


Express 0.217 as a fraction. 


solution In this case, the infinite series above becomes a finite series: 


(ei 2a 200 , 10 , 7 217 
<i/ = 79 T Too + 1000 ~ 1000 * T000 * 1000 ~ 1000° 


If the decimal representation of a number has a pattern that repeats from some 
point on, then we have what is called a repeating decimal. 


Express 0.11111... as a fraction; here the digit 1 repeats forever. 


solution Using the interpretation of the decimal representation, we have 


oa 
O.11111...= )5—. 
40! 


The sum above is an infinite geometric series. As we saw in Example 7, this infinite 
geometric series equals }. Thus 


1 
0.11111... = 95. 


Any repeating decimal can be converted to a fraction by evaluating an appropriate 
infinite geometric series. However, the technique used in the following example is 
usually easier. 


Express 
0.52473473473 ... 


as a fraction; here the digits 473 repeat forever. 


solution Let 
t = 0.52473473473.... 


The trick is to note that 


1000t = 524.73473473473... . 


Subtracting the first equation above from the last equation, we get 
999t = 524.21. 


Thus 
524.21 52421 
999 ~ 99900" 


i= 


Special Infinite Series 


Advanced mathematics produces many beautiful special infinite series. We cannot 
derive the values for these infinite series here, but they are so pretty that you should 
at least see a few of them. 


foe) 
Evaluate ye 7 
k=0 


solution A computer calculation can give a partial sum that leads to a correct 
guess. Specifically, 
1000 4 
)) — © 2.718281828459. 
a 


You may recognize the number above as the beginning of the decimal representation 
of e. It is indeed true that this infinite series equals e. In other words, we have the 
beautiful equation 


1 
ed ree ne 


More generally, as you will learn if you take calculus, the following equation is true 
for every number x: 


The next example shows again that the natural logarithm deserves the word 
“natural”. 


bed (=i)! 
Evaluate ye i 
k=1 


solution A computer calculation can give a partial sum that leads to a correct 
guess. Specifically, 
100000 (_4)k+1 
~—1_ # 0.693142. 
k=1 k 


You may recognize the first five digits after the decimal point as the first five digits 
in the decimal expansion of In2. The infinite series indeed equals In2. In other 
words, we have the following delightful equation: 


In2=1-4$4+4-f44-}+4... 
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This equation again shows how e 
magically appears throughout 
mathematics. 


Example 14 


This equation again shows that the 
natural logarithm has special 
properties. 
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This formula was discovered by the 
Indian mathematician Madhava 
around 1400 and then rediscovered 
in Europe about 275 years later. 


Example 16 


Leonard Euler, the most important 
mathematician of the 18" century. 


Techniques from calculus show that 


p2k+1 


Ce ore 
tan r= di 1) ae 


for every number t in the interval [—1,1]. Explain how the formula above leads to 
the equation 


solution In the expression above for tan~! t, take t = 1 and recall that tan~11 = 4. 
Thus we have 


7U tad k 1 
Mares 
4 pai 2k+1 
which can be rewritten as 
ua = 1 | 1 1 | 
4 3.5 


remark Multiplying both sides of the equation above by 4, we get a beautiful and 
simple series for 7r. However, the partial sums of this series get close to 7 slowly. 
Thus this series does not lead to an efficient method for computing numerical 
approximations of 7r. 


The next example presents another famous infinite series. 


foe) 
Evaluate ye Po 
k=1 


solution A computer calculation can give a partial sum. Specifically, 


1000000 4 
ope © 1.64493. 
k=1 


The value of this infinite series is hard to recognize even from this good approxima- 
tion. In fact, the exact evaluation of this infinite series was an unsolved problem for 
many years, but the Swiss mathematician Leonard Euler showed in 1735 that this 


e, 
infinite series equals . In other words, we have the beautiful equation 


1 1 1 m2 
me 


Euler also showed that 


cna | TU 
Lem 


SI 7 
Bo 36 


We end this chapter with a dramatic example showing that plenty of mathematics 
remains to be discovered. The next example is presented to show that there are still 
unsolved problems in mathematics that are easy to state. 


foe) 
Evaluate s a 
k=1 
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Example 17 


solution A computer calculation can give a partial sum. Specifically, 


1000000 


Lee 


= 1.2020569. 


foe) 
No one knows an exact expression for the infinite series )° a You will become 


famous if you find one! 


Exercises 


1 


15 


3n+5 

Evaluate im Nn 7 
2 

6 


_ 4n— 
Evaluate jim, nib 


2n?+5n4+1 
Evaluate jim N52 6n 43° 

—4n+3 
3 ans, 


Evaluate jim 


n 
Evaluate lim (1 — >) : 
noo nN 
1\* 
Evaluate im, (1 _ ; : 
Evaluate lim n(e!/” — 1). 
n—-oo 


1 
Evaluate Jim, nin(1+ mae 


Evaluate Jim, n (in(s + 1) _ In3). 
Evaluate Jim, n (in(7 + 1) = In7). 


g Find the smallest integer n such that 0.8” < 19— 100, 
| Find the smallest integer n such that 0.9" < 10~ 200, 


| In the decimal expansion of 0.871009 how many Zeros 
follow the decimal point before the first nonzero digit? 


g In the decimal expansion of 0.99999, how many zeros 
follow the decimal point before the first nonzero digit? 


— 3 
Evaluate Xu OK 


Problems 


27 


28 


Give an example of a sequence that has limit 3 and whose 
first five terms are 2,4,6,8, 10. 


Suppose you are given a sequence with limit L and that 
you change the sequence by adding 50 to the first 1000 
terms, leaving the other terms unchanged. Explain why 
the new sequence also has limit L. 


k=1 


16 


17 


18 


19 


20 


21 


22 


23 


24 


25 


26 


29 


— 8 
Evaluate du Bk: 


Evaluate iy a : 


m=2 


Evaluate sy oi 
m=3 


Express 
0.23232323... 


as a fraction; here the digits 23 repeat forever. 


Express 
0.859859859 . . . 


as a fraction; here the digits 859 repeat forever. 


Express 
8.237545454... 


as a fraction; here the digits 54 repeat forever. 


Express 
5.1372647264... 


as a fraction; here the digits 7264 repeat forever. 
Evaluate lim nsin J 
n—0o n 
Evaluate lim n tan Z 
n—+co n 
Evaluate lim n In(1 + a 
n—0o n 


Evaluate lim n(e?/ w=}. 
n—-oo 


Show that 
a n+n—-n= 7 . 
tt gtd 
[Hint: Multiply the expression Vnz+n— 1 by 


(Vn2+n+n)/(Vn2+n-+n). Then factor n out of the 
numerator and denominator of the resulting expression.] 
[This identity was used in Example 1.] 
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30 Which arithmetic sequences have a limit? 
31 Suppose x is a positive number. 
(a) Explain why xi/n — p{lnx)/n for every nonzero num- 
ber n. 


(b) Explain why 
n(x!/" —1) = Inx 


if n is very large. 


(c) Explain why 


Inx = lim n(x!/" —1). 


n—-+oco 
[A few books use the last equation above as the definition of the 
natural logarithm.] 


32 Find the only arithmetic sequence a, 42,43,... such that 
foe} 


the infinite series x: ay is defined. 
k=1 


33 


34 


35 


36 


37 


Show that if |r| < 1, then 


Explain why 0.2 and the repeating decimal 0.199999... 
both represent the real number b. 


Learn about Zeno’s paradox (from a book, a friend, or a 
web search) and then relate the explanation of this ancient 
Greek problem to the infinite series 


il | 1 | ie 1 | 1 
27 Al BY 16 FO 
Explain how the formula 
2 3 
o x er, 
CaS eo a 


leads to the approximation e* ~ 1+ x if |x| is small 
(which we derived by another method in Section 3.6). 


Evaluate lim n? (1 — cos 2, 
n— co n 


Worked-Out Solutions to Odd-Numbered Exercises 


1 Evaluate im, pig. 


solution Dividing numerator and denominator of this 
fraction by n, we see that 


3n+5 3+ 
2n-7 7° 
2% 


If n is very large, then the numerator of the fraction on 
the right is close to 3 and the denominator is close to 2. 


_ 3n+5 _ 3 
Thus im, muW7 = 3: 


3 Evaluate im, 51 —6n tS" 


solution Dividing numerator and denominator of this 
fraction by n2, we see that 


2n?+5n4+1 2+ +72 
Sn?—6n+3 5 6,30 


If n is very large, then the numerator of the fraction on 
the right is close to 2 and the denominator is close to 5. 


Thus 


_ 2n24+5n+1 2 
lim =. — = =. 
ne 5n2—6n+3 5 


: aye 
5 Evaluate im, (1 + ) ‘ 


solution The properties of the exponential function im- 
n 
ply that if n is very large, then (1 + >) ~ e3; see Sec- 
n 
tion 3.6. Thus limy—+co (1 + ) =e, 


7 Evaluate lim n(e!/" — 1). 
n-yco 


11 


solution Suppose n is very large. Then i is very close 


1 


to 0, which means that e!/" = 1+ ‘. Thus e!/" —1 = asi 


which implies that n(e!/” — 1) ~ 1. Thus 
=1) <1, 


: 1 
Evaluate jim n(In(3 + a — In3). 
solution Note that 
In(3 t 


1 1 
7) —In3 = In(1+ 35). 


Suppose 1 is very large. Then + is very close to 0, which 


implies In(1+ aa) ~ an Thus 


1 1 
n(In(3 + a) —In3) = nIn(14 =) UN: B= 3. 


Thus 
lim n(In(3 +) —In3) = 3. 


n—-+oo 


g Find the smallest integer 1 such that 0.8" < 1071. 


solution The inequality 0.8” < 10—109 is equivalent to 
the inequality 
log 0.8" < log10- 1, 

which can be rewritten as n log 0.8 < —100. Because 0.8 
is less than 1, we know that log 0.8 is negative. Thus 
dividing by log 0.8 reverses the direction of the inequality, 
changing the previous inequality into the inequality 

—100 

log 0.8 
The smallest integer that is greater than 1031.9 is 


1032. Thus 1032 is the smallest integer n such that 
0.8" < 10-100, 


n> = 1031.9. 


13 g In the decimal expansion of 0.871000 how many Zeros 
follow the decimal point before the first nonzero digit? 


solution Taking a common logarithm, we have 


log 0.8710 — 1000 log 0.87 = —60.5. 


This means that 0.87!°© is between 107°! and 107. 


Thus 60 zeros follow the decimal point in the decimal 
expansion of 0.87199 before the first nonzero digit. 


3 
15 Evaluate F OK: 
k=1 
solution 
3 a 28 ee, 
ar 7 eR 
3 1 1 
pit ) 
3 1 
=F 
ee 
1 
my 


— 5 
17 Evaluate ‘S Gi 


solution 


19 Express 
0.23232323... 


21 


23 


25 
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as a fraction; here the digits 23 repeat forever. 
solution Let t = 0.23232323.... Note that 
100t = 23.23232323.... 


Subtracting the first equation above from the last equa- 
tion, we get 
99t = 23. 


Thus ¢ = 3. 
Express 
8.237545454... 


as a fraction; here the digits 54 repeat forever. 
solution Let 
t = 8.237545454.... 


Note that 
100t = 823.754545454... . 


Subtracting the first equation above from the last equa- 
tion, we get 
99t = 815.517. 


Thus 
815.517 


f 815517 _ 90613 
~ 99 


~ 99000 ~ 11000° 


Evaluate lim nsin a 
n—+00 n 
solution Recall from Section 5.3 that if |@| is small, then 


sin€ ~ 1. If nis large, then i is small. Thus if 1 is large, 


Hence lim nsin 1_ ill. 
noo n 
Evaluate lim nin(1 + ae 
n—+0o n 


solution Recall from Section 3.6 that if |f| is small, then 


In(1+t) + t. If 1 is large, then 2 is small. Thus if n is 
large, then 
2 2 
nin(1+ =) an: m = 2. 


Hence lim nin(1 + =) = 2; 
n—-+0o n 
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Chapter Summary 


To check that you have mastered the most important concepts and skills covered in this chapter, 
make sure that you can do each item in the following list: 


e Compute the terms of an arithmetic sequence 
given any term and the difference between 
consecutive terms. 


e Compute the terms of an arithmetic sequence 
given any two terms. 


e Compute the terms of a geometric sequence 
given any term and the ratio of consecutive 
terms. 


e Compute the terms of a geometric sequence 
given any two terms. 


e Compute the terms of a recursively defined 
sequence given the equations defining the 
sequence. 


Compute the sum of a finite arithmetic sequence. 
Compute the sum of a finite geometric sequence. 
Use summation notation. 

Use the Binomial Theorem. 

Explain the intuitive notion of limit. 


Compute the sum of an infinite geometric 
sequence. 


Evaluate elementary limits. 


Convert a repeating decimal to a fraction. 


To review a chapter, go through the list above to find items that you do not know how to do, then reread the material in 


Chapter Review Questions 


1 


Explain why a sequence whose first four terms are 
41,58, 75,94 is not an arithmetic sequence. 


Give two different examples of arithmetic sequences 
whose fifth term equals 17. 


Explain why a sequence whose first four terms are 
24,36,54,78 is not a geometric sequence. 


Give two different examples of geometric sequences 
whose fourth term equals 29. 


Find a number ft such that the finite sequence 1,5,f is an 
arithmetic sequence. 


Find a number ft such that the finite sequence 1,5,t is a 
geometric sequence. 


Find the fifth term of the sequence defined recursively by 
the equations 


a =2 and ayy1= forn > 1. 


an+1 


Give a recursive definition of the sequence whose n'* 


term equals 4~"n!. 


13 


14 


15 


16 


the chapter about those items. Then try to answer the chapter review questions below without looking back at the chapter. 


Find the sum of all the three-digit even positive integers. 


22 
Evaluate )|(—5)/. 
j=l 


Evaluate er 


What is the coefficient of x*8y? in the expansion of 
(x+y)? 


4n?+41 
3n2—5n* 


Evaluate lim 
n—-0o 


— 6 
Evaluate 2a ae 


— 5 
Evaluate )° Gin 


m=3 


Express 
0.417898989 .. . 


as a fraction; here the digits 89 repeat forever. 


Chapter 


An airplane flying in the strong 
winds common at high altitudes. 
The airplane’s speed and direction 
relative to the ground are 
calculated by adding the wind 
vector to the airspeed vector. 


Polar Coordinates, Vectors, and 
Complex Numbers 


Polar coordinates provide an alternative method of locating points in the coordinate 
plane. As we will see, converting between polar coordinates and rectangular 
coordinates requires a good understanding of the trigonometric functions. 

Vectors can be used to model objects that have both magnitude and direction, 
such as the wind. Trigonometry will help us understand vectors in the second 
section of this chapter. We will see how the dot product provides a useful tool for 
finding the angle between two vectors. 

The last two sections of this chapter deal with complex numbers and their 
representation in the complex plane. We will learn how De Moivre’s Theorem uses 
trigonometry to find large powers and roots of complex numbers. 
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us 
4 


The endpoint of this line segment 
has first polar coordinate r = 3 
and second polar coordinate 


TU 
0= q. 


7.1. Polar Coordinates 


Learning Objectives 


By the end of this section you should be able to 


locate a point from its polar coordinates; 


convert from polar to rectangular coordinates; 


convert from rectangular to polar coordinates; 


graph an equation given in polar coordinates. 


The rectangular coordinates (x,y) of a point in the coordinate plane tell us the 
horizontal and vertical displacement of the point from the origin. In this section we 
discuss another useful coordinate system, called polar coordinates, that focuses more 
directly on the line segment from the origin to a point. The first polar coordinate 
tells us the length of this line segment; the second polar coordinate tells us the angle 
this line segment makes with the positive horizontal axis. 


Defining Polar Coordinates 


The two polar coordinates of a point are traditionally called r and 6. These coor- 
dinates have a simple geometric description in terms of the line segment from the 
origin to the point. 


Polar coordinates 


The polar coordinates (7,6) of a point in the coordinate plane are characterized 
as follows: 


e The first polar coordinate r is the distance from the origin to the point. 


e The second polar coordinate @ is the angle between the positive horizontal 
axis and the line segment from the origin to the point. 


As usual, positive angles are measured in the counterclockwise direction starting 
at the positive horizontal axis; negative angles are measured in the clockwise 
direction. 


(a) Sketch the line segment from the origin to the point with polar coordinates 
7U 
(3,4): 
(b) Describe the location of a point whose second polar coordinate equals a 


(c) Describe the location of a point whose second polar coordinate equals — ae 


solution 


(a) The line segment is shown in the figure here. The length of the line segment is 
3, and the line segment makes an angle of a radians (which equals 45°) with 
the positive horizontal axis. 


(b) A point whose second polar coordinate equals > is on the positive vertical axis, 
which makes an angle of 5 with the positive horizontal axis. 


(c) A point whose second polar coordinate equals — 7 is on the negative vertical 


axis, which makes an angle of — 5 with the positive horizontal axis. 
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Converting from Polar to Rectangular Coordinates 
To obtain a formula for converting from polar to rectangular coordinates in the 
xy-plane, draw the line segment from the origin to the point in question, and then 
form the right triangle shown in the figure here. 
Looking at this right triangle, we see that r uy 
cos?=~ and sing=%. u x 
r r a 
Solving for x and y gives the following formulas. 
Converting from polar to rectangular coordinates 
A point with polar coordinates (r,@) has rectangular coordinates The term coordinates with no 
adjective in front refers to 
(rcos 6,rsin @). rectangular coordinates. Use the 


In the xy-plane, this conversion is expressed by the following equations: an ordered pair should be 


x=rcos@ and y=rsiné. 


phrase polar coordinates when 


interpreted as polar coordinates. 


Find the rectangular coordinates of the point with polar coordinates (5, 7). [ —Example2 


solution This point has rectangular coordinates (5cos 5,5 sin 7), which equals 


Converting from Rectangular to Polar Coordinates 


We know how to convert from polar coordinates to rectangular coordinates. Now 
we take up the question of converting in the other direction. In other words, given 
rectangular coordinates (x,y), how do we find the polar coordinates (r, 0)? 

Recall that the first polar coordinate r is the distance from the origin to the point 


(x,y). Thus 
r= /x2+y?. 


Given rectangular coordinates (x,y), there is no choice about the polar coordinate r; 
we must choose r as in the equation above. For example, the point with rectangular 
coordinates (3,4) has polar coordinate r = 5 because 5 = V3? 4+ 4?. 

To see how to choose the second polar coordinate @ given the rectangular co- 
ordinates (x,y), look again at the standard figure above showing the relationship 
between polar coordinates and rectangular coordinates. The figure above shows 


that tané = v Thus it is tempting to choose 


ee re 
@ = tan — 


However, there are two problems with the formula @ = tan7! _ We now turn to 
a discussion of these problems. 

The first problem involves the lack of uniqueness for the polar coordinate 0, as 
shown by the next example. Recall that adding any integer multiple of 27 to an 
angle does not change the cosine or sine of the angle. Thus the polar coordinates of 
a point are not unique. 
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The point with rectangular 
coordinates (1,1) has polar 


coordinates r = V/2 and 0 = a 


TG. % 
However, @ = > +27 is also a 
valid choice. 


Example 4 


y 


= 4b 
The point with rectangular 
coordinates (1,—1) has polar 
coordinates (V2, = t) ’ 


The point with rectangular 
coordinates (—1,1) has polar 
coordinates (V2, 37) (along with 
other possible correct choices for @). 


Find polar coordinates for the point with rectangular coordinates (1,1). 


solution There is no choice about the first polar coordinate r—we must take 


r=V2+2= V2. 


If we use the formula @ = tan-! 4 


point with rectangular coordinates 


to obtain the second polar coordinate 6 for the 
1,1), we get 


mnRIS 


6=tan ! i =tan-!1= 


cael 


The point with polar coordinates (/2, 7) indeed has rectangular coordinates (1,1). 

However, the point with polar coordinates (V2, 7 +27) also has rectangu- 
lar coordinates (1,1), as shown here, as does the point with polar coordinates 
(V2, | +47). Or we could choose the second polar coordinate to be | + 27tn for 
any integer n. Thus using the arctangent formula for the second polar coordinate 6 
produced a correct answer in this case, but if we had been seeking one of the other 
correct choices for 6, the arctangent formula would not have provided it. 

The second problem with the formula 6 = tan~! u is more serious. To see how 
this problem arises, we will look at two more examples. 


Find polar coordinates for the point with rectangular coordinates (1, —1). 


solution Using the formula for the first polar coordinate r, we get 


r= 4/124 (-1)2 = v2. 


If we use the formula 6 = tan7! # to obtain the second polar coordinate 6 for the 
point with rectangular coordinates (1,—1), we get 


v= tan7!(5!) = tan”'(-1) =—4. 


The point with polar coordinates (/2, —7) indeed has rectangular coordinates 


(1,—1). Thus in this case the formula @ = tan7! 4 has worked (although it ignored 
other possible correct choices for @). 


=4. ¥ 


The formula 6 = tan - 


can be wrong, as shown in the next example. 


Find polar coordinates for the point with rectangular coordinates (—1,1). 


solution Using the formula for the first polar coordinate r, we get 


r= /(-1)?4+122 = v2. 


If we use the formula 6 = tan7! v to obtain the second polar coordinate 6, we get 


0= tan“! (+5) =tan-!(-1) = — 


ALA 


However, the point with polar coordinates (/2,—4) has rectangular coordinates 


(1,—1), not (—1,1). The figure shows that the correct choice of the second polar 


coordinate 6 for the point (—1,1) is 0 = 37 (or 0 = an + 27tn for any integer 1). 


Section 7.1 


The formula 6 = tan~! : produced an incorrect answer when applied to the point 


(—1,1) in the last example. To understand why this happened, recall that tan~! u 


is the angle in the interval (— +, ) whose tangent equals _ For the point with 


-1¥ — tay-1 
5 = tan” *(—1) produced 


rectangular coordinates (—1,1), the formula @ = tan 
the angle — ne which indeed has tangent equal to —1. However, the angle — t is 
an incorrect choice for the second polar coordinate of (—1,1), as shown in the last 
example. 

To find a correct way to find the second polar coordinate 6, note that although 
there are many angles @ satisfying 


tan@ = 


y 


RIS 


we will need to have 
x=rcos@ and y=rsiné. 


Because r is positive, this means that cos @ will need to have the same sign as x and 
sin @ will need to have the same sign as y. If we pick @ accordingly from among 


the angles whose tangent equals z then we will have a correct choice of polar 
coordinates. 


Converting from rectangular to polar coordinates 


A point with rectangular coordinates (x,y), with x 4 0, has polar coordinates 
(r,@) that satisfy the equations 


7 eee and | tan — 2, 


where @ must be chosen so that cos @ has the same sign as x and sin@ has the 
same sign as y. 


In the box above, we excluded the case where x = 0 (in other words, points on 
the vertical axis) to avoid division by 0 in the formula tan@ = v To convert (0, y) 
to polar coordinates, you can choose @ = =. if y > 0 and you can choose 6 = — ai 


if y < 0. The origin has polar coordinates (0,0), where @ can be chosen to be any 
number. 


Find polar coordinates for the point with rectangular coordinates (—3,4). For the 
second polar coordinate 0, choose @ to be in the interval (—7z, 71]. 


solution Using the formula for the first polar coordinate r, we have 


r= y/(-3)2 +42 = VOFI6 = V25 =5. 


Because the first coordinate of (—3,4) is negative and the second coordinate 
is positive, the polar coordinate 6 should be in the interval (3, 7). However, 


tani (4) is in the interval (—,0). Hence we add 7 (which does not change the 
tangent), getting 
@=tan! (4) + 7 & 2.214. 


With 6 chosen as above, we have cos @ < 0 and sin@ > 0, as desired. Thus (—3,4) 
has polar coordinates approximately (5,2.214), as shown in the figure here. 
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Example 5 should help reinforce 
the idea that the equation 

tan 6 = t is not equivalent to the 
equation 0 = tan! t. 


When converting from rectangular 
coordinates to polar coordinates, 
there is more than one correct 
choice for the second polar 
coordinate 6. However, there is 
only one correct choice in each 
half-open interval of length 27. 
The interval (—~7t, 7t] or the 
interval [0,277) is often selected as 
the half-open interval to contain @. 


For example, the point with 
rectangular coordinates (0,5) has 
polar coordinates (5, a The 
point with rectangular coordinates 


(0, —5) has polar coordinates 
nd 
(5,-7y). 


Example 6 


y 
4k 


=3 


The point (—3,4) has polar 
coordinates (5,2.214). 
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Example 7 


x 
J 


The circle described by the polar 
equation r = 3. 


Example 8 
y 


The region described by the polar 
inequalities 2<1r <5. 


Graphs of Polar Equations 


Some curves or regions in the coordinate plane can be described more simply 
by using polar coordinates instead of rectangular coordinates, as shown by the 
following example. 


(a) Find an equation in rectangular coordinates for the circle with radius 3 centered 
at the origin. 


(b) Find an equation in polar coordinates for the circle with radius 3 centered at 
the origin. 


solution 


(a) In rectangular coordinates in the xy-plane, this circle can be described by the 
equation 
P+y=9, 


(b) The first polar coordinate r measures the distance from the origin. Because the 
circle with radius 3 centered at the origin equals the set of points whose distance 
from the origin equals 3, this circle can be described in polar coordinates (r,@) 
by the simple equation 

r=s. 


More generally, we have the following result. 


Polar equation of a circle 


If C is a positive number, then the polar equation r = C describes the circle with 
radius C centered at the origin. 


Polar coordinates also lead to simple descriptions of annular regions centered at 
the origin, as shown in the next example. 


(a) Find inequalities in rectangular coordinates describing the region between the 
circles of radius 2 and 5, both centered at the origin. 


(b) Find inequalities in polar coordinates describing the region between the circles 
of radius 2 and 5, both centered at the origin. 


solution 


(a) In rectangular coordinates in the xy-plane, this region can be described by the 
inequalities 
hag tif <5, 


(b) In polar coordinates (r,@), this region can be described by the inequalities 


2<r<5. 


As we have seen, the set of points where the first polar coordinate r equals 
some number is a circle. Now we look at the set of points where the second polar 
coordinate 0 equals some number. 
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Describe the set of points whose second polar coordinate @ equals 2 


solution A point in the coordinate plane has second polar coordinate 6 equal to t 


if and only if the line segment from the origin to the point has an angle a radians 
(or 45°) with the positive horizontal axis. Thus the equation 


TU 
g=% 


describes the ray shown here. 


More generally, we have the following result. 


Polar equation of a ray 


If C is a real number, then the polar equation @ = C describes the ray starting at 
the origin and making angle C with the positive horizontal axis. 


So far our examples of equations in polar coordinates have involved only one of 
the two polar coordinates. Now we look at an example of a polar equation using 
both polar coordinates. 


Convert the polar equation 
r=sind 


to an equation in rectangular coordinates and describe its graph. 


solution Because y = rsin@, we multiply both sides of the equation r = sin @ by r, 
getting 


r? =rsind. 


Convert this equation to rectangular coordinates by using the equations r? = x? + y? 
and rsin@ = y, getting 


Subtract y from both sides, getting 
ee y? —y=0. 


Completing the square, we can rewrite this equation as 


Thus we see that the polar equation r = sin@ describes a circle centered at (0, }) 


with radius i, as shown here. 


Because the first polar coordinate r is the distance from the origin to the point, 
r cannot be negative. For example, the equation r = sin@ from the example above 
makes no sense when 7 < @ < 27t because sin @ is negative in this interval. Thus 
the graph of r = sin @ contains no points corresponding to values of @ between 7r 
and 271 (in other words, the graph contains no points below the horizontal axis, as 
can be seen from the figure above). 


Example 9 
y 


ZL 


The ray described by the polar 
equation @ = i. 


x 


Example 10 
y 


1 1 
“2 2 
The graph of the polar equation 
r=siné. 
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Some books allow r to be negative, 
which is contrary to the notion of r 
as the distance from the origin. 


y 
- | 


The graph of the polar equation 
r=1-—cosé. 


y 
9 


7 


ey 


The graph of the polar equation 
r = 0 for 0 in [0,67]. 


The restriction on 6 in the last example to correspond to nonnegative values of r 
is similar to what happens when we graph the equation 


y=vx-3. 


In graphing this equation, we do not consider values of x less than 3 because the 
equation y = /x —3 makes no sense when x < 3. Similarly, the equation 


r= siné 


makes no sense when 7 < @ < 27. 
Graphs of polar equations often lead to curves with unexpected shapes, as shown 
by the next two examples. 


Consider the polar equation 
r=1-—cosé. 


(a) For each angle @, what are the corresponding rectangular coordinates of the 
point on this curve? 


(b) Use technology to sketch the curve. 


solution 


(a) As usual, a point with polar coordinates (r,@) has rectangular coordinates 
(rcos@,rsin@). For points on the polar equation described above, we replace 
r by 1 —cos@ in (rcos6@,rsin@). This substitution shows that the point on this 
curve corresponding to an angle 6 is 


((1 — cos @) cos 6, (1 — cos @) sin 6). 


Note that the slope of the line from this point to the origin is je 
which equals tan 6, which shows that the line from the point to the origin makes 


an angle of @ with the positive horizontal axis, as expected. 


(b) A graphing calculator or software that can plot using polar coordinates can 
produce the graph. For example, the graph shown here arises by entering 


[polar plot r = 1 - cos theta} 


in a WolframAlpha entry box. 


Graph the polar equation r = 6 for @ in [0,671]. 


solution The graph of this polar equation can be obtained by entering 


|polar plot r = theta for theta=0 to 6pi} 


in a WolframAlpha entry box, or use the appropriate input in other software or on a 
graphing calculator that can handle polar equations. Doing so should produce the 
spiral graph shown here. 


In Example 11, adding 27r to a number @ produces the same point in rectangular 
coordinates because cos(@ + 27t) = cos @. Thus in Example 11, the curve for @ in the 
interval [0,27t] is the same as the curve for 0 in the interval {27r, 471] or [47t,67t], and 
so on. In contrast, the curve in Example 12 does not repeat. 
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Polar equations can lead to beautiful curves, as shown in the two previous 
examples. You should use a graphing calculator or other technology or WolframAlpha 
to experiment. Surprisingly complex curves can arise from simple polar equations, 


491 


as shown in the figures below. 


y 
3 Ff y 
a Lox x 
—3 3 
oa The graph of the polar equation 
The graph of the polar equation r = Osin76 for @ in (0, 1077]. 


r =2+sin(86) for 0 in [0,27]. 


Exercises 
In Exercises 1-12, convert the point with the given polar co- 15 (0,—7) 
ordinates to rectangular coordinates (x,y). 16 (0,27) 
1 polar coordinates (19,57) 17 (3,3) 
2 polar coordinates (3, 21077) 18 (4,—4) 
3 polar coordinates (4, 5) 19 (—5,5) 
4 polar coordinates (5,— ®) 20 (—6,-6) 
¥ (3,2) 
5 polar coordinates (6, — t) a : 
; 22 @ (4,7) 
6 polar coordinates (7, 7) 
23 @ (3,-7) 
7 polar coordinates (8, 5) 24 @ (6,-5) 
8 polar coordinates (9, — 5) 25 g —4,1) 
9 polar coordinates (10, x) 26 g —2,5) 
10 polar coordinates (11, — 5) ae og 5, —2) 
de 28 @ (-3,-6) 
11 polar coordinates (12, ~q~) 29 Find the center and radius of the circle whose equation 
12. polar coordinates (13 82) in polar coordinates is r = 3cos 0. 


In Exercises 13-28, convert the point with the given rectan- 
gular coordinates to polar coordinates (r,@). Always choose 
the angle 0 to be in the interval (—7, 7]. 
13 (2,0) 
4 (—V3,0) 


30 


31 


32 


Find the center and radius of the circle whose equation 
in polar coordinates is r = 10 sin. 


Write the polar equation for the circle centered at (3,0) 
with radius 3. 


Write the polar equation for the circle centered at (0,—5) 
with radius 5. 
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Problems 


Some problems require considerably more thought than the exercises. 


33 Sketch the graph of the polar equation r = 4. 

34 Sketch the graph of the polar equation 6 = — t. 

35 Sketch the graph of the polar equation r = cos @ + sin@. 

36 g Sketch the graph of the polar equation r = 
1+ sin(15@). 


37 Use the law of cosines to find a formula for the distance 
(in the usual rectangular coordinate plane) between the 
point with polar coordinates (r;,6;) and the point with 
polar coordinates (rz, 62). 


38 What is the relationship between the point with polar 
coordinates (5,0.2) and the point with polar coordinates 
(5,-0.2)? 


39 What is the relationship between the point with polar 
coordinates (5,0.2) and the point with polar coordinates 
(5,0.2 + 7)? 

40 Give a formula for the second polar coordinate @ corre- 
sponding to a point with rectangular coordinates (x,y) 
that always leads to a choice of @ in the interval [0,27r). 

41 Describe the set of points whose polar coordinates are 
equal to their rectangular coordinates. 


42 Show that the graph of the polar equation 


1 


’~ T—siné 


is a parabola with vertex at (0,— 4). 


Worked-Out Solutions to Odd-Numbered Exercises 


Do not read these worked-out solutions before attempting to do the 
exercises yourself. Otherwise you may mimic the techniques shown 
here without understanding the ideas. 


In Exercises 1-12, convert the point with the given polar co- 
ordinates to rectangular coordinates (x,y). 


1 polar coordinates (19,57) 
solution We have 
x= V19cos(57) and y= V19sin(57). 


Subtracting even multiples of 77 does not change the 
value of cosine and sine. Because 527 —47z = 7, we 
have cos(571) = cosa = —1 and sin(5z) = sinz = 0. 
Thus the point in question has rectangular coordinates 


(—V 19,0). 
3 polar coordinates (4, 5) 
solution We have 
x =4cos 5 and y=4sin 5. 
Because cos a = 0 and sin a = 1, the point in question 
has rectangular coordinates (0,4). 
5 polar coordinates (6, — 7) 
solution We have 
7 


x =6cos(—7) and y = 6sin(—7). 


Because cos(—7) = 2 and sin(— 4) 7 =e the point 


in question has rectangular coordinates (32, -3V/2). 
7 polar coordinates (8, 5) 
solution We have 


x = 8cos 5 and y= 8sin 5 


Best way to learn: Carefully read the section of the textbook, then do 
all the odd-numbered exercises and check your answers here. If you 
get stuck on an exercise, then look at the worked-out solution here. 


Because cos 5 = 4 and sin 5 = Ey the point in question 
has rectangular coordinates (4,4/ 3). 


9 polar coordinates (10, 5) 
solution We have 


x= 10.cos % and y= 10sin ¢. 


Because cos 5 = v3 and sin 6 = ? the point in question 
has rectangular coordinates (5\/3,5). 


11 polar coordinates (12, in) 


solution We have 


x = 12cos Hn and y= 12sin Uz 
Because cos Ln = ve and sin Un = wee the point in 


question has rectangular coordinates (—6y' 2,62). 


In Exercises 13-28, convert the point with the given rectan- 
gular coordinates to polar coordinates (r,0). Always choose 
the angle 0 to be in the interval (—71, 7]. 


13 (2,0) 


solution The point (2,0) is on the positive x-axis, 2 units 
from the origin. Thus this point has polar coordinates 
(2,0). 


15 (0,—7) 


solution The point (0,—72) is on the negative y-axis, 71 
units from the origin. Thus this point has polar coordi- 
nates (71, — a: 


17 


19 


21 


23 


25 


(3,3) 
solution We have 
p= 0/32 432 = V32-2 = V32V/2 = 32. 


The point (3,3) is on the portion of the line y = x that 
makes a 45° angle with the positive x-axis. Thus 6 = re 


Hence this point has polar coordinates (32, ae 
(—5,5) 
solution We have 

r= 1/524 (-5)? = V52-2 = V52V2 = 572. 


The point (—5,5) is on the portion of the line y = —x 
that makes a 135° angle with the positive x-axis. Thus 
37 


law a 


Hence this point has polar coordinates (5/2, Sf). 


G (3,2) 


solution We have 
r=V2+42 = V13 = 3.61. 


Because both coordinates of (3,2) are positive, we have 
@=tan! 4 ~ 0.588 radians. 


Hence this point has polar coordinates approximately 
(3.61, 0.588). 


@ (3,-7) 
solution We have 
r= 1/32 + (-7)2 = V58 = 7.62. 


Because the first coordinate of (3, —7) is positive, we have 


= tan~! (2) ~ —1.166 radians. 


Hence this point has polar coordinates approximately 
(7.62, —1.166). 


@ (-4,1) 


solution We have 


r=/(-4)2 412 = V17 © 4.12. 


Because the first coordinate of (—4,1) is negative and the 
second coordinate is positive, we have 


@ = tan!(4) +nm=tan}(-z)+7 


BIR 


~~ 2.897 radians. 


Hence this point has polar coordinates approximately 
(4.12, 2.897). 


27 


29 


31 
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@ (-8,-2) 
solution We have 
(—5)2 + (—2)2 = 29 = 5.39. 


r= 


Because both coordinates of (—5,—2) are negative, we 
have 


6 = tan~!(=2) —n=tan! 2 =I 


= —2.761 radians. 


Hence this point has polar coordinates approximately 
(5.39, —2.761). 


Find the center and radius of the circle whose equation 
in polar coordinates is r = 3cos 0. 


solution Multiply both sides by r, obtaining 
r = 3rcos6. 
Convert to rectangular coordinates, getting 
af ey = Bx, 
Subtract 3x from both sides, getting 
4° = By + e =0. 
Complete the square to rewrite this equation as 
(ee 3) 49? = 3. 


Thus the polar equation r = 3cos@ describes a circle 
centered at (3,0) with radius 3. 


Write the polar equation for the circle centered at (3,0) 
with radius 3. 


solution In rectangular coordinates, the equation of this 
circle is 
(x=3)*7 +77 =9, 


which can be rewritten as 
x —6x4-9+y =9. 


Convert this equation to polar coordinates by using the 
equations x* + y? = 7? and x = rcos 6, getting 


17 = 6rcosé. 
Divide both sides by r to get the simpler equation 


r = 6cos@. 
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Symbols denoting vectors appear 
in boldface in this book to 
emphasize that they denote vectors, 
not numbers. 


7.2 Vectors 


Learning Objectives 


By the end of this section you should be able to 
e determine whether two vectors are equal; 
e find the magnitude and direction of a vector from its coordinates; 
e add and subtract two vectors algebraically and geometrically; 


e compute the product of a number and a vector algebraically and 
geometrically; 


e compute the dot product of two vectors; 


e compute the angle between two vectors. 


An Algebraic and Geometric Introduction to Vectors 


To see how vectors arise naturally, consider weather data at a specific location and 
at a specific time. One key item of weather data is the temperature, which is a 
number that could be positive or negative (for example, 14 degrees Fahrenheit or 
—10 degrees Celsius, depending on the units used). Another key item of weather 
data is the wind velocity, which consists of a magnitude that must be a nonnegative 
number (for example, 10 miles per hour) and a direction (for example, northwest). 

Measurements that have both a magnitude and a direction are common enough 
to deserve their own terminology. 


A vector is characterized by its magnitude and its direction. Usually a vector is 
drawn as an arrow: 


e the length of the arrow is the magnitude of the vector; 


e the direction of the arrowhead indicates the direction of the vector; 


e two vectors are equal if and only if they have the same magnitude and the 
same direction. 


The figure above shows vectors u, v, and w. 

(a) Explain why the two vectors labeled v are equal to each other. 
(b) Explain why u ¥ v. 

(c) Explain why v # w. 


solution 


(a) The two vectors with the label v have the same length and their arrows are 
parallel and point in the same direction. Because these two vectors have the 
same magnitude and the same direction, they are equal vectors. 


(b) The vector u shown above has the same magnitude as v but points in a different 
direction (the arrows are not parallel); thus u ¥ v. 


(c) The vector v shown above has the same direction as w (parallel arrows pointing 


in the same direction) but has a different magnitude; thus v 4 w. 


A vector is determined by its initial point and its endpoint. For example, the 


vector u shown eariler has initial point the origin (0,0) and has endpoint (3,2). 


One version of the vector v shown earlier has initial point the origin (0,0) and has 
endpoint (2,3); the other version of the vector v shown earlier has initial point (1,2) 
and has endpoint (3,5). 

Sometimes a vector is specified by giving only the endpoint, with the assumption 
that the initial point is the origin. For example, the vector u shown earlier can be 
identified as (3,2), with the understanding that the origin is the initial point. In 
other words, sometimes we think of (3,2) as a point in the coordinate plane, and 
sometimes we think of (3,2) as the vector from the origin to that point. 


Notation for vectors with initial point at the origin 


If a and b are real numbers, then (a,b) can denote either a point or a vector, 
depending on the context. In other words, (a,b) can be used as notation for 
either of the two following objects: 


e the point in the coordinate plane whose first coordinate is a and whose 
second coordinate is b; 


e the vector whose initial point is the origin and whose endpoint has first 
coordinate a and second coordinate D. 


Polar coordinates allow us to be more precise about what we mean by the 
magnitude and direction of a vector. 


Magnitude and direction of a vector 


Suppose a vector u is positioned with its initial point at the origin. If the endpoint 
of u has polar coordinates (r,@), then 


e the magnitude of u, denoted |u|, is defined to equal r; 


e the direction of u is determined by @, which is the angle that u makes with 
the positive horizontal axis. 


u 
r 
0 


The endpoint of this vector wu has polar coordinates (r, 0). 


The result below simply repeats the conversion from rectangular to polar coordi- 
nates that we saw in the previous section. 


Computing the magnitude and direction of a vector 


If u = (a,b), then 
e jul = Va2 +22; 
b 


a’ 


e anangle 6 that determines the direction of u satisfies the equation tan @ = 
where @ must be chosen so that cos @ has the same sign as a and sin @ has 
the same sign as b. 
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1 2. 3 


The notation (3,2) can be used to 
denote the point shown above. 


1 2 3 
The notation (3,2) can also be used 
to denote the vector shown above. 


Here we must exclude the case 
where a = 0 to avoid division by 0. 
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Suppose u is the vector (3,2) shown earlier. Find the magnitude of u and an angle 
that determines the direction of u. 
solution We have 

ju] = /32 +22 = V13 3.6 


and 
6=tan! 5 wz 0.59. 


Because the second polar coordinate @ is not unique, we could also add any 
integer multiple of 277 to the value of @ chosen above. 


Vector Addition 


Two vectors can be added, producing another vector. The following definition 
presents vector addition from the viewpoint of a vector as an arrow and also from 
the viewpoint of identifying a vector with its endpoint (assuming that the initial 
point is the origin). 


Vector addition 


e If the endpoint of a vector u coincides with the initial point of a vector v, 
then the vector u + v has the same initial point as u and the same endpoint 
u ut+v as V. 


e If u = (a,b) and v = (c,d), thenu+v = (a+c,b+d). 


Example 3A 
(a) Draw a figure illustrating the sum of u and v as arrows. 


(b) Compute the sum u + v using coordinates. 


solution 

(a) The figure below on the left shows the two vectors u and v, both with their 
To add two vectors as arrows, move initial point at the origin. In the figure below in the middle, the vector v has 
one vector parallel to itself so that been moved parallel to its original position so that its initial point now coincides 
its initial point coincides with the with the endpoint of u. The figure below on the right shows that the vector 
endpoint of the other vector. u + v is the vector with the same initial point as u and the same endpoint as 


the second version of v. 


Here v is moved parallel to itself so that the 
initial point of v coincides with the endpoint of u. 


(b) The coordinates of u + v are obtained by adding the corresponding coordinates 
of uand v. Thus u+ v = (1,2) + (3,1) = (4,3). Note that (4,3) is the endpoint 
of the blue vector above on the right. 


Vector addition satisfies the usual commutative and associative properties ex- 
pected for an operation of addition: 


u+v=v+u and (u+v)+w=u-+(v+w) 


for all vectors u, v, and w. In other words, order and parentheses do not matter in 
vector addition. The figure here shows why vector addition is commutative. 

The zero vector, denoted with boldface 0, is the vector whose magnitude is 0. 
The direction of the zero vector can be chosen to be anything convenient and is 
irrelevant because this vector has magnitude 0. In terms of coordinates, the zero 
vector equals (0,0). For every vector u, we have 


u+0=0+u=u. 


An important application of vector addition is the computation of the effect of 
wind upon an airplane. Consider, for example, an airplane whose engines allow the 
airplane to travel at 500 miles per hour when there is no wind. With a 50 miles per 
hour headwind (winds are much stronger at airplane heights than at ground level), 
the airplane can travel only 450 miles per hour relative to the ground. With a 50 
miles per hour tailwind, the airplane can travel 550 miles per hour relative to the 
ground. 

If the wind direction is neither exactly in the same direction as the airplane’s 
path nor exactly in the opposite direction, then vector addition is used to determine 
the effect of the wind upon the airplane. Specifically, the wind vector is added to 
the airspeed vector (the vector giving the airplane’s speed and direction relative 
to the wind) to produce the groundspeed vector (the vector giving the airplane’s 
speed and direction relative to the ground). 


Suppose the wind at airplane heights is 50 miles per hour (relative to the ground) 
moving 20° south of east. Relative to the wind, an airplane is flying at 300 miles 
per hour in a direction 35° north of the wind. Find the speed and direction of the 
airplane relative to the ground. 


solution Call the wind vector w. Thus w has magnitude 50 and direction —20°. 
This implies that the wind vector w has coordinates (50 cos(—20°), 50 sin(—20°)). 

Let a denote the vector giving the motion of the airplane relative to the wind; this 
vector is called the airspeed vector. Relative to the wind, the airplane is heading 35° 
north, which means that a has magnitude 300 and direction 15°. Thus the airspeed 
vector a has coordinates (300 cos 15°, 300sin 15°). 


The lower version of w has its initial point at the same location as the initial point 
of a (think of this point as the origin). The second version of w has its initial 
point at the endpoint of a so that we can visualize the sum g =a-+w. 


Let g denote the vector giving the motion of the airplane relative to the ground; 
this vector is called the groundspeed vector. The properties of motion imply that 
the groundspeed vector equals the airspeed vector plus the wind vector. In other 
words, g =a+w. 

In terms of coordinates, we have 
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The vector shown here as the blue 


diagonal of the parallelogram 
equals u + v and also equals 
v+u. 


The wind at airplane heights is 
usually from west to east. Thus, 
for example, flying from Miami to 
Los Angeles usually takes an hour 
longer than flying from Los 
Angeles to Miami. 


Example 4 


Here w has an angle of —20° 
measured from the positive 
horizontal axis and a has an angle 
of 15° measured from the positive 
horizontal axis. 
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g=at+w 
= (300 cos 15°, 300 sin 15°) + (50 cos 20°, —50 sin 20° ) 
= (300 cos 15° + 50cos 20°, 300 sin 15° — 50 sin 20°) 
& (336.762, 60.5447). 


Now the speed of the airplane relative to the ground is the magnitude of g: 


Ig) + 336.7622 + 60.54472 
we 342.2. 


The direction of the airplane relative to the ground is the direction of g, which 
is approximately tan”! oes, which is approximately 0.178 radians, which is 
approximately 10.2°. 

Conclusion: Relative to the ground, the airplane is traveling at approximately 


342.2 miles per hour in a direction 10.2° north of east. 


Vector Subtraction 


Vectors have additive inverses, just as numbers do. The following definition presents 
the additive inverse from the viewpoint of a vector as an arrow and from the 
viewpoint of identifying a vector with its coordinates. 


Additive inverse 


e If u is a vector, then —u has the same magnitude as u and has the opposite 
™ direction. 


e If u has polar coordinates (r,@), then —u has polar coordinates (r,6 + 72). 


—u e If u = (a,b), then —u = (—a,—b). 


A vector u and its 
additive inverse —u. 


Make sure you understand why the definition above implies that 
u+(—u) =0 


for every vector u. 

Two vectors can be subtracted, producing another vector. The following definition 
presents vector subtraction from the viewpoint of a vector as an arrow and from the 
viewpoint of identifying a vector with its endpoint (assuming that the initial point 
is the origin). 


Vector subtraction 


e If uand v are vectors, then the difference u — v is defined by 


u—v=u-+(—v). 


e If vectors u and v are positioned to have the same initial point, then u — v 
is the vector whose initial point is the endpoint of v and whose endpoint is 
the endpoint of u. 


To figure out in which direction the 

arrow for u — v points, choose the = _ ee ee = 

direction that makes v + (u — v) ou — (ab) andy — (od) then wv — te ba). 
equal to u. 


Suppose u = (1,2) and v = (3,1). 
(a) Draw a figure using arrows illustrating the difference u — v. 


(b) Compute the difference u — v using coordinates. 


solution 


(a) The figure below on the left shows the two vectors u and v, both with their 
initial point at the origin. The figure below in the center shows that the vector 
u — v is the vector whose initial point is the endpoint of v and whose endpoint 
is the endpoint of u. 


To subtract two vectors, position them to have the same initial point. 


(b) The coordinates of u — v are obtained by subtracting the corresponding coordi- 
nates of u and v. Thus u— v = (1,2) — (3,1) = (—2,1). The figure above on the 
right shows u — v with its initial point at the origin and its endpoint at (—2,1). 


The next example shows a practical application of vector subtraction. 


Suppose the wind at airplane heights is 60 miles per hour (relative to the ground) 
moving 25° south of east. An airplane wants to fly northwest at 400 miles per hour 
relative to the ground. Find the speed and direction that the airplane must fly 
relative to the wind. 


solution The wind vector w has coordinates (60 cos(—25°), 60 sin(—25°)). 

The northwest direction is halfway between north (90° measured from the positive 
horizontal axis) and west (180° measured from the positive horizontal axis). Thus 
the northwest direction is the average are which equals 135°, measured from 
the positive horizontal axis. Hence we want the groundspeed vector g to have 
coordinates (400 cos 135°, 400 sin 135°). 

Let a denote the airspeed vector, which shows the motion of the airplane relative 
to the wind. Thus g = a+ w. Solving for the airspeed vector a, we have 


a = g — w = (4000s 135°, 400 sin 135°) — (60 cos(—25°), 60 sin(—25°)) 
= (400 cos 135° — 60 cos 25°, 400 sin 135° + 60 sin 25° ) 
= (—337.2, 308.2). 


The speed of the airplane relative to the wind is the magnitude of a: 


lal = \/(—337.2)? + 308.22 ~ 456.8. 


As can be seen in the figure, the angle that a makes with the positive horizontal 
axis is in the interval (i 7). Thus this angle is approximately 7 + tan~! 332, 
which is approximately 2.401 radians, which is approximately 137.6°. 

Conclusion: Relative to the wind, the airplane must fly at approximately 456.8 
miles per hour in a direction that makes an angle of 162.6° with the wind direction 
(because 25° + 137.6° = 162.6°), as measured counterclockwise from the wind 


vector. 
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Example 6 


-200 -100 _aylw 
Here w has an angle of —25° 
measured from the positive 
horizontal axis and g has an angle 
of 135° measured from the positive 


horizontal axis. 


The angle tan~! aes is in the 


interval (—%,0). Thus we add 7 
to it to obtain an angle in the 
interval (oi 7) with the same 
tangent. 
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Scalar Multiplication 


Often the word scalar is used to The word scalar is a fancy word for number. The term scalar multiplication refers 
emphasize that a quantity is a to the operation defined below of multiplying a vector by a scalar, producing a 
number rather than a vector. vector. 


Scalar multiplication 


Suppose ft is a real number and u is a vector. 


e The vector tu has magnitude |f| times the magnitude of u; 
thus |fu| = |f||ul. 
*« If t > 0, then tu has the same direction as u. 


* If t < 0, then tu has the opposite direction of u. 
e Suppose u has polar coordinates (1,6). 


* If f > 0, then tu has polar coordinates (tr, @). 
Adding 7c to the second polar ; 
coordinate reverses the direction of * If t < 0, then tu has polar coordinates (|t|r, + 7). 


the vector. e If u = (a,b), then tu = (ta, tb). 


= (2/1), 
Example 7 mappere al) 


(a) Draw a figure showing u, 2u, and —2u. 


(b) Compute 2u and —2u using coordinates. 


solution 


(a) The figure below on the left shows u. The figure below in the middle shows that 
2u is the vector having twice the magnitude of u and having the same direction 
as u. The figure below on the right shows that —2u is the vector having twice 
the magnitude of u and having the opposite direction of u. 


| 
iS 
| 
N 
No 
wl 
| 
wa 
| 
N 


(b) The coordinates of 2u are obtained by multiplying the corresponding coor- 
dinates of u by 2, and the coordinates of —2u are obtained by multiplying 
the corresponding coordinates of u by —2. Thus we have 2u = (4,2) and 
—2u = (—4,-2). 


Dividing a vector by a nonzero scalar c is the same as multiplying by 1 For 


example, 5 should be interpreted to mean 4u. Note that division by a vector is not 
defined. 


The Dot Product 


We have defined the sum and difference of two vectors, and the scalar product of a 
number and a vector. Each of those operations produces another vector. Now we 
turn to another operation, called the dot product, that produces a number from two 
vectors. We begin with a definition in terms of coordinates; soon we will also see a 
formula from the viewpoint of vectors as arrows. 
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Dot product 


Suppose u = (a,b) and v = (c,d). Then the dot product of u and v, denoted 
u-v, is defined by 
u-v=ac+bd. 


Thus to compute the dot product of two vectors, multiply together the first | Always remember that the dot 
coordinates, multiply together the second coordinates, and then add these two _ product of two vectors is a number, 
products. not a vector. 


Suppose u = (2,3) and v = (5,4). Compute u-v. Example 8 


solution Using the formula above, we have 


u-v=2-54+3-4=10+4 12 =22. 
The dot product has the following pleasant algebraic properties. 


Algebraic properties of the dot product 


Suppose u, v, and w are vectors and t is a real number. Then 
(commutativity); 
eu:-(v+w)=u-v+u-w (distributive property); 
e (tu): v=u- (tv) =ft(u-v); 


eu-u=|ul. 


To verify the last property above, suppose u = (a,b). Then 


uu =a4+? = (Va? +2)? = |u?, 


as desired. The verifications of the first three properties are left as problems for the 
reader. 

The next result gives a remarkably useful formula for computing u - v in terms of 
the magnitude of u, the magnitude of v, and the angle between these two vectors. 


Computing the dot product geometrically 


In words instead of symbols, this 
formula can be stated follows: The 
dot product of two vectors with the 
same initial point is the length of 
the first vector times the length of 
where @ is the angle between u and v. the second vector times the cosine 


of the angle between them. 


If u and v are vectors with the same initial point, then 


u-v = |u| |v|cosé, 


To verify the formula above, first use the algebraic properties of the dot product 
to compute a formula for |u — v|* as follows: 


u 
|u—v|? = (u—v)-(u—v) 
=u:(u—v)-—v-(u-—v) 
r) Vv 
=u-u—-u-:v—-v-u+v-v 


=|ul? = 2u- v4 li. 
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Example 9 


QF 


Problem 36 gives a nice application 
of this example. 


The formula for computing the dot 
product geometrically gives us an 
easy method to determine if two 
vectors are perpendicular. 


Example 10 


Now apply the law of cosines to the triangle formed by u, v, and u — v (see the 
figure), getting 
Ju — v|? = Jul? + |v|? — 2|u] |v| cos 0. 


Finally, set the two expressions that we have obtained for |u — v|? equal to each 
other, getting 


|u|? — 2u-v + |v|* = |u|? + |v|? — 2|u| |v| cos 6. 


Subtract |u|? + |v|* from both sides of the equation above, and then divide both sides 
by —2, getting u-v = |u| |v|cos@, completing our derivation of this remarkable 
formula. 


Find the angle between the vectors (1,2) and (3,1). 


solution Let u = (1,2), let v = (3,1), and let 6 denote the angle between these 
two vectors, as shown here. 

We could solve this problem without using the dot product by noting that 
the angle between the positive horizontal axis and u equals tan~! 2 and the angle 
between the positive horizontal axis and v equals tan~! 3; thus @ = tan~!2—tan! 3. 
Neither tan~!2 nor tan~! 5 can be evaluated exactly, and thus it appears that this 
expression for @ cannot be simplified. 

However, we have another way to compute @. Specifically, from the formula 
above we have 


uv =5 Bs 
lullv| V5V10  V5Vv5V2 V2 2 


cos 8 = 


The equation above now implies that @ = ve 


Suppose @ is the angle between two nonzero vectors u and v with the same initial 
point. The vectors u and v are perpendicular if and only if @ equals 2 radians, 
which happens if and only if cos @ = 0, which happens (according to our formula 
for computing the dot product geometrically) if and only if u- v = 0. Thus we have 
the following result. 


Find a number t such that the vectors (3, —5) and (4,2') are perpendicular. 
solution The dot product of (3, —5) and (4, 2°) is 
12 =< 9", 


For the vectors to be perpendicular, we want this dot product to equal 0. Thus we 
must solve the equation 12 — 5 -2' = 0, which is equivalent to the equation 2' = 2. 


Taking logs of both sides gives t log 2 = log z. Thus 


12 

log = 
p= 2 5 ~ 1.26303. 

log 2 


Exercises 
1 Find the magnitude of the vector (—3, 2). 


2 Find the magnitude of the vector (—5, —2). 


Find an angle that determines the direction of the vector 
(—3,2). 

Find an angle that determines the direction of the vector 
(—5,—2). 


5 Find two distinct numbers t such that |t(1,4)| = 5. 
6 Find two distinct numbers b such that |b(3, —7)| = 4. 


10 


11 


Suppose u = (2,1) and v = (3,1). 
(a) Draw a figure illustrating the sum of u and v as 
arrows. 
(b) Compute the sum u + v using coordinates. 
Suppose u = (—3,2) and v = (—2,—1). 
(a) Draw a figure illustrating the sum of u and v as 
arrows. 
(b) Compute the sum u + v using coordinates. 
Suppose u = (2,1) and v = (3,1). 
(a) Draw a figure using arrows illustrating the differ- 
ence u — v. 
(b) Compute the difference u — v using coordinates. 
Suppose u = (—3,2) and v = (—2,—1). 
(a) Draw a figure using arrows illustrating the differ- 
ence u — v. 
(b) Compute the difference u — v using coordinates. 


g Suppose the wind at airplane heights is 40 miles per 
hour (relative to the ground) moving 15° north of east. 
Relative to the wind, an airplane is flying at 450 miles per 
hour 20° south of the wind. Find the speed and direction 
of the airplane relative to the ground. 


Problems 


23 


24 


25 


26 


27 


28 


Find coordinates for five different vectors u, each of which 
has magnitude 5. 

Find coordinates for three different vectors u, each of 
which has a direction determined by an angle of a 
Suppose u and v are vectors with the same initial point. 
Explain why |u — v| equals the distance between the end- 
point of u and the endpoint of v. 


Using coordinates, show that if f is a scalar and u and v 
are vectors, then 


t(u+v) =tu+tv. 


Using coordinates, show that if s and ¢ are scalars and u 
is a vector, then 


(s+t)u=su+tu. 


Using coordinates, show that if s and ¢ are scalars and u 
is a vector, then 
(st)u = s(tu). 


12 


13 


14 


15 
16 
17 
18 
19 


20 


21 


22 


29 


30 


31 


32 


33 


34 
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g Suppose the wind at airplane heights is 70 miles per 
hour (relative to the ground) moving 17° south of east. 
Relative to the wind, an airplane is flying at 500 miles per 
hour in a direction 200° measured counterclockwise from 
the wind. Find the speed and direction of the airplane 
relative to the ground. 


g Suppose the wind at airplane heights is 55 miles per 
hour (relative to the ground) moving 22° south of east. 
An airplane wants to fly directly north at 400 miles per 
hour relative to the ground. Find the speed and direction 
that the airplane must fly relative to the wind. 


g Suppose the wind at airplane heights is 60 miles per 
hour (relative to the ground) moving 16° east of north. 
An airplane wants to fly directly west at 500 miles per 
hour relative to the ground. Find the speed and direction 
that the airplane must fly relative to the wind. 

Suppose u = (3,2) and v = (4,5). Compute u- v. 
Suppose u = (—4,5) and v = (2,—6). Compute u- v. 
Find a number b such that (3,2) - (4,b) = 1. 

Find a number c such that (2c,5) - (3,4) =c. 

g Use the dot product to find the angle between the 
vectors (2,3) and (3,4). 

g Use the dot product to find the angle between the 
vectors (3, —5) and (—4,3). 

g Find a number ¢ such that the vectors (6,—7) and 
(2, tant) are perpendicular. 


g Find a number t such that the vectors (2 cos t,4) and 
(10,3) are perpendicular. 


Show that if u and v are vectors, then 

2(|u|? + |v|*) = jut vi? + |u— v/?. 
[The equation above is often called the Parallelogram Equality, 
for reasons that are explained by the next problem.] 


Draw an appropriate figure and explain why the result 
in the problem above implies the following result: In any 
parallelogram, the sum of the squares of the lengths of 
the four sides equals the sum of the squares of the lengths 
of the two diagonals. 


Suppose v is a vector other than 0. Explain why the 
vector ig has magnitude 1. 


Show that if u and v are vectors, then 
u-v=v-u. 
Show that if u, v and w are vectors, then 
u-(v+w) =u:v+u-w. 


Show that if u and v are vectors and ft is a real number, 
then 
(tu): v =u- (tv) =¢(u-v). 
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35 


36 


37 


Suppose u and v are vectors, neither of which is 0. Show 
that u-v = |u| |v| if and only if u and v have the same 
direction. 
In Example 9 we found that the angle @ equals 
tan-!2—tan7! and also that @ equals ue Thus 
-1 -11_2Z 
tan ~2— tan 3=7: 

(a) Use one of the inverse trigonometric identities from 
Section 5.2 to show that the equation above can be 
rewritten as 

tan7!2+tan7!13 = 3m 
(b) Explain how adding 7 to both sides of the equation 
above leads to the beautiful equation 


tan7!1+tan-!2+tan-!3 = x. 


[Problem 61 in Section 5.6 gives another derivation of the 
equation above. ] 


Suppose u and v are vectors. Show that 
Ju-v| < [ul |yl. 


[This result is called the Cauchy-Schwarz Inequality. Although 
this problem asks for a proof only in the setting of vectors in 
the plane, a similar inequality is true in many other settings 
and has important uses throughout mathematics. ] 


38 


39 


40 


41 


42 


Show that if u and v are vectors, then 


jut v|* = jul? + 2u-v + v7. 


Show that if u and v are vectors, then 
lu+v| < |u| + |v}. 


[Hint: Square both sides and use the two previous prob- 
lems.] 


Interpret the inequality in the previous problem (which is 
often called the Triangle Inequality) as saying something 
interesting about triangles. 


In Example 9, draw the vector from the endpoint of v 
to the endpoint of u. Show that the resulting triangle 
(whose edges are u, v, and u — v) is a right triangle. 


Explain why there does not exist a number f such that 
the vectors (2,f) and (3,f) are perpendicular. 


Worked-Out Solutions to Odd-Numbered Exercises 


1 


(a) 


Find the magnitude of the vector (—3,2). 


solution |(—3,2)| = ,/(—3)? +22 = V/13 


Find an angle that determines the direction of the vector 
(—3,2). 


solution We want an angle @ such that tan@ = —3 and 
also such that cos @ is negative and sin @ is positive. The 
angle tan~! (= a) has the correct tangent, but its cosine 
and sine have the wrong sign. Thus the angle we seek is 
tan—!(—3) +7. 


Find two distinct numbers t such that |t(1,4)| = 5. 
solution Because ¢(1,4) = (t,4t), we have 
|£(1,4)| = |(t,4t)| = V2 + 1602 = V1782. 


We want this to equal 5, which means 17 = 25. Thus 


2: _ 25 . . . ts tale 5 an 

t© = 33, which implies that ¢ = LTR which can be 
rewritten as f = + ag 

Suppose u = (2,1) and v = (3,1). 


(a) Draw a figure illustrating the sum of u and v as 
arrows. 


(b) Compute the sum u + v using coordinates. 
solution 


The figure on the left shows u and v with their initial 
points at the origin. In the figure on the right, v has 
been moved parallel to its original position so that its 
initial point now coincides with the endpoint of u. The 
final figure shows that the vector u + v is the vector with 


(b) 


(a) 


the same initial point as u and the same endpoint as the 
second version of v. 


1 2 3 4 5 
The coordinates of u + v are obtained by adding the cor- 
responding coordinates of u and v. Thus 


ut+v= (2,1) +(3,1) = (5,2). 


Suppose u = (2,1) and v = (3,1). 


(a) Draw a figure using arrows illustrating the differ- 
ence u — v. 


(b) Compute the difference u — v using coordinates. 
solution 


The figure below shows the two vectors u and v, both 
with their initial point at the origin. The vector u — v is 
the vector whose initial point is the endpoint of v and 
whose endpoint is the endpoint of u. 


(b) 


11 


13 


The coordinates of u — v are obtained by subtracting the 
corresponding coordinates of u and v. Thus 


u—v = (2,1) — (3,1) = (-1,0). 


g Suppose the wind at airplane heights is 40 miles per 
hour (relative to the ground) moving 15° north of east. 
Relative to the wind, an airplane is flying at 450 miles per 
hour 20° south of the wind. Find the speed and direction 
of the airplane relative to the ground. 


solution Let w denote the wind vector. Because w has 
magnitude 40 and direction 15°, the wind vector w has 
coordinates (40 cos 15°, 40 sin 15°). 


Let a denote the airspeed vector, which gives the motion 
of the airplane relative to the wind. The airspeed vector 
a has coordinates (450 cos(—5°),450 sin(—5°)). 


Let g denote the groundspeed vector giving the motion 
of the airplane relative to the ground. The properties 
of motion imply that the groundspeed vector equals the 
airspeed vector plus the wind vector. In other words, 
g=a+w. 


In terms of coordinates, we have 


g=at+w 


= (450 cos(—5°), 450 sin(—5° )) 
+ (40 cos 15°, 40 sin 15° ) 
~ (486.925, —28.8673). 


Now the speed of the airplane relative to the ground is 
the magnitude of g: 


Ig| ~ +/486.9252 + (28.8673)? 
~ 487.8. 


The direction of the airplane relative to the ground is 
the direction of g, which is approximately tan! eRe 
which is approximately —0.0592 radians, which is approx- 


imately —3.4°. 


Thus relative to the ground, the airplane is traveling at 
approximately 487.8 miles per hour in a direction 3.4° 
south of east. 


g Suppose the wind at airplane heights is 55 miles per 
hour (relative to the ground) moving 22° south of east. 
An airplane wants to fly directly north at 400 miles per 
hour relative to the ground. Find the speed and direction 
that the airplane must fly relative to the wind. 


solution The data about the wind speed and di- 
rection imply that the wind vector w has co- 
ordinates (55 cos(—22°),55sin(—22°)), which equals 
(55 cos 22°, —55 sin 22°). 

We want the groundspeed vector g to have coordinates 
(0,400). 


Let a denote the airspeed vector, which gives the motion 
of the airplane relative to the wind. As usual, g = a+ w. 
Solving for the airspeed vector a, we have 


15 


17 


19 


21 
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a 


g—w 
= (0,400) — (55 cos 22°, —55 sin 22°) 
= (—55 cos 22°, 400 + 55 sin 22°) 
= (—50.9951, 420.603). 


The speed of the airplane relative to the wind is the mag- 
nitude of a: 


lal ~ \/ (—50.9951)? + 420.603? 


= 423.7. 


A figure shows that that the angle that a makes with the 
positive horizontal axis is in the interval ee 7). Thus 
the angle that a makes with the positive horizontal axis 
is 7+ tan! Sn , which is approximately 1.69145 ra- 
dians, which is approximately 96.9°, which is 6.9° west 


of north. 


Conclusion: Relative to the wind, the airplane must fly 
at approximately 423.7 miles per hour in a direction that 
makes an angle of 118.9° with the wind direction (be- 
cause 22° + 96.9° = 118.9°), as measured counterclock- 
wise from the wind vector. 


Suppose u = (3,2) and v = (4,5). Compute u- v. 
solution u-v=3-4+2-5=12+10=22 
Find a number b such that (3,2) - (4,b) = 1. 


solution We can rewrite the equation (3,2) -(4,b) =1 
as 
3-4+4+2b=1. 
u 


Solving this equation for b gives b = —. 


g Use the dot product to find the angle between the 
vectors (2,3) and (3,4). 


solution Note that |(2,3)| = V13, |(3,4)| = 5, and 
(2,3) - (3,4) = 18. Thus the angle between (2,3) and 
(3,4) is 


_1 (2,3) - (3,4) 


18 

= 

= cos & 0.0555. 
2,3)||(3,4)| 


5/13 


— 


g Find a number ¢ such that the vectors (6,—7) and 
(2, tant) are perpendicular. 


solution The dot product of these two vectors is 
12 —7tant. To make these two vectors perpendicular, 
we want 12 — 7tant = 0, which implies that we want 
tant = -. Thus we take f = tan7! g. 


There are also other correct answers in addition 


to tan“! ? because there are other angles whose 
tangent equals . Specifically, we could choose 


i= (an 2) + nm for any integer n. 
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The symbol i was first used to 
denote \/—1 by the Swiss 
mathematician Leonard Euler in 
1777. 


Complex numbers were first used 
by 16"'-century Italian 
mathematicians who were trying to 
solve cubic equations. 


7.3 Complex Numbers 


Learning Objectives 


By the end of this section you should be able to 
e add, subtract, multiply, and divide complex numbers; 
e compute the complex conjugate of a complex number; 
e solve quadratic equations using complex numbers; 
e explain why nonreal roots of real polynomials come in pairs; 


e explain the Fundamental Theorem of Algebra. 


The Complex Number System 


The real number system provides a powerful context for solving a broad array of 
problems. Calculus takes place mostly within the real number system. However, 
some important mathematical problems cannot be solved within the real number 
system. This section provides an introduction to the complex number system, which 
is a remarkably useful extension of the real number system. 
Consider the equation 
ara: 


The equation above has no solutions within the system of real numbers, because the 
square of a real number is either positive or zero. There is no real number whose 
square equals —1. 

Thus mathematicians invented a “number”, called i, that provides a solution to 
the equation above. You can think of i as a symbol with the property that i7 = —1. 
Numbers such as 2 + 37 are called complex numbers. We say that 2 is the real part 
of 2 + 37 and that 3 is the imaginary part of 2+ 37. More generally, we have the 
following definitions. 


Complex numbers 


e The symbol 7 has the property that 


PSL 
e A complex number is a number of the form a + bi, where a and b are real 
numbers. 


e If z=a+bi, where a and b are real numbers, then a is called the real part 
of z and Db is called the imaginary part of z. 


The complex number 4 + 0i is considered to be the same as the real number 4. 
More generally, if a is a real number, then the complex number a + 0i is considered 
to be the same as the real number a. Thus every real number is also a complex 
number. 

In the next section, we will see how to identify complex numbers with points 
in the usual coordinate plane. This viewpoint will give us a nice graphical inter- 
pretation of complex numbers. For now, however, we deal with complex numbers 
algebraically. 
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Arithmetic with Complex Numbers 


The sum and difference of two complex numbers are defined as follows. 


Addition and subtraction of complex numbers 


The definition of complex addition 


Suppose a, b, c, and d are real numbers. Then in words rather than symbols: The 
real part of the sum is the sum of 
© (a+b) (+a) —G@tot+ Gd the real parts; the imaginary part 
; ‘ ; of the sum is the sum of the 
e (a+ bi) di) = (a—c) + (b—d)i. imaginary parts. 
Ren CEN Example 1) 
(b) Evaluate (6 + 3i) — (2+ 8i). 
solution 
(a) 
(2+3i)+ (445i) = (24+ 4)4+ (34+5)i 
=6+81 
(b) 
(6 +3i) — (2+ 8i) = (6-2) +(3-8)i 
=4-—5i 
In the last solution above, note that we have written 4 + (—5)i in the equivalent 
form 4 — 5i. 
The product of two complex numbers is computed by using the property i = —1 The complex numbers satisfy the 


and by assuming that we can apply the usual properties of arithmetic (commutativity, familiar rules of arithmetic. 
associativity, and the distributive property). The following example illustrates the 
idea. 


— (_ Gemmbe > 


solution The commutative and associative properties of multiplication state that 
order and grouping do not matter. Thus we can rewrite (37)(57) as (3-5)(i-i) and 
then complete the calculation as follows: 


(37) (51) = (3-5) (i- i) 
= 1577 
= 15(-1) 
= —15. 


After you become accustomed to working with complex numbers, you will do 
calculations such as the one above more quickly without the intermediate steps: 


(3i)(5i) = 15i2 = —15. 


The next example shows how to compute a more complicated product of complex 
numbers. Again, the idea is to use the property i* = —1 and the usual rules of 
arithmetic, starting with the distributive property. 
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Do not memorize this formula. 
Instead, when you need to compute 
the product of complex numbers, 
just use the property i? = —1 and 
the usual rules of arithmetic. 


Example 4 


To divide a complex number by a 
real number, divide the real and 
imaginary parts of the complex 
number by the real number. 


Evaluate (2 + 3i)(4 + 5i). 

solution (2 + 3i)(4+ 51) = 2(4 + 51) + (31)(4 + 57) 
=2-442-(5i) + (3i)-4+ (31) - (i) 
=8+10i+12i—15 
= —7+221 


We have the following formula for multiplication of complex numbers. 


Multiplication of complex numbers 


Suppose a, b,c, and d are real numbers. Then 


(a + bi)(c + di) = (ac — bd) + (ad + be)i. 


Do not make the mistake of thinking that the real part of the product of two 
complex numbers equals the product of the real parts (but see Problem 51). In this 
respect, products do not act like sums. 


Complex Conjugates and Division of Complex Numbers 


Division of a complex number by a real number behaves as you might expect. 
In keeping with the philosophy that arithmetic with complex numbers should 
obey the same algebraic rules as arithmetic with real numbers, division by (for 
example) 3 should be the same as multiplication by jr and we already know how 
to do multiplication involving complex numbers. The following simple example 
illustrates this idea. 


Evaluate So 
solution mee =1(5 +6i) 
1 1 
= 2 + 21 


Division by a nonreal complex number is more complicated. Consider, for 
example, how to divide by 2 + 3i. This should be the same as multiplying by — 


but what is sty? Again using the principle that complex arithmetic should obey 


the same rules as real arithmetic, 543i is the number such that 


(24 3i) (sy) =H 


If you are just becoming acquainted with complex numbers, you might guess that 


a equals 4 + zi or perhaps 4 — gi. However, neither of these guesses is correct, 


because neither (2 + 3i)($ + zi) nor (2 + 3i)(5 — 51) equals 1 (as you should verify 


by actually doing the multiplications). 
Thus we take a slight detour to discuss the complex conjugate, which will be 
useful in computing the quotient of two complex numbers. 
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Complex conjugate 


Suppose a and 0 are real numbers. The complex conjugate of a + bi, denoted 
a+ bi, is defined by 
ae lo = — loll. 


For example, 
24+31=2-31 and 2—31=2+4331. 


The next example hints at the usefulness of complex conjugates. Note the use of the 
key identity (x + y)(x —y) =x? -y?. 


Evaluate (2 + 3i)(2 +3i). 


solution (2+ 3i)(2 + 3i) = (24+ 3i)(2 —3i) 


Now we can find the multiplicative inverse of 2 + 3i. 


1 2 3. 
solution The previous example shows that (2 + 3i)(2 — 3i) = 13. Dividing both 


. . ; G tric int tati th 
sides of this equation by 13, we see that sasaiae nes Anolis 


complex number system and its 
arithmetic will be presented in the 
(2 +31) (4 a i) = next section. 


Thus 4 — xi is the complex number that when multiplied by 2 + 37 gives 1. This 


means that 
1 2 3, 


2431 13 13° 


The next example shows the procedure for dividing by complex numbers. 


3+4i 


Evaluate _ 
2-5i Example 7 
i 34+41 3441 2+5i 
solution 5 Fi — t=h1 Oa Si The idea here is to multiply by 1, 
expressed as the complex conjugate 
(3 +.4i)(2 + 5i) of the denominator divided by 


(2 —5i)(2 +51) ey 


(6 — 20) + (15 + 8)i 
245° 


_ 14423: 
~~ 39 
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Do not memorize this formula. To 
compute the quotient of complex 
numbers, just multiply numerator 
and denominator by the complex 
conjugate of the denominator; then 
compute as in the last example. 


Example 8 


The expression Z is pronounced 
“z-bar”. 


We have the following formula for division of complex numbers. 


Division of complex numbers 


Suppose a, b, c, and d are real numbers, with c+ di £ 0. Then 


a+bi _ac+bd , be — ad 
c+tdi- c2+d2 ° c24+d2" 


Complex conjugation interacts well with algebraic operations. Specifically, the 
following properties hold. 


Properties of complex conjugation 


Suppose w and z are complex numbers. Then 


it B == (OF 


equals the real part of z; 


z+ 
D 


—- equals the imaginary part of z. 


Verify the last two properties for z = 5 + 33. 


solution We have Zz = 5 — 3i. Thus 


+2 (5+-31)4 @—3i) 
2 2 

10 

2 


=5 


= the real part of z. 
Similarly, we have 


z—zZ (543i) — (5—3i) 
2i 2i 
_ 6: 


2i 
=3 


= the imaginary part of z. 
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To verify the properties of complex conjugation in general, write the complex 
numbers w and z in terms of their real and imaginary parts and then compute, as 
shown in the next example. 


Show that if w and z are complex numbers, then w +z = W +Z. 


solution Suppose w = a+ bi and z = c-+di, where a, b, c, and d are real numbers. 


Then 


(a+ bi) + (c+di) 
=(a+c)+(b+d)i 
( 
( 


atc)—(b+d)i 


Zeros and Factorization of Polynomials, Revisited 
In Section 2.2 we saw that the equation 

ax? +bx +c =0 
has solutions 


—b+ Vv b2 — 4ac 


as 2a 


provided b? — 4ac > 0. If we are willing to consider solutions that are complex 
numbers, then the formula above is valid (with the same derivation) without the 
restriction that b2 — 4ac > 0. 

The following example illustrates how the quadratic formula can be used to find 
complex zeros of quadratic functions. 


Find the complex numbers z such that z? — 2z +5 = 0. 


solution Using the quadratic formula, we have 


pa 2tvi-es 
2 

_ 247-16 

=~ 2 

244i 


=1 2. 
In the example above, the quadratic polynomial has two zeros, namely 
1+2i and 1-2i, 
that are complex conjugates of each other. This behavior is not a coincidence, even 


for higher-degree polynomials where the quadratic formula plays no role, as shown 
by the following example. 


Example 9 


The other properties of complex 
conjugation can be verified in a 
similar fashion. 


Example 10 


Note that \/—16 has been 
simplified to +4i, which is correct 
because (+4i)* = —16. 
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[ Example 11] Let p be the polynomial defined by 


This result states that nonreal 
zeros of a polynomial p with real 
coefficients come in pairs. In other 
words, if a and b are real numbers 
and a+ bi is a zero of p, then so is 
a— bi. 


We already know that every 
polynomial with odd degree has a 
zero; see Section 2.4. 


p(z) =z — 62" + 132" +22" = 102 + 26, 


Suppose you have been told (accurately) that 3 + 27 is a zero of p. Show that 3 — 27 
is a zero of p. 


solution We have been told that p(3 + 2i) = 0, which can be written as 


O= (3427) =6(5 +21)" 4 133-4 22) 4-218 4-27)" + 1215 4-27) + 26. 


We need to verify that p(3 — 21) = 0. This could be done by a long computation 
that would involve evaluating (3 — 2i)'* and the other terms of p(3 — 2i). However, 
we can get the desired result without calculation by taking the complex conjugate 
of both sides of the equation above and then using the properties of complex 
conjugation, getting 


0 = (3 + 2i)!2 — 6(3 +21)" + 13(3 + 21) + 2(3 + 2i)2 — 12(3 + 2i) +26 


= (3 +2i)2 — 6(3 + 2/)"! + 13(3 + 21) + 2(3 + 21)? — 12(3 + 2) +26 


= (3 — 2i)* — 6(3 — 21)" +. 13(3 — 21) + 2(3 — 21)? — 12(3 — 2i) +. 26 


The technique used in the example above can be used more generally to give the 
following result. 


We can think about five increasingly large number systems—the positive integers, 
the integers, the rational numbers, the real numbers, the complex numbers—with 
each successive number system viewed as an extension of the previous system to 
allow new kinds of equations to be solved: 


e The equation x + 2 = 0 leads to the negative number x = —2. More generally, 
the equation x + m = 0, where m is a nonnegative integer, leads to the set of 
integers. 


e The equation 5x = 3 leads to the fraction x = 2. More generally, the equation 
nx = m, where m and n are integers with n # 0, leads to the set of rational 
numbers. 


The equation x? = 2 leads to the irrational numbers x = +./2. More generally, 
the notion that the real line contains no holes leads to the set of real numbers. 


e The equation x? = —1 leads to the complex numbers x = +i. More generally, 


the quadratic equation x2 + bx +c = 0, where b and c are real numbers, leads 
to the set of complex numbers. 


The progression above makes it reasonable to guess that we need to add new 
kinds of numbers to solve polynomial equations of higher degree. For example, there 
is no obvious solution within the complex number system to the equation x* = —1. 
Do we need to invent yet another new kind of number to solve this equation? And 
then yet another new kind of number to solve sixth-degree equations, and so on? 
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Somewhat surprisingly, rather than a continuing sequence of new kinds of num- 
bers, we can stay within the complex numbers and still be assured that polynomial 
equations of every degree have solutions. We will soon state this result more pre- 
cisely. However, first we turn to the next example, which shows that a solution to 
the equation x* = —1 does indeed exist within the complex number system. 


4 
Verify that ee £ v2)) oot 


solution We have 
V2 V2, V2 
(F+ty-(y 


Thus 


The next result is so important that it is called the Fundamental Theorem of 
Algebra. The proof of this result requires techniques from advanced mathematics 
and thus cannot be given here. 


Fundamental Theorem of Algebra 


Suppose p is a polynomial of degree n > 1. Then there exist complex numbers 
ty,to,...,t, and a number c such that 


p(z) =c(z—t)(z — ta)... (z — tn) 


for every complex number z. 


The following remarks may help lead to a better understanding of the Funda- 
mental Theorem of Algebra: 


e The factorization above shows that p(t;) = p(t2) =--- = p(tn) = 0. Thus 
each of the numbers fj, to,...,tn is a zero of p. Furthermore, p has no other 
zeros, as can be seen from the factorization above. 


e The number c is the coefficient of z" in the expression p(z). Thus if z” has 
coefficient 1, then c = 1. 


e In the statement of the Fundamental Theorem of Algebra, we have not specified 
whether the polynomial p has real coefficients or complex coefficients. The 
result is true either way. However, even if all the coefficients are real, then the 
numbers ¢1,t2,...,t, cannot necessarily be assumed to be real numbers. For 
example, if p(z) = z? +1, then the factorization promised by the Fundamental 
Theorem of Algebra is p(z) = (z —i)(z+/7). 


e The Fundamental Theorem of Algebra is an existence theorem. It does not 
tell us how to find the zeros of p or how to factor p. Thus, for example, 
although we are assured that the equation z© = —1 has a solution in the 
complex number system (because the polynomial z° + 1 must have a complex 
zero), the Fundamental Theorem of Algebra does not tell us how to find a 
solution (but for this specific polynomial, see Problem 45). 


DEUTSCHE MARK 


Z7EHN 


Zz 


The German mathematician Carl 
Friedrich Gauss, shown here on an 
old German 10-mark bill, proved 
the Fundamental Theorem of 
Algebra in 1799, when he was 22 
years old. 


The complex numbers ty,to,...,tn 
in the factorization above are not 
necessarily distinct. For example, 
if p(z) = 22 —2z +1, thenc = 1, 
fh = 1, and to = 1. 


The next section shows how to 
compute fractional powers using 
complex numbers. 
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Exercises 


For Exercises 1-34, write each expression in the form a + bi, 
where a and b are real numbers. 


1 (442i) + (3+8i 20 (V11 — V3i)? 
2 (547i) + (4+ 6i 21 (2+3i) 

3 (543i) — (249i 22 (443i) 

4 (942i) —(6+7i 23 (14 V3i) 
5 (642i) —(9—7i 24 (3 - 3)" 
6 (143%) — (6—5i 95 {8001 

7 (2+3i)(4+5i) 26 {1008 

8 (5+ 6i)(2+7i) 7 a 

9 (2+3i)(4—5i) 

10 (5+6i)(2—7i) 28 -7 + 3i 
11 (4—3i)(2— 6) 29 —5— 6i 
12 (8 — 4i)(2—3i) 30 3-95 

13 (344i)? 31 142i 

14 (6+5i)? 3441 

15 (5—2i)? 32 Bt6i 

16 (4—7i) are 

17 (44+ V3i)? 33 ats 

18 (5+ V6i)? 

19 (V5 — v7i)? 34 3m 
Problems 


43 Write out a table showing the values of i” with n ranging 
over the integers from 1 to 12. Describe the pattern that 
emerges. 


44 Verify that 


(V3 +i)° = —64. 
45 Explain why the previous problem implies that 
v3, 1.\§ 
Ga + si) =-1. 


46 Show that addition of complex numbers is commutative, 
meaning that 
w+z=ZzZ+w 


for all complex numbers w and z. 
[Hint: Show that 


(a+bi) + (c +di) = (c+ di) + (a+ bi) 


for all real numbers a, b, c, and d.] 


47 Show that addition of complex numbers is associative, 
meaning that 


u+(w+z)=(ut+w)t+z 


for all complex numbers u, w, and z. 


48 Show that multiplication of complex numbers is commu- 
tative, meaning that 


WZ = ZW 


for all complex numbers w and z. 


35 


36 


37 


38 


39 
40 
41 


42 


49 


50 


51 


52 


53 


54 
55 


56 
57 


58 


Find two complex numbers z that satisfy the equation 
24474+6=0. 


Find two complex numbers z that satisfy the equation 
2z* ++4z7+5=0. 

Find real numbers a and b such that 2 + 37 and 2 — 3i are 
roots of the polynomial x? taxtb. 


Find real numbers a and b such that 5 + 47 and 5 — 4i are 
roots of the polynomial x? +axt+b. 


Find a complex number whose square equals 5 + 12i. 
Find a complex number whose square equals 21 — 20i. 


Find two complex numbers whose sum equals 7 and 
whose product equals 13. 
[Compare to Problem 99 in Section 2.2.] 


Find two complex numbers whose sum equals 5 and 
whose product equals 11. 


Show that multiplication of complex numbers is associa- 
tive, meaning that 

u(wz) = (uw)z 
for all complex numbers u, w, and z. 
Show that addition and multiplication of complex num- 
bers satisfy the distributive property, meaning that 


u(w+z) =uw+uz 


for all complex numbers u, w, and z. 


Suppose w and z are complex numbers such that the real 
part of wz equals the real part of w times the real part of 
z. Explain why either w or z must be a real number. 


Suppose z is a complex number. Show that z is a real 
number if and only if z = z. 


Suppose z is a complex number. Show that Z = —z if and 
only if the real part of z equals 0. 


Show that Z = z for every complex number z. 

Show that w—z = W —Z for all complex numbers w and 
i 

Show that w-z = w-zZ for all complex numbers w and z. 
Show that z? = (Z)” for every complex number z and 
every positive integer 7. 

Show that if a + bi £ 0, then 


1 a—bi 


at+bi az+b2° 


59 Suppose w and z are complex numbers, with z 4 0. Show 
that ea = 


60 Suppose z is a complex number. Show that a equals 
the real part of z. 


Ns 


61 Suppose z is a complex number. Show that a equals 


the imaginary part of z. 
62 Show that if p is a polynomial with real coefficients, then 
p(Z) = p(z) 
for every complex number z. 

63 Explain why the result in the previous problem implies 
that if p is a polynomial with real coefficients and z is a 
complex number that is a zero of p, then Z is also a zero 
of p. 

64 Suppose f is a quadratic function with real coefficients 
and no real zeros. Show that the average of the two com- 
plex zeros of f is the first coordinate of the vertex of the 


graph of f. 
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65 Suppose 
f(x) =ax* +bx+c, 


where a 4 0 and b* < 4ac. Verify by direct substitution 
into the formula above that 


and 


(a) = 


66 Suppose a 4 0 and b? < 4ac. Verify by direct calculation 
that 


ax? +bx+c= 


a(x cece aa (x 


—b — V4ac — Pl 
2a : 


2a 


Worked-Out Solutions to Odd-Numbered Exercises 


For Exercises 1-34, write each expression in the form a + bi, 
where a and b are real numbers. 


1 (442i) + (348i) 


solution 
(442i) + (348i) = (443) + (24+8)i 
=7+101 
$ (G43) —(249) 
solution 
(5+3i) — (24+-9i) = (5—2)+(3-9)i 
=3-6i 
5 (6+2i) — (9—7i) 
solution 
(6+2i) — (9—7i) = (6-9) + (2+7)i 
= 349i 
7 (2+3i)(4+5i) 
solution 
(2+3i)(44+5i) = (2-4-3-5)+(2-543-4)i 
= —-7+221 


9 (2+3i)(4—5i) 
solution 
(2+3i)(4—5i) = (2-44+3-5) + (2: (—5)+3-4)i 


= 234 2i 


11 (4—3i)(2 —6i) 
solution 
(4 —3i)(2 —6i) 
= (4-2—3-6) + (4- (-6) + (—3) -2)i 


= —10—30i 
13 (3 +4i)? 
solution 
(3+ 41)? = 3*+2-3-4i+ (41)? 
=9+24i-— 16 
= —7 + 24i 
15 (5—2i)* 
solution 


(5-21)? =5* —2-5.214 (217 
= 25—20i-4 
= 21 — 201 


17 (44 V3i)? 
solution 
(44+ V3i)? = 47 +.2-4- V3i+ (V3i)? 


= 164+ 8V3i-3 


= 134+ 8V3i 
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19 


21 


23 


25 


27 


29 


31 


(v5 — V7i)?? 
solution 
(V5 —VJ7i)? = V5 —2-V5- V7 4 (V7)? 
=5-—2V/35i-7 
= —2-2V35i 
(2+ 3i)3 


solution First we compute (2 + 3i)?: 
(2+ 31)? = 27 4+2-2-31+ (3i)" 
=4+4+12i-9 
= —-54+12i. 
Now 
(2+ 31)? = (2+3i)?(2+3i) 
= (—5 + 12i)(2 + 32) 
= (—10 — 36) + (—15 + 24)i 


= —464 91. 


(1+ V3i)9 
solution First we compute (1+ V3i)?: 
(14 V3i)* = 17 +.2-1- Vit (V3i)? 

=1+2V3i-3 
= -2+42V3i. 

Now 

(1+ V3i)? = (1+ V3i)7(1 + V3i) 
= (—2 + 2V3i)(1+ V3i) 


=(2 0/8 14. (23.428 


= —8. 
j8001 
solution j8001 _. ;8000; _ (;2)4000; 
= ( 1y = 
8+3i 


solution 8+ 31 =8—3i 
—5 — 61 
solution —5—6i=—5+6i 


142i 
3+41 


solution 


(1 + 2i)(3 — 4) 


~ (34+ 4i)(3 — 4i) 


(3-8) + (446) 


Ce a 
_ 142i 
~~ 25 
_u,2 
25 ' 25° 
443i 
33 5-9; 
solution 
4+31 4+3i 5+2i1 
5-21 5—2i 542i 
(4 + 37) (5 + 27) 


~ (5—2i)(5 + 2i) 


(20-6) + (8+15)i 
ce 


144231 14-23 
29 29 


35 Find two complex numbers z that satisfy the equation 


z24+4z2+6=0. 
solution By the quadratic formula, we have 


-4+ /44—4-6 


—442,/2i 


37 Find real numbers a and b such that 2 + 3i and 2 — 3i are 


roots of the polynomial x2 taxtb. 
solution The polynomial 


(x — (2+3i)) (x 


(2 — 3i)) 


has 2 + 3i and 2 — 37 as its roots. The polynomial above 


is equal to 


39 


x? — 4x +13. 
Thus we take a = —4 and b = 13. 


Find a complex number whose square equals 5 + 12i. 


solution We seek real numbers a and Db such that 
5 +127 = (a+ bi)* = (a? — b*) + 2abi. 
The equation above implies that 
a—w=5 and 2ab=12. 
Solving the last equation for b, we have b = 3 Substitut- 
ing this value of b in the first equation gives 


36 

2 

— = =5. 
a 2 


Multiplying both sides of the equation above by a? and 
then moving all terms to one side produces the equation 


0 = (a2) — 5a? — 36. 


Think of a? as the unknown in the equation above. We 
can solve for a? either by factorization or by using the 
quadratic formula. For this particular equation, factoriza- 
tion is easy; we have 


2 


0 = (a2)” — 5a? — 36 = (a2 —9) (a? +4). 


The equation above shows that we must choose a” = 9 or 
a2 = —4. However, the equation a* = —4 is not satisfied 
for any real number a, and thus we must choose a=9, 
which implies that a = 3 or a = —3. Choosing a = 3, 
we can now solve for b in the original equation 2ab = 12, 
getting b = 2. 

Thus 3 + 27 is our candidate for a solution. Checking, we 
have 


(3+ 2i)? = 3*-+2.3-2i—-27 = 54-123, 
as desired. 


The other correct solution is —3 — 21, which we would 
have obtained by choosing a = —3. 
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41 Find two complex numbers whose sum equals 7 and 


whose product equals 13. 
solution Let’s call the two numbers w and z. We want 
w+z=7 and wz=13. 


Solving the first equation for w, we have w = 7 — z. Sub- 
stituting this expression for w into the second equation 
gives (7 — z)z = 13, which is equivalent to the equation 


22 —7z+13=0. 


Using the quadratic formula to solve this equation for z 
gives 


7£V7?—4-13  74V-3_ 74 V3i 


a= 2 =a 2 
Let’s choose the solution z = TSE Plugging this value 
of z into the equation w = 7 — z then gives w = Z Ed 


Thus two complex numbers whose sum equals 7 and 
7— NE | VS, 


whose product equals 13 are 


check To check that this solution is correct, note that 


7—Vv3i | 7+ Vv3i_ 14 _ 
2" 2 2 
and 
7—V3i 7+ V3i_ F4+V3 
2 2 °°» 84 
49+3 52 
=o = = 13. 
4 i 
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2431 
° 


2i 7 


The complex number 2 + 3i as a 
point in the complex plane. 


2+31 


The complex number 2 + 3i as a 
vector in the complex plane. 


i 


1 
The unit circle in the complex 
plane is described by the equation 
jz) =1. 


7.4 The Complex Plane 


Learning Objectives 


By the end of this section you should be able to 
e compute the absolute value of a complex number; 
e write a complex number in polar form; 
e compute large powers of complex numbers using De Moivre’s Theorem; 


e compute roots of complex numbers using De Moivre’s Theorem. 


Complex Numbers as Points in the Plane 


Recall that a complex number has the form a + bi, where a and b are real numbers 
and i? = —1. We turn now to an interpretation of the coordinate plane that will 
help us better understand the complex number system. 


The complex plane 


e Label the horizontal axis of a coordinate plane in the usual fashion but 
label the vertical axis with multiples of i, as shown in the figure. 


e Identify the complex number a + bi, where a and b are real numbers, with 
the point (a,b). 


e The coordinate plane with this interpretation of points as complex numbers 
is called the complex plane. 


We can think of the system of complex numbers as being represented by the com- 
plex plane, just as we can think of the system of real numbers as being represented 
by the real line. 

Each real number is also a complex number. For example, the real number 3 is 
also the complex number 3 + 0i, which we usually write as just 3. 

When we think of the real numbers also being the complex numbers, then the real 
numbers correspond to the horizontal axis in the complex plane. Thus the horizontal 
axis of the complex plane is sometimes called the real axis and the vertical axis is 
sometimes called the imaginary axis. 

Sometimes we identify a complex number a + bi with the vector whose initial 
point is the origin and whose endpoint is located at the point corresponding to 
a + bi in the complex plane, as shown here. Because complex numbers are added 
and subtracted by adding and subtracting their real and imaginary parts separately, 
complex addition and subtraction have the same geometric interpretation as vector 
addition and subtraction. 

Recall that the absolute value of a real number is the distance from 0 to the 
number (when thinking of numbers as points on the real line). Similarly, the 
absolute value of a complex number is defined to be the distance from the origin to 
the complex number (when thinking of complex numbers as points on the complex 
plane). Here is the formal definition. 


Absolute value of a complex number 


If z = a+ bi, where a and b are real numbers, then the absolute value of z, 


denoted |z|, is defined by 
eae aru 
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When thinking of complex numbers as vectors in the complex plane, the absolute 
value of a complex number is simply the magnitude of the corresponding vector. 


Evaluate |2 + 3i|. 


solution |2+3i| = /22 +32 = V/13 © 3.60555 


Show that | cos @ + isin @| = 1 for every real number 0. 
solution |cos@+isin@| = Vcos26 + sin?@ = /1 = 1 


Recall that the complex conjugate of a complex number a + bi, where a and b are 
real numbers, is denoted by a + bi and is defined by a + bi = a — bi. In terms of the 
complex plane, the operation of complex conjugation is the same as flipping across ; 
the real axis. The figure here shows a complex number and its complex conjugate. 1 2 

A nice formula connects the complex conjugate and the absolute value of a 
complex number. To derive this formula, suppose z = a + bi, where a and b are real 
numbers. Then 


“a nO FO. By pO ie 
Z=@Gtbj(a-ti)=2 =r =e +h = (2). 2+ iand its 


complex conjugate 2 — i. 
We record this result as follows. P ms 


Complex conjugates and absolute values 


If z is a complex number, then 


w= |p. 


Geometric Interpretation of Complex Multiplication 
and Division 


As we will soon see, using polar coordinates with complex numbers can bring extra 
insight into the operations of multiplication, division, and raising a complex number 
to a power. 

Suppose z = x + yi, where x and y are real numbers. We identify z with the point — Here we think of a complex number 
(x,y) in the complex plane. If (x,y) has polar coordinates (r,@), then x = rcos@ 4s a point in the complex plane and 
and y = rsin@. Thus then use the polar coordinates that 

were developed in Section 7.1. 


Z=x+yl 
=rcos@+irsin@ x+yi 
=r(cos@+ isin 8). 


The equation above leads to the following definition. 


Polar form of a complex number 


The polar form of a complex number z is an expression of the form 
z=r(cos@+isin6@), 


where r = |z| and 6, which is called the argument of z, is the angle that z 
(thought of as a vector) makes with the positive horizontal axis. 
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When writing a complex number z in polar form, there is only one correct choice 
for the number r > 0 in the expression above: we must choose r = |z|. However, 
given any correct choice for the argument 6, another correct choice can be found by 
adding an integer multiple of 277. 


Write the following complex numbers in polar form. 


(a) 2 (d) ¥3- 
(b) 3i (e) -V3+i 
(c) 1+i7 

solution 


(a) We have |2| = 2. Also, because 2 is on the positive horizontal axis, the argument 
of 2 is 0. Thus the polar form of 2 is 


2 = 2(cos0 +isin0). 
We could also write 
2 = 2(cos(27) +isin(27)) or 2 = 2(cos(47) +isin(47)) 


or use any integer multiple of 27c as the argument. 


(b) We have th = 3. Also, because 3: is on the positive vertical axis, the argument 

of 31 is +. Thus the polar form of 33 is 

3i = 3(cos 5 + isin 5). 
As usual, we could add any integer multiple of 27 to the argument + + to obtain 
other arguments. 

(c) We have 

Jat+i| = V124+12 = V2. 
Also, the figure here shows that the argument 6 of 1 +7 is 7. Thus the polar 
form of 1 +7 is 
Li = V2(cos F +isin 7). 

(d) We have | V3 — i] = \/ V3 + (-1)2 = V3 +1 =2. Note that tan7!(=3) = —%. 
Thus the figure here shows that the argument @ of 3 — iis — ee Thus the polar 
form of V3 —i is 

V3-i= 2(cos(—¢) +isin(—%)). 
(e) We have | — V3 +i| = \/(—V3)? +12 = V3 +1 =2. Note that tan“!(— 5) = 


— ra Although the angle — a has the correct tangent, its cosine and sine have 
the wrong ae As can be seen in the figure, the angle we seek is — a + 7, 


which equals 27 . Thus the polar form of —/3+7 is 


~J3 +i =2(cos G isin 2). 


This example shows that extra care must be used in finding the argument of a 
complex number whose real part is negative. 
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The multiplicative inverse of a complex number has a nice interpretation in polar 
form. Suppose z = r(cos@+isin@) is a nonzero complex number (from now on, 
whenever we write an expression like this, we will assume r = |z| and that @ is a 
real number). We know that |z|* = zz. Dividing both sides of this equation by z|z|? 
shows that 

va 
Iz? 


Z 
r(cos 6 — isin @) 
7 


1 
Z 


cos @ — isin @ 
; . 


We record this result as follows. 


Multiplicative inverse of a complex number in polar form 


If z = r(cos @ +isin@) is a nonzero complex number, then 


: = * (cos —isin@) = * (cos(—0) +isin(—6@)). 


The figure here illustrates the formula above for the inverse of a complex number. 
The longer vector represents a complex number z with |z| = 2. The shorter vector 


represents the complex number 1 ; it has absolute value s, and its argument is 
the negative of the argument of z. Thus the angle from the shorter vector to the 
positive horizontal axis equals the angle from the positive horizontal axis to the 
longer vector. 


Complex multiplication also has a pretty expression in terms of polar form. 


Suppose 
y= r1 (cos 6, + isin 61) and z= (cos 02 + isin 6). 


Then 
Z1Z2 = 11F2(cos 6; + isin 6) (cos 2 +i sin 62) 
= 11P2((cos 6; cos 62 — sin 6; sin 62) + i(sin 6; cos 62 + cos 6; sin 62)) 
= 112 (cos(6 + 62) + isin(@ + 42)), 


where the addition formulas for cosine and sine from Section 5.6 gave the last 
simplification. 


Thus we have the following result, expressed first as a formula and then in words. 


Complex multiplication in polar form 


e If z; =11(cos 6; + isin 6,) and zz = r2(cos 62 + isin 62), then 


Z1Z2 = 111(cos(O; + 02) +isin(O; + 62)). 
e The absolute value of the product of two complex numbers is the product 
of their absolute values. 


e The argument of the product of two complex numbers is the sum of their 
arguments. 


The Complex Plane 


521 


This result states that the polar 


form of 1 is obtained from the 


polar form r(cos@ +isin@) of z 


by replacing r by 1 and replacing 


6 by —8. 


zand u 


Zz 
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Example 4 


Here we assume zz # 0. 


Abraham de Moivre first published 
this result in 1722. 


lee z = 3(cos F +isin 7) and zy = 4(cos aa +isin SF). Find the polar form 
OF Z1Z2. 


solution Using the formula above, we have 


2122 = 3-4(cos(F 4 37) tisin(> 4 37) 
= 12(cos ah +isin af). 
The quotient = can be computed by thinking of division by z2 as multiplication 


by We already know that the polar form of = is obtained by replacing rz by S 


and replacing 62 by —@2. Thus combining our result on the multiplicative inverse 
and our result on complex multiplication gives the following result. 


Complex division in polar form 


e If z; =11(cos 0; + isin 6,) and zz = r2(cos 62 + isin 2), then 


ae “* (cos(6, — 02) + isin(6; — 2)). 
2 


22 
e The absolute value of the quotient of two complex numbers is the quotient 
of their absolute values. 


e The argument of the quotient of two complex numbers is the difference of 
their arguments. 


De Moivre’s Theorem 


Suppose z = r(cos@+isin@). Take z} = z and zp = z in the formula just derived 
for complex multiplication in polar form, getting 


z* = 1*(cos(20) + isin(26)). 
Now apply the formula again, this time with z; = z? and z2 = z, getting 
z? =r? (cos(30) + isin(36)). 
If we apply the formula once more, this time with z, = z° and z2 = z, we get 
z* = r*(cos(40) + isin(46)). 
This pattern continues, leading to the beautiful result called De Moivre’s Theorem. 


De Moivre’s Theorem 


If z = r(cos@ +isin@) and n is a positive integer, then 


z" = r"(cos(n0) +isin(né)). 


De Moivre’s Theorem is a wonderful tool for evaluating large powers of complex 
numbers. 
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Evaluate (/3 — i)!. 


solution As the first step in using De Moivre’s Theorem, we must write (/3 — i) 
in polar form. However, we already did that in Example 3, getting 


V3 — i =2(cos(—#) + isin(—%)). 
De Moivre’s Theorem tells us that 
G/s= j) 100 - 20 (cos( 100 7 


Now —1@ 7 = —0 7 = -167 $I. Because even multiples of 7t can be discarded 


when computing values of cosine and sine, we thus have 


isin( 


(V3 — i)! = 21 (cos( 57) | 
1_ V3, 
a a: 


_ ¥3iy 


1 
a 2 


WIN 


m)) 


isin( 


= gre — 


w 


Finding Complex Roots 


De Moivre’s Theorem also allows us to find roots of complex numbers. 


Find three distinct complex numbers z such that z? = 1. 


solution Clearly z = 1 is a complex number such that z? = 1. To find other 
complex numbers z such that z? = 1, suppose 


Z=r(cos@+isin@). 
De Moivre’s Theorem tells us that 
z> = 73 (cos(30) + isin(30)). 


We want z° to equal 1. Thus we take r = 1. Now we must find values of @ such that 
cos(3@) = 1 and sin(3@) = 0. One choice is to take 6 = 0, which gives us 


z= 1, 


which we already knew was one choice for z. 
Another choice of @ that satisfies cos(3@) = 1 and sin(3@) = 0 can be obtained by 
taking 30 = 27t, which means @ = aE This choice of @ gives 
zZ= 3 + uel 
Yet another choice of @ that satisfies cos(3@) = 1 and sin(3@) = 0 can be obtained 
by taking 30 = 471, which means 0 = =, This choice of # gives 


_.1_ VW, 
cok ieee 


Nie 
nN} 


Thus three distinct values of z such that z? = 1 are 1, i + 4-1, and 


523 


To solve this problem, one could 
write (v/3 — i)! as a product 
with 100 terms and then do the 


multiplications. However, errors 
can easily creep into such long and 
tedious calculations. 


Abraham de Moivre, a French 
mathematician who lived his entire 
adult life in England, where he was 
a friend of Isaac Newton. 


Example 6 


Another choice of 6 that satisfies 
cos(30) = 1 and sin(30) = 0 can 
be obtained by taking 30 = 671, 
which means 0 = 27t. This choice 
of 0 gives z = 1, which is a 
possibility that we had already 
found. Similarly, other choices of 0 
that satisfy cos(30) = 1 and 
sin(30) = 0 do not lead to new 
values for z beyond those we have 
found here. 
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Exercises 


N FD 7 FP WON 


Evaluate |4 — 31]. 

Evaluate |7 + 12i|. 

Find two real numbers b such that |3 + bi| = 7. 
Find two real numbers a such that |a — 5i| = 9. 
Write 2 — 27 in polar form. 

Write —3 + 3\/3i in polar form. 


Write 
1 


6(cos it + isin it) 


in polar form. 


Write 
1 


7(cos 5 +isin 5) 


in polar form. 


Problems 


15 


16 


17 


18 


19 


20 


21 


22 


23 


24 


25 


26 


Explain why there does not exist a real number b such 
that |5 + bi] = 3. 


Show that if z is a complex number, then the real part of 
z is in the interval [—|z], |z]]. 


Show that if z is a complex number, then the imaginary 
part of z is in the interval [—|z|, |z|]. 
Show that 


1 


————. = cos6 — isin#@ 
cos@ + isin@ 


for every real number 0. 

Suppose z is a nonzero complex number. Show that Zz = i 
if and only if |z| = 1. 

Suppose z is a complex number whose real part has ab- 
solute value equal to |z|. Show that z is a real number. 


Suppose z is a complex number whose imaginary part 
has absolute value equal to |z|. Show that the real part of 
z equals 0. 


Suppose w and z are complex numbers. Show that 
jevz| = [20 [2I. 
Suppose w and z are complex numbers. Show that 
jw +2z| < |w| +|z|. 
Describe the subset of the complex plane consisting of 


the complex numbers z such that 23 is a real number. 


Describe the subset of the complex plane consisting of 
the complex numbers z such that Bisa positive number. 


Describe the subset of the complex plane consisting of 
the complex numbers z such that the real part of Bisa 
positive number. 


10 


11 


12 
13 
14 


27 
28 


29 


30 


Write 

(cos 7 +isin 7 ) (cos 9 4 isin 7) 
in polar form. 
Write 

Fl i 8 ee FE Le 

(cos 5 t+isin 5 ) (cos 17 isin 77) 
in polar form. 
Evaluate (2 — 2). 
Evaluate (—3 +3V/3i). 
Find four distinct complex numbers z such that zt = 2, 


Find three distinct complex numbers z such that 2 = Ai. 


Explain why (cos 1° + isin 1°)° = 1, 

Explain why 360 is the smallest positive integer n such 
that (cos1° +isin 1°)” = 1. 

In Example 6, we found cube roots of 1 by finding num- 
bers @ such that 


cos(3@) =1 and sin(30) = 0. 

The three choices 0 = 0, 0 = “E, and @ = an gave us 
three distinct cube roots of 1. Other choices of @, such as 
0=27,0= ag and @ = On also satisfy the equations 
above. Explain why these choices of 6 do not give us 
additional cube roots of 1. 


Explain why the six distinct complex numbers that are 
sixth roots of 1 are the vertices of a regular hexagon 
inscribed in the unit circle. 


The dots show the location in the complex plane 
of the six sixth roots of 1. 


Worked-Out Solutions to Odd-Numbered Exercises 


1 


Evaluate |4 — 3i]. 


solution 


|4 — 3i| = \/42 + (-3)? = V16 +9 = V25=5 


3 


Find two real numbers b such that |3 + bi] = 7. 


11 


solution We have 
7=|3+bi| = /9+2?. 


Squaring both sides, we have 49 = 9 + b?. Thus b? = 40, 
which implies that 


b=+V40= 


V4-10 =+V4- V/10 = +210. 


Write 2 — 27 in polar form. 


solution First we compute |2 — 2i|: 


|2 — 2i| = \/22 + (-2)? = V8 = V4-2 = 2v2. 


The vector whose initial point is the origin and whose 
endpoint is 2 — 2i in the complex plane makes an angle 
of — t with the positive horizontal axis. Thus 

2 — 2i = 2V2(cos(— t) = isin(—])) 
gives the polar form of 2 — 2i. 


Write 
1 


6(cos 77 +isin 77) 


in polar form. 


solution From the formula for the polar form of the 
multiplicative inverse of a complex number, we have 


1 
6(cos qT +isin a7) 


é (cos( 1) + isin( a): 


Write 


(cos > isin 7) (cos G isin G) 


in polar form. 


solution Because 7 + 5 = ier the product above 
equals 
167 167 


cos ¢3~ + isin 3-. 


Evaluate (2 — 2i)%%. 
solution From Exercise 5 we know that 
; 1 Hes ua 
2-2i= 2V2(cos(— 7) +isin(—7)). 
Thus 


(2 — 2i)933 = (2,/2) 


333 


(cos( 333 77) + isin( 333 77)), 


Now 
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(2/2) — 73339333/2 _ 93339166, /7 _ 7499/7. 


Also, 


Thus 
(28 = 249/2(cos(— 37) + isin(—}72)) 
= 2/38 49) 


_ Pad ce | + i). 


13 Find four distinct complex numbers z such that z4 = -2. 


solution Suppose z = r(cos@ +isin@). Then 

z* = r*(cos(40) + isin(4@)). 
We want z* to equal —2. Thus we need r* = 2, which 
implies that r = 24 


Now we must find values of @ such that cos(40) = —1 
and sin(40) = 0. One choice is to take 49 = 7, which 
implies that 6 = ce which gives us 


Zz = 24(¥2 + iy, 


Another choice of 6 that satisfies cos(49) = —1 and 
sin(40) = 0 can be obtained by choosing 40 = 37, which 


means 0 = 32 which gives us 
z= gv/4¢_¥2 + Yi), 


Yet another choice of @ that satisfies cos(49) = —1 and 
sin(40) = 0 can be obtained by choosing 40 = 57t, which 


means 6 = aE which gives us 
1a¢_V2_ v2. 
z= 24(— ME — i). 


Yet another choice of @ that satisfies cos(49) = —1 and 
sin(40) = 0 can be obtained by choosing 40 = 77, which 


means 0 = Ag which gives us 


= 242 - ¥2) 


Thus four distinct values of z such that z# = —2 
are 21/4(¥2 4 v2j), 91/4(_ v2 4 v2;) 91/4(_¥2 _ v2i), 


T 9) 1 
and 21/4( v2 _ yi), 
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Chapter Summary 


To check that you have mastered the most important concepts and skills covered in this chapter, 
make sure that you can do each item in the following list: 


Convert from polar to rectangular coordinates. 


Convert from rectangular to polar coordinates. 


Graph a curve described by polar coordinates. 


two vectors. 


Compute the sum, difference, and dot product of 


e Determine when two vectors are perpendicular. 
e Find the polar form of a complex number. 


e Use De Moivre’s Theorem to compute powers 
and roots of complex numbers. 


To review a chapter, go through the list above to find items that you do not know how to do, then reread the material in 
the chapter about those items. Then try to answer the chapter review questions below without looking back at the chapter. 


Chapter Review Questions 


1 


Sketch the line segment from the origin to the point with 
polar coordinates (3, 5). 


g Find the rectangular coordinates of the point whose 
polar coordinates are (4, 2.1). 


g Find the polar coordinates of the point whose rectan- 
gular coordinates are (5,9). 


Sketch the graph of the polar equation r = 7. 


Sketch the graph of the polar equation @ = ug 
Sketch the graph of the polar equation r = 5cos 6. 


| Find two numbers f so that there is a 60° angle between 
the vectors (3,4) and (2,t). 


8 Evaluate |cos i —isin al 


9 Write 


(cos F isin 7) (cos 7 | isin) 


in polar form. 


10 Write 


2(cos a +isin 5) 


5(cos F +isin 7) 


in polar form. 


11 Evaluate (1+ 1)°. 


12 Find three distinct complex numbers z such that z? = —5i. 


Appendix: Area 


You probably already have a good intuitive notion of area. In this appendix we will 
try to strengthen this intuition while finding formulas for the areas of some regions. 


Circumference 


A rigorous definition of the circumference of a region requires calculus, so we use 


Just for fun, here are the first 504 


the following intuitive definition. digits of 7t. 
3.14159265358979323 
Circumference 846264338327950288 
419716939937510582 
The circumference of a region can be determined by placing a string on the 097494459230781640 
curve that surrounds the region and then measuring the length of the string | 628620899862803482 
when it is straightened into a line segment. 534211706798214808 
651328230664709384 
Physical experiments show that the circumference of a circle is proportional to its 4£60955058223172535 
diameter. For example, suppose you have a very accurate ruler that can measure ae 
. iy aed wees y ae 410270193852110555 
lengths with 0.01-inch accuracy. If you place a string on top of a circle with diameter 964462294895493038 
1 inch, then straighten the string toa line segment, you will find that the string 196442881097566593 
has length about 3.14 inches. Similarly, if you place a string on top of a circle with — 344612847564823378 
diameter 2 inches, then straighten the string to a line segment, you will find that the 678316527120190914 
string has length about 6.28 inches. Thus the circumference of a circle with diameter  564856692346034861 
two inches is twice the circumference of a circle with diameter 1 inch. 045432664821339360 
726024914127372458 
700660631558817488 
152092096282925409 
171536436789259036 
001133053054882046 
652138414695194151 
160943305727036575 
959195309218611738 
The circle on the left has been straightened into the line segment on the right. 193261179310511854 
A measurement shows that this line segment is approximately 3.14 times 807446237996274956 
as long as the diameter of the circle, which is shown above in blue. 735188575272489122 
793818301194912983 


Similarly, you will find that for any circle you measure, the ratio of the circum- 


Does the decimal expansion of 7t 
contain one thousand consecutive 
4’s? No one knows, but 
mathematicians suspect that the 
7U answer is “yes”. 


ference to the diameter is approximately 3.14. The exact value of this ratio is so 
important that it gets its own symbol. 


The ratio of the circumference to the diameter of a circle is called 7. 


It turns out that 7 is an irrational number (see Problem 55 in Section 4.4). For 
most practical purposes, 3.14 is a good approximation of 77—the error is about 
0.05%. If more accurate computations are needed, then 3.1416 is an even better 
approximation—the error is about 0.0002%. 

A fraction that approximates 7 well is 4 (notice how page 22 is numbered in 
this book)—the error is about 0.04%. A fraction that approximates 7t even better is 


33 the error is extremely small at about 0.000008%. 


The remarkable approximation 
a as was discovered over 1500 
years ago by the Chinese 


mathematician Zu Chongzhi. 
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a: 
1 


A 1-by-1 square. 


The expression m? is called “m 
squared” because a square whose 


sides have length m has area m?. 


Keep in mind that 7 is not equal to 3.14 or 3.1416 or # or 33. All of these are 
useful approximations, but 7 is an irrational number that cannot be represented 
exactly as a decimal number or as a fraction. 

We have defined 7t to be the number such that a circle with diameter d has 
circumference 7td. Because the diameter of a circle is equal to twice the radius, we 
have the following formula. 


Circumference of a circle 


A circle with radius r has circumference 2717. 


Suppose you want to design a 400-meter track consisting of two half-circles con- 
nected by parallel line segments. Suppose also that you want the total length of the 
curved part of the track to equal the total length of the straight part of the track. 
What dimensions should the track have? 


solution Let c denote the length of one of the straight sides of the track, and let d 
denote the distance between the two straight sides, as shown in the figure here. 
We want the total length of the straight part of the track to be 200 meters. Thus 
each of the two straight pieces must be 100 meters long. Hence we take c = 100 
meters. 
We also want the total length of the two half-circles to be 200 meters. Thus we 


200 63.66 meters. 


want 7td = 200. Hence we take d = 7 


Squares, Rectangles, and Parallelograms 


The most primitive notion of area is that a 1-by-1 square has area 1. If we can 
decompose a region into 1-by-1 squares, then the area of that region is the number 
of 1-by-1 squares into which it can be decomposed, as shown in the next figure. 


A 3-by-3 square can be decomposed into nine 1-by-1 squares. 
Thus a 3-by-3 square has area 9. 


If m is a positive integer, then an m-by-m square can be decomposed into m7? 
squares of size 1-by-1. Thus the area of an m-by-m square equals m7. 

The same formula holds for squares whose side length is not necessarily an 
integer, as shown below. 


Four 5-by-4 squares fill up a 1-by-1 square. 
Thus each 5-by-5 square has area ie 


More generally, we have the following formula. 


Area of a square 


A square whose sides have length @ has area 0’. 


Consider a rectangle with base 3 and height 2, as shown here. This 3-by-2 


rectangle can be decomposed into six 1-by-1 squares. Thus this rectangle has area 6. 


Similarly, if b and h are positive integers, then a rectangle with base b and height 
h can be composed into bh squares of size 1-by-1, showing that the rectangle has 
area bh. More generally, the same formula is valid even if the base and height are 
not integers. 


Area of a rectangle 


A rectangle with base b and height h has area bh. 


A parallelogram is a quadrilateral (a four-sided polygon) in which both pairs of 
opposite sides are parallel, as shown here. 

To find the area of a parallelogram, select one of the sides and call its length the 
base. The opposite side of the parallelogram will have the same length. The height 
of the parallelogram is then defined to be the length of a line segment that connects 
these two sides and is perpendicular to both of them. Thus in the figure shown 
here, the parallelogram has base b and both vertical line segments have length equal 
to the height h. 

The two small triangles in the figure above have the same size and thus the same 
area. The rectangle in the figure above (outlined in blue) could be obtained from 
the parallelogram by moving the triangle on the right to the position of the triangle 
on the left. This shows that the parallelogram and the rectangle above have the 
same area. Because the area of the rectangle equals bh, we thus have the following 
formula for the area of a parallelogram. 


Area of a parallelogram 


A parallelogram with base b and height h has area bh. 


Triangles and Trapezoids 


To find the area of a triangle, select one of the sides and call its length the base. 


The height of the triangle is then defined to be the length of the perpendicular 
line segment that connects the opposite vertex to the side determining the base, as 
shown in the figure here. 

To derive the formula for the area of a triangle with base b and height h, draw 
two line segments, each parallel to and the same length as one of the sides of the 
triangle, to form a parallelogram as in the figure below. 


The triangle has been extended to a 
parallelogram by adjoining a second triangle 
with the same side lengths as the original 

b triangle. 


The parallelogram above has base b and height h and hence has area bh. The original 
triangle has area equal to half the area of the parallelogram. Thus we obtain the 
following formula. 


Area of a triangle 


A triangle with base b and height h has area 5h. 
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Use the same units for the base and 
the height. The unit of 
measurement for area is then the 
square of the unit used for these 
lengths. For example, a rectangle 
with base 3 feet and height 2 feet 
has area 6 square feet. 


The yellow region is a 
parallelogram with base b and 
height h. The area of the 
parallelogram is the same as the 
area of the rectangle (outlined in 
blue) with base b and height h. 


A triangle with base b 
and height h. 


530 Appendix: Area 


A right triangle 
with area sab. 


A trapezoid with bases b; and bo 
and height h. 


Find the area of the triangle whose vertices are (1,0), (9,0), and (7,3). 


solution Choose the side connecting (1,0) and (9,0) as the base of this triangle. 
Thus this triangle has base 9 — 1, which equals 8. 
The height of this triangle is the length of the blue line shown here; this height 
equals the second coordinate of the vertex (7,3). Hence this triangle has height 3. 
Thus this triangle has area 5 -8-3, which equals 12. 


Consider the special case where our triangle happens to be a right triangle, with 
the right angle between sides of length a and b. Choosing b to be the base of the 
triangle, we see that the height of this triangle equals a. Thus in this case the area of 
the triangle equals 5ab. 

A trapezoid is a quadrilateral that has at least one pair of parallel sides, as for 
example shown here. The lengths of a pair of opposite parallel sides are called the 
bases, which are denoted below by b; and b2. The height of the trapezoid, denoted 
h below, is then defined to be the length of a line segment that connects these two 
sides and that is perpendicular to both of them. 

The diagonal in the figure here divides the trapezoid into two triangles. The 
lower triangle has base b; and height h; thus the lower triangle has area 5byh. The 
upper triangle has base b2 and height h; thus the upper triangle has area 5boh. The 
area of the trapezoid is the sum of the areas of these two triangles. Thus the area of 
the trapezoid equals OL + 5boh. Factoring out the 5 and the h in this expression 
gives the following formula. 


Area of a trapezoid 


A trapezoid with bases b;, by and height h has area 5 (by + bo )h. 


Note that 4(b; + b2) is just the average of the two bases of the trapezoid. In the 
special case where the trapezoid is a parallelogram, the two bases are equal and we 
are back to the familiar formula that the area of a parallelogram equals the base 
times the height. 


Find the area of the region in the xy-plane under the line y = 2x, above the x-axis, 
and between the lines x = 2 and x = 5. 


solution The line x = 2 intersects the line y = 2x at the point (2,4). The line x = 5 
intersects the line y = 2x at the point (5,10), as shown in the figure below. 


10 


2 5 
Thus the region in question is the trapezoid shown above. The parallel sides of 
this trapezoid (the two vertical sides) have lengths 4 and 10, and thus this trapezoid 
has bases 4 and 10. As can be seen from the figure above, this trapezoid has height 
3 (note that in this trapezoid, the height is the length of the horizontal side). 
Thus the area of this trapezoid is i - (4+ 10) -3, which equals 21. 


Stretching 


Suppose a square whose sides have length 1 is stretched horizontally by a factor of 
3 and stretched vertically by a factor of 2. This transformation changes the square 
into a rectangle with base 3 and height 2, as shown here. Thus the area has been 
increased by a factor of 6. 

More generally, suppose c, d are positive numbers, and consider the transforma- 
tion that stretches horizontally by a factor of c and stretches vertically by a factor of 
d. This transformation changes a square whose sides have length 1 into a rectangle 
with base c and height d, as shown here. Thus the area has been increased by a 
factor of cd. 

We need not restrict our attention to squares. The transformation that stretches 
horizontally by a factor of c and stretches vertically by a factor of d will change any 
region into a new region whose area has been changed by a factor of cd. This result 
follows from the result for squares, because any region can be approximated by a 
union of squares, as shown here for a triangle. Here is the formal statement of this 
result. 


Area Stretch Theorem 


Suppose R is a region in the coordinate plane and c, d are positive numbers. Let 
R’ be the region obtained from R by stretching horizontally by a factor of c and 


stretching vertically by a factor of d. Then 


the area of R’ equals cd times the area of R. 


Circles and Ellipses 


Consider the region inside a circle with radius 1 centered at the origin. If we stretch 
both horizontally and vertically by a factor of r, this region becomes the region 
inside the circle with radius r centered at the origin, as shown in the figure below 
for r = 2. 


Stretching both horizontally and vertically by a factor of 2 
transforms a circle with radius 1 into a circle with radius 2. 


Let p denote the area inside a circle with radius 1. The Area Stretch Theorem 
implies that the area inside a circle with radius r equals 7p, which we write in the 
more familiar form pr*. We need to find the value of p. 

To find p, consider a circle with radius 1 surrounded by a slightly larger circle 
with radius r, as shown here. Cut out the region between the two circles, then cut 
a slit in it and unwind it into the shape of a trapezoid (this requires a tiny bit of 
distortion) as shown below. 


The upper base of the trapezoid is the circumference of the circle with radius 1; 
the bottom base is the circumference of the circle with radius r. 
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ca 
1 3 

i 
1 c 


We will now derive the formula for 
the area inside a circle with radius 
r. You are surely already familiar 
with this formula. The goal here is 
to explain why it is true. 
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Our derivation of the formula for 
the area inside a circle shows the 
intimate connection between the 
area and the circumference of a 
circle. 


Pie and 7t: The area of this pie 
with radius 4 inches is 
167t square inches. 


Example 4 


The trapezoid has height r — 1, which is the distance between the two original 
circles. The trapezoid has bases 27tr and 27t, corresponding to the circumferences of 
the two circles. Thus the trapezoid has area 


A (2nr + 27t)(r —1), 


which equals 7(r + 1)(r — 1), which equals 7r(r? — 1). 

The area inside the larger circle equals the area inside the circle with radius 1 
plus the area of the region between the two circles. In other words, the area inside 
the larger circle equals p + 7t(r7 — 1). The area inside the larger circle also equals 
pr’, because the larger circle has radius r. Thus we have 


pr? =pt m(r° —1). 
Subtracting p from both sides, we get 


pr = 1) =a = 1), 


Thus p = 7c. In other words, the area inside a circle with radius r equals mr. 


We have derived the following formula. 


Area inside a circle 


The area inside a circle with radius r is zr. 


Thus to find the area inside a circle, we must first find the radius of the circle. 
Finding the radius sometimes requires a preliminary algebraic manipulation such 
as completing the square, as shown in the following example. 


Consider the circle described by the equation 
x? = 8x +? + 6y = 4. 


(a) Find the center of this circle. 


(b 


(c) Find the circumference of this circle. 


) 
) Find the radius of this circle. 
(d) Find the area inside this circle. 


solution To obtain the desired information about the circle, we put its equation in 
a standard form. This can be done by completing the square: 


4=x? —8x+y" + 6y 


= («+ 4)? = 16+ (y+3)7+9 


= (x —4)? + (y+3)? — 25. 


Adding 25 to the first and last sides above shows that the circle is described by the 
equation 
(x —4)* + (y +3)? = 29. 
(a) The equation above shows that the center of the circle is (4, —3). 
(b) The equation above shows that the radius of the circle is /29. 
(c) Because the circle has radius \/29, its circumference is 2\/297.. 
(d) Because the circle has radius /29, its area is 2977. 
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In Section 2.2 we saw that the ellipse 


2 2 
x Y 1 


5 9 


is obtained from the circle with radius 1 centered at the origin by stretching hori- 
zontally by a factor of 5 and stretching vertically by factor of 3. 

v y 
3 


iI 


Stretching horizontally by a factor of 5 and vertically by a factor of 3 
transforms the circle on the left into the ellipse on the right. 


Because 5-3 = 15, the Area Stretch Theorem tells us that the area inside this 
ellipse equals 15 times the area inside the circle with radius 1. Because the area 
inside a circle with radius 1 is 7t, we conclude that the area inside this ellipse is 1577. 

More generally, suppose a and b are positive numbers. Suppose the circle with 
radius 1 centered at the origin is stretched horizontally by a factor of a and stretched 
vertically by a factor of b. As we saw in Section 2.2, the equation of the resulting 


ellipse in the xy-plane is In addition to discovering that the 
e y? orbits of planets are ellipses, Kepler 
re as RP 1. also discovered that a line joining a 
planet to the sun sweeps out equal 
The Area Stretch Theorem now gives us the following formula. areas in equal times. 


Area inside an ellipse 


Suppose a and b are positive numbers. Then the area inside the ellipse 


ES 


Ifa = b, then this ellipse is a circle 
and this formula gives the familiar 
formula for the area inside a circle. 


Find the area inside the ellipse 4x? + 5y* = 3. [ = Example5 


solution To put the equation of this ellipse in the form given by the area formula, 
begin by dividing both sides by 3, and then force the equation into the desired form, 


as follows: 
4 5 
1= ae + zy 
2 2 
xy 
ary 
4 5 
_ x2 y* 
v3," se 
(75 5 


Thus the area inside the ellipse is 7 - 3 . 3 which equals - 71. 
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Exercises 


1 


Find the radius of a circle that has circumference 12 
inches. 


Find the radius of a circle that has circumference 20 feet. 


3. Find the radius of a circle that has circumference 8 more 


10 


11 


12 


13 


14 


15 


than its diameter. 


Find the radius of a circle that has circumference 12 more 
than its diameter. 


Suppose you want to design a 400-meter track consisting 


of two half-circles connected by parallel line segments. 


Suppose also that you want the total length of the curved 
part of the track to equal half the total length of the 
straight part of the track. What dimensions should the 
track have? 


Suppose you want to design a 200-meter indoor track 
consisting of two half-circles connected by parallel line 
segments. Suppose also that you want the total length 
of the curved part of the track to equal three-fourths 
the total length of the straight part of the track. What 
dimensions should the track have? 


Suppose a rope is just long enough to cover the equator 
of the earth. About how much longer would the rope 
need to be so that it could be suspended seven feet above 
the entire equator? 


Suppose a satellite is in orbit one hundred miles above the 
equator of the earth. About how much further does the 
satellite travel in one orbit than would a person traveling 
once around the equator on the surface of the earth? 


Find the area of a triangle that has two sides of length 6 
and one side of length 10. 


Find the area of a triangle that has two sides of length 6 
and one side of length 4. 


(a) Find the distance from the point (2,3) to the line 
containing the points (—2,—1) and (5,4). 

(b) Use the information from part (a) to find the area of 
the triangle whose vertices are (2,3), (—2,—1), and 
(5,4). 

(a) Find the distance from the point (3,4) to the line 
containing the points (1,5) and (—2,2). 

(b) Use the information from part (a) to find the area 
of the triangle whose vertices are (3,4), (1,5), and 
(—2,2). 

Find the area of the triangle whose vertices are (2,0), 
(9,0), and (4,5). 


Find the area of the triangle whose vertices are (—3,0), 
(2,0), and (4,3). 


Suppose (2,3), (1,1), and 
(7,1) are three vertices of 3 
a parallelogram, two of 
whose sides are shown 1 
here. : 


(a) Find the fourth vertex of this parallelogram. 
(b) Find the area of this parallelogram. 


16 


17 


18 


19 


20 


21 


22 


23 
24 
25 
26 
27 


28 


29 


30 


Suppose (3,4), (2,1), and 
(6,1) are three vertices of 4 
a parallelogram, two of 
whose sides are shown 2 
here. 


2. 4 6 


(a) Find the fourth vertex of this parallelogram. 
(b) Find the area of this parallelogram. 


Find the area of this trapezoid, whose vertices are (1,1), 
(7,1), (5,3), and (2,3). 


y N 
1 


Find the area of this trapezoid, whose vertices are (2,1), 
(6,1), (8,4), and (1,4). 


Find the area of the region in the xy-plane under the line 
y= 7 above the x-axis, and between the lines x = 2 and 
x = 6. 

Find the area of the region in the xy-plane under the line 
y = 3x +1, above the x-axis, and between the lines x = 1 
and x = 5. 


Let f(x) = |x|. Find the area of the region in the xy-plane 
under the graph of f, above the x-axis, and between the 
lines x = —2 and x = 5. 


Let f(x) = |2x|. Find the area of the region in the xy- 
plane under the graph of f, above the x-axis, and between 
the lines x = —3 and x = 4. 


Find the area inside a circle with diameter 7. 
Find the area inside a circle with diameter 9. 
Find the area inside a circle with circumference 5 feet. 
Find the area inside a circle with circumference 7 yards. 
Find the area inside the circle whose equation is 
x* —6x+y* +10y =1. 
Find the area inside the circle whose equation is 
7 45x+y —3y= 1. 
Find a number ft such that the area inside the circle 
3x? + 3y* = 
is 8. 
Find a number t such that the area inside the circle 
5x? + 5y? =t 
is 2. 


Use the following information for Exercises 31-36: 

A standard DVD disk has a 12-cm diameter (cm is the abbre- 
viation for centimeters). The hole in the center of the disk 
has a 0.75-cm radius. About 50.2 megabytes of data can be 
stored on each square cm of usable surface of the DVD disk. 


31 
32 


33 


34 


35 @ 


36 


37 


38 


39 


40 


41 


g What is the area of a DVD disk, not counting the hole? 


6 What is the area of a DVD disk, not counting the hole 
and the unusable circular ring with width 1.5 cm that 
surrounds the hole? 


g A movie company is manufacturing DVD disks con- 
taining one of its movies. Part of the surface of each DVD 
disk will be made usable by coating with laser-sensitive 
material a circular ring whose inner radius is 2.25 cm 
from the center of the disk. What is the minimum outer 
radius of this circular ring if the movie requires 3100 
megabytes of data storage? 

A movie company is manufacturing DVD disks con- 
taining one of its movies. Part of the surface of each DVD 
disk will be made usable by coating with laser-sensitive 
material a circular ring whose inner radius is 2.25 cm 
from the center of the disk. What is the minimum outer 
radius of this circular ring if the movie requires 4200 
megabytes of data storage? 

Suppose a movie company wants to store data for 
extra features in a circular ring on a DVD disk. If the 
circular ring has outer radius 5.9 cm and 200 megabytes 
of data storage is needed, what is the maximum inner 
radius of the circular ring for the extra features? 

g Suppose a movie company wants to store data for 
extra features in a circular ring on a DVD disk. If the 
circular ring has outer radius 5.9 cm and 350 megabytes 
of data storage is needed, what is the maximum inner 
radius of the circular ring for the extra features? 

Find the area of the region in the xy-plane under the 
curve y = V4— x2 (with —2 < x < 2) and above the 
x-axis. 

Find the area of the region in the xy-plane under the 
curve y = V9 — x2 (with —3 < x < 3) and above the 
x-axis. 

Using the answer from Exercise 37, find the area of the 
region in the xy-plane under the curve y = 3V/4— x? 
(with —2 < x < 2) and above the x-axis. 

Using the answer from Exercise 38, find the area of the 
region in the xy-plane under the curve y = 5V9— x2 
(with —3 < x <3) and above the x-axis. 

Using the answer from Exercise 37, find the area of the re- 


/ 2 
gion in the xy-plane under the curve y = \/4— oe (with 
—6 < x < 6) and above the x-axis. 


42 


44 
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Using the answer from Exercise 38, find the area of the re- 


2 
gion in the xy-plane under the curve y = i/ ae 16 (with 
—12 < x < 12) and above the x-axis. 


Find the area of the region in the xy-plane under the 


curve 
y=14+ V4- 22, 
above the x-axis, and between the lines x = —2 and x = 2. 


Find the area of the region in the xy-plane under the 


curve 
yS=24+V9oRr, 
above the x-axis, and between the lines x = —3 and x = 3. 


In Exercises 45-50, find the area inside the ellipse in the xy- 
plane determined by the given equation. 


52 


53 


54 


55 


56 


2 2. 

x yo 
wig al 
2 2 
$+ G a1 
2x? + 3y* =1 


10x? + 7y* =1 


3x2 + 2y* =7 
5x? + 9y7 = 3 
Find a positive number c such that the area inside the 


ellipse 
2x* 4+ cy? =5 
is 3. 
Find a positive number c such that the area inside the 
ellipse 
cx’ + 7y? =3 
is 2. 


Find numbers a and b such that a > b, a+b = 15, and 
the area inside the ellipse 


is 367. 


Find numbers a and b such that a > b, a+b =5, and the 
area inside the ellipse 


is 370. 


Find a number f such that the area inside the ellipse 
Ax* + 9y* =t 

is 5. 

Find a number ¢ such that the area inside the ellipse 
2x? + 3y* = 


is 7. 
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Problems 


Some problems require considerably more thought than the exercises. 


57 
58 
59 


60 


61 


62 


63 


64 


65 


66 


67 


68 


69 


70 


Explain why a square yard contains 9 square feet. 
Explain why a square foot contains 144 square inches. 
Find a formula that gives the area of a square in terms of 
the length of the diagonal of the square. 

Find a formula that gives the area of a square in terms of 
the perimeter. 

Suppose a and b are positive numbers. Draw a figure 
of a square whose sides have length a + b. Partition this 
square into a square whose sides have length a, a square 
whose sides have length b, and two rectangles in a way 
that illustrates the identity 


(a+b)? =a* +2ab +b. 


Find an example of a parallelogram whose area equals 10 
and whose perimeter equals 16 (give the coordinates for 
all four vertices of your parallelogram). 

Show that an equilateral triangle with sides of length r 
has area 372, 

Show that an equilateral triangle with area A has sides of 


2VA 
length 31/4 - 


Suppose 0 < a < b. Show that the area of the region 


under the line y = x, above the x-axis, and between the 
2 2 
lines x = a and x = bis b 5 


Show that the area inside a circle with circumference c is 
fa 

4n ie 

Find a formula that gives the area inside a circle in terms 
of the diameter of the circle. 

In ancient China and Babylonia, the area inside a circle 

was said to be one-half the radius times the circumference. 
Show that this formula agrees with our formula for the 
area inside a circle. 

Suppose a, b, and c are positive numbers. Show that the 
area inside the ellipse 


ax? + by? =c 


; c 
is 70 ae 

The figure below illustrates an isosceles right triangle 
with legs of length 1, along with one-fourth of a circle 
centered at the right-angle vertex of the triangle. Us- 
ing the result that the shortest path between two points 
is a line segment, explain why this figure shows that 


2W2<1. 


71 The figure below illustrates a circle with radius 1 enclosed 


within a square. By comparing areas, explain why this 
figure shows that 7 < 4. 


72 The Rhind Mathematical Papyrus from ancient Egypt 


states that the area inside a circle with diameter d is 
(3d) . Show that this corresponds to the assumption that 
1 = 206 

~~ 81-5 


[Because e = 3.16, the error is about 0.6%.] 


73 Consider the following figure, which is drawn accurately 


to scale. 


2 ia} 8 11 14 17 20 


(a) Show that the right triangle whose vertices are (0,0), 
(20,0), and (20,9) has area 90. 


(b) Show that the yellow right triangle has area 27.5. 
(c) Show that the orange rectangle has area 45. 
(d) Show that the blue right triangle has area 18. 


(e) Add the results of parts (b), (c), and (d), showing 
that the area of the colored region is 90.5. 


(f) Seeing the figure above, most people expect that 
parts (a) and (e) will have the same result. Yet in 
part (a) we found area 90, and in part (e) we found 
area 90.5. Explain why these results differ. 
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Worked-Out Solutions to Odd-Numbered Exercises 


Do not read these worked-out solutions before attempting to do the 
exercises yourself. Otherwise you may mimic the techniques shown 
here without understanding the ideas. 


Best way to learn: Carefully read the section of the textbook, then do 
all the odd-numbered exercises and check your answers here. If you 
get stuck on an exercise, then look at the worked-out solution here. 


1 Find the radius of a circle that has circumference 12 


inches. 


solution Let r denote the radius of this circle in inches. 
Thus 27tr = 12, which implies that r = = inches. 


Find the radius of a circle that has circumference 8 more 
than its diameter. 


solution Let r denote the radius of this circle. Thus the 
circle has circumference 27tr and has diameter 2r. Be- 
cause the circumference is 8 more than diameter, we have 
2nr = 2r+8. Thus (27 —2)r = 8, which implies that 
4 

r= 7T_1° 

Suppose you want to design a 400-meter track consisting 
of two half-circles connected by parallel line segments. 
Suppose also that you want the total length of the curved 
part of the track to equal half the total length of the 
straight part of the track. What dimensions should the 
track have? 


solution Let ¢ equal the total length of the straight part 
of the track in meters. We want the curved part of the 


track to have total length 5. Thus we want 


t 
t+ —~ = 400. 
* 2 
Solving this equation for t, we get t = w meters. Thus 
each of the two straight pieces must be 40 meters long. 


Hence we take c = ae ~ 133.33 meters in the figure in 


the below. 
C 
Cap 


We also want the total length of the two half-circles to 
be ago meters. Thus we want 7d = 400. Hence we take 


d= au ~ 42.44 meters in the figure above. 


Suppose a rope is just long enough to cover the equator 
of the earth. About how much longer would the rope 
need to be so that it could be suspended seven feet above 
the entire equator? 


solution Assume the equator of the earth is a circle. This 
assumption is close enough to being correct to answer a 
question that requires only an approximation. 


Assume the radius of the earth is r, measured in feet 
(note that we do not need to know the value of r for this 
exercise). For a rope to cover the equator, it needs to have 
length 27cr feet. For a rope to be suspended seven feet 
above the equator, it would need to have length 27(r + 7) 
feet, which equals (27tr + 1472) feet. In other words, to be 


suspended seven feet above the equator, the rope would 
need to be only 147: feet longer than a rope covering the 
equator. Because 147 ~ 14- 2 = 44, the rope would 
need to be about 44 feet longer than a rope covering the 


equator. 


Find the area of a triangle that has two sides of length 6 
and one side of length 10. 


solution By the Pythagorean Theorem (see figure be- 
low), the height of this triangle equals v6* — 52, which 
equals V11. 


5 


A triangle that has two sides of length 6 
and one side of length 10. 


Thus the area of this triangle equals 5/11. 


(a) Find the distance from the point (2,3) to the line 
containing the points (—2,—1) and (5,4). 
(b) Use the information from part (a) to find the area of 


the triangle whose vertices are (2,3), (—2,—1), and 
(5,4). 


solution 


To find the distance from the point (2,3) to the line con- 
taining the points (—2,—1) and (5,4), we first find the 
equation of the line containing the points (—2,—1) and 
(5,4). The slope of this line equals 


Aale)) 

5—(—2)’ 
which equals 3 Thus the equation of the line containing 
the points (—2,—1) and (5,4) is 


y-4_95 
x-5 7’ 
which can be rewritten as 
y= 3x + 3. 


To find the distance from the point (2,3) to the line con- 
taining the points (—2,—1) and (5,4), we want to find 
the equation of the line containing the point (2,3) that is 
perpendicular to the line containing the points (—2,—1) 
and (5,4). The equation of this line is 

y-3 7 


= 2 5’ 
which can be rewritten as 


7 29 
y=—5xTs- 
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To find where this line intersects the line containing the 
points (—2,—1) and (5,4), we need to solve the equation 


Die ted es) 

Ys cia «oi Ss 
Simple algebra shows that the solution to this equation 
isx = 7: Plugging this value of x into the equation of 
either line shows that y = 3. Thus the two lines intersect 
at the point (3, 33). 


Thus the distance from the point (2,3) to the line contain- 
ing the points (—2, —1) and (5,4) is the distance from the 


point (2,3) to the point (3, 33). This distance equals 


1 Oy a Sy 


which equals z, which equals 4, / yy: 


We will consider the line segment connecting the points 
(—2,—1), and (5,4) to be the base of this triangle. In 
part (a), we found that the height of this triangle equals 


4/3. 


The triangle with vertices (2,3), (—2,—1), and (5,4), with a 
line segment showing its height. 

The base of the triangle is the distance between the points 

(—2,—1) and (5,4). This distance equals /74. Thus the 

area of the triangle (one-half the base times the height) 


equals _ 
2VA(4y 37), 


[There are easier ways to find the area of this triangle, but 
the technique used here gives you practice with several 
important concepts.] 


which equals 4. 


Find the area of the triangle whose vertices are (2,0), 
(9,0), and (4,5). 


solution Choose the side connecting (2,0) and (9,0) as 
the base of this triangle. Thus the triangle below has base 
9 — 2, which equals 7. 


5 


2 4 9 


The height of this triangle is the length of the blue line 
shown here; this height equals the second coordinate of 


15 


(a) 


(b) 


17 


19 


the vertex (4,5). In other words, this triangle has height 
D: 


Thus this triangle has area A -7-5, which equals 3. 


Suppose (2,3), (1,1), and 
(7,1) are three vertices of 3 
a parallelogram, two of 
whose sides are shown 1 
here. 


(a) Find the fourth vertex of this parallelogram. 


(b) Find the area of this parallelogram. 
solution 


Consider the horizontal side of the parallelogram con- 
necting the points (1,1) and (7,1). This side has length 
6. Thus the opposite side, which connects the point (2,3) 
and the fourth vertex, must also be horizontal and have 
length 6. Thus the second coordinate of the fourth vertex 
is the same as the second coordinate of (2,3), and the 
first coordinate of the fourth vertex is obtained by adding 
6 to the first coordinate of (2,3). Hence the fourth vertex 
equals (8,3). 

The base of this parallelogram is the length of the side 
connecting the points (1,1) and (7,1), which equals 6. 
The height of this parallelogram is the length of a ver- 
tical line segment connecting the two horizontal sides. 
Because one of the horizontal sides lies on the line y = 1 
and the other horizontal side lies on the line y = 3, a 
vertical line segment connecting these two sides will have 
length 2. Thus the parallelogram has height 2. Because 
this parallelogram has base 6 and height 2, it has area 12. 


Find the area of this trapezoid, whose vertices are (1,1), 
(7,1), (5,3), and (2,3). 


> 
1 


solution One base of this trapezoid is the length of the 
side connecting the points (1,1) and (7,1), which equals 
6. The other base of this trapezoid is the length of the 
side connecting (5,3) and (2,3), which equals 3. 


The height of this trapezoid is the length of a vertical line 
segment connecting the two horizontal sides. Because 
one of the horizontal sides lies on the line y = 1 and the 
other horizontal side lies on the line y = 3, a vertical line 
segment connecting these two sides will have length 2. 
Thus the trapezoid has height 2. 


Because this trapezoid has bases 6 and 3 and has height 
2, it has area +(6 + 3) - 2, which equals 9. 


Find the area of the region in the xy-plane under the line 
y= - above the x-axis, and between the lines x = 2 and 
x=6. 


solution The line x = 2 intersects the line y = . at the 


point (2,1). The line x = 6 intersects the line y = 5 at 
the point (6,3). 


21 


23 


25 


27 


2 6 


Thus the region in question is the trapezoid shown above. 
The parallel sides of this trapezoid (the two vertical sides) 
have lengths 1 and 3, and thus this trapezoid has bases 1 
and 3. As can be seen from the figure above, this trape- 
zoid has height 4. Thus the area of this trapezoid is 
4+ (1+3)-4, which equals 8. 


Let f(x) = |x|. Find the area of the region in the xy-plane 
under the graph of f, above the x-axis, and between the 
lines x = —2 and x = 5. 


solution 


The region un- 
der considera- 
tion is the union 
of two triangles, 
as shown here. 


—2 5 


One of the triangles has base 2 and height 2 and thus 
has area 2. The other triangle has base 5 and height 5 
and thus has area 2 Thus the area of the region under 
consideration equals 2 + 25° which equals 2. 


Find the area inside a circle with diameter 7. 


solution A circle with diameter 7 has radius a Thus 


the area inside this circle is 77( ae which equals on 


Find the area inside a circle with circumference 5 feet. 


solution Let r denote the radius of this circle in feet. 


Thus 27tr = 5, which implies that r = so Thus the area 
2 


inside this circle is 7r( 2) square feet, which equals 2. 


square feet. 
Find the area inside the circle whose equation is 
x? —6x+y+10y=1. 


solution To find the radius of the circle given by the 
equation above, we complete the square, as follows: 


1=x* —6x+y" +10y 

= (x3) 

= (x-3)? + (y+5) 

Adding 34 to both sides of this equation gives 
(x— 3)? + (y+5)? = 35. 


Thus we see that this circle is centered at (3,—5) (which 
is irrelevant for this exercise) and that it has radius 35. 


9+ (y+5)? —25 


34. 


29 
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Thus the area inside this circle equals 1/35, which 
equals 3570. 


Find a number t such that the area inside the circle 
3x? + 3y? =t 
is 8. 


solution Rewriting the equation above as 


2 
2 2 t 
Pry=(/5), 
wor No " t A 
we see that this circle has radius Ji . Thus the area in- 


2 
side this circle is n(V/§ ) , which equals a We want 


this area to equal 8, which means we need to solve the 
24 


equation ~ = 8. Thus t = — 


Use the following information for Exercises 31-36: 

A standard DVD disk has a 12-cm diameter (cm is the abbre- 
viation for centimeters). The hole in the center of the disk 
has a 0.75-cm radius. About 50.2 megabytes of data can be 
stored on each square cm of usable surface of the DVD disk. 


31 


33 


g What is the area of a DVD disk, not counting the hole? 


solution The DVD disk has radius 6 cm (because the 
diameter is 12 cm). The area inside a circle with radius 6 
cm is 3671 square cm. 


The area of the hole is 0.7527 square cm, which is 0.56257t 
square cm. 


Subtracting 0.56257r from 367t, we see that the DVD disk 
has area 35.43757t square cm, which is approximately 
111.33 square cm. 


g A movie company is manufacturing DVD disks con- 
taining one of its movies. Part of the surface of each DVD 
disk will be made usable by coating with laser-sensitive 
material a circular ring whose inner radius is 2.25 cm 
from the center of the disk. What is the minimum outer 
radius of this circular ring if the movie requires 3100 
megabytes of data storage? 


solution Because 50.2 megabytes of data can be stored 
in each square cm of usable surface, the usable surface 
must have area at least He square cm, or about 61.753 
square cm. 


If the outer radius of the circular ring of usable area is r, 
then the usable area will be mr? — 2.2527. Thus we solve 
the equation 

rer? — 2.25° nm = 61.753 


for r, getting r + 4.97 cm. 
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35 


37 


39 


g Suppose a movie company wants to store data for 
extra features in a circular ring on a DVD disk. If the 
circular ring has outer radius 5.9 cm and 200 megabytes 
of data storage is needed, what is the maximum inner 
radius of the circular ring for the extra features? 


solution Because 50.2 megabytes of data can be stored 
in each square cm of usable surface, the usable surface 
must have area at least ay square cm, or about 3.984 
square cm. 


If the inner radius of the circular ring of usable area is r, 
then the usable area will be 5.9271 — mr?. Thus we solve 
the equation 

5.9° 7 — mr? = 3.984 


for r, getting r 5.79 cm. 


Find the area of the region in the xy-plane under the 
curve y = V4— x2 (with —2 < x < 2) and above the 
X-axis. 


solution 


Square both 
sides of the equa- 
tion y = V4 — x2 
and then add x 
to both sides. 


y 


x 


—2 2 


This gives the equation x” + y* = 4, which is the equation 
of a circle with radius 2 centered at the origin. However, 
the equation y = V4 — x2 forces y to be nonnegative, and 
thus we have only the top half of the circle. Thus the 
region in question, which is shown above, has half the 
area inside a circle with radius 2. Hence the area of this 
region is us -22, which equals 27r. 


Using the answer from Exercise 37, find the area of the 
region in the xy-plane under the curve y = 3V/4— x2 
(with —2 < x < 2) and above the x-axis. 


solution 


The region in 
this exercise is 
obtained from 
the region in 
Exercise 37 by 
stretching verti- 
cally by a factor 
of 3. Thus by the 
Area Stretch The- 
orem, the area of 
this region is 3 
times the area of 
the region in Ex- 
ercise 37. Thus 
this region has 
area 677. 


41 Using the answer from Exercise 37, find the area of the re- 


43 


2 
gion in the xy-plane under the curve y = 4/4 — > (with 
—6 <x < 6) and above the x-axis. 


solution Define a function f with domain the interval 
[2,2] by f(x) = V4—x?. Define a function h with 
domain the interval [—6, 6] by h(x) = f (i: Thus 


ie =f Oa aCe aya. 


Hence the graph of ht is obtained by horizontally stretch- 
ing the graph of f by a factor of 3 (see Section 1.3). Thus 
the region in this exercise is obtained from the region in 
Exercise 37 by stretching horizontally by a factor of 3. 


Thus by the Area Stretch Theorem, this region has area 
670. 


Find the area of the region in the xy-plane under the 
curve 

y=14+V4-2, 
above the x-axis, and between the lines x = —2 and x = 2. 


solution The curve y = 14+ V4 -— x? is obtained by shift- 
ing the curve y = V4— x? up 1 unit. 


y 
3 


x 


—2 2 


Thus we have the region above, which should be com- 
pared to the region shown in the solution to Exercise 37. 


To find the area of this region, we break it into two parts. 
One part consists of the rectangle shown above that has 
base 4 and height 1 (and thus has area 4); the other part 
is obtained by shifting the region in Exercise 37 up 1 unit 
(and thus has area 271, which is the area of the region 
in Exercise 37). Adding together the areas of these two 
parts, we conclude that the region shown above has area 
4+ 27. 


In Exercises 45-50, find the area inside the ellipse in the xy- 
plane determined by the given equation. 


x 


yo _ 
45 age =e 


47 


49 


51 


solution Rewrite the equation of this ellipse as 


2 2 
es 
V7 4 
Thus the area inside this ellipse is AV/7 7. 
2x? + 3y2 =1 


solution Rewrite the equation of this ellipse in the form 
given by the area formula, as follows: 
1 = 2x? + 3y* 

2 2 
x U 
ae 
2: 3 


x2 y 
eae 
re V I 
2 3 
. . . . 1 1 . 
Thus the area inside the ellipse is 7 - rE “4/3, which 


equals Je Multiplying numerator and denominator by 


von 


/6, we see that we could also express this area as rs 


3x? + 2y? =7 


solution To put the equation of the ellipse in the form 
given by the area formula, begin by dividing both sides 
by 7, and then force the equation into the desired form, 
as follows: 


3 2 
1= ax + ay 


er 
aka 
3 2 

x2 y 


= Ae : 
a we 
3 2 
ois : : 7 7 7 
Thus the area inside the ellipse is 7 - V3 4/5, which 


equals Multiplying numerator and denominator by 


7/67 


/6, we see that we could also express this area as —_— 


Find a positive number c such that the area inside the 
ellipse 

2x* +cy2 =5 
is 3. 


solution To put the equation of the ellipse in the form 
given by the area formula, begin by dividing both sides 
by 5, and then force the equation into the desired form, 
as follows: 


541 


Thus the area inside the ellipse is 7 - V 3 : 2, which 


equals ae. We want this area to equal 3, so we must 


57 


solve the equation Vie = 3. Squaring both sides and 
2 
then solving for c gives c = ate 


53 Find numbers a and b such that a > b, a+b = 15, and 


the area inside the ellipse 


is 367. 


solution The area inside the ellipse is 77ab. Thus we 
need to solve the simultaneous equations 


a+b=15 and ab = 36. 


The first equation can be rewritten as b = 15 — a, and 
this value for b can then be substituted into the second 
equation, giving the equation 


a(15—a) = 36. 


This is equivalent to the equation a —15a+36 = 0, 
whose solutions (which can be found through either fac- 
toring or the quadratic formula) are a = 3 and a = 12. 
Choosing a = 3 gives b = 15—a = 12, which vio- 
lates the condition that a > b. Choosing a = 12 gives 
b = 15—12 =3. Thus the only solution to this exercise is 
a=12,b=3. 


55 Find a number ft such that the area inside the ellipse 


Ax” + 9y? =t 
is 5. 
solution Dividing the equation above by t, we have 


4 9 
1= ae ov 


ey Oe 


Thus the area inside this ellipse is 


x y? 
t 


ae t Vi 
2-3. % 
which equals at Hence we want se = 5, which means 
_ 30 
that t = — 
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approximation 
of 2, 235, 246 
of 2!, 267 
of area, 250-252 
of cos 6, 381 
of e, 253, 268, 472 
of e', 263-264, 480 
of In(1 + t), 262-263 
of In x, 257, 480 
of log(1 + t), 267 
of 71, 527-528 
of sin 8, 380 
of Sin? 381 
of tan 6, 380 
APY, see annual percentage yield 
arc, see circular arc 
arc length, 528 
arccosine, 352-354, 409 
composition with trigonometric 
functions, 365-368 
graph, 354 
of —t, 369 
plus arcsine, 370-371 
arcsine, 354-356, 409 


composition with trigonometric 
functions, 365-368 

graph, 356 

of —t, 369 

plus arccosine, 370-371 

arctangent, 357-359 

composition with trigonometric 
functions, 365-368 

graph, 358 

of —t, 370 

area 

inside circle, 531-533 

inside ellipse, 533 

of circular slice, 301 

of dodecagon, 383, 384 

of hendecagon, 378 

of heptagon, 384 

of hexagon, 383, 386 

of loonie, 378 

of octagon, 378 

of parallelogram, 377, 529 

of Pentagon, 379 

of polygon, 378-379, 384 

of rectangle, 529 

of square, 528 

of trapezoid, 384, 530 

of triangle, 375-376, 529-530 


under y = 1 250-254, 263, 265-266 
Area Stretch Theorem, 265, 531, 533, 
540 
argument of complex number, 519-522 
arithmetic sequence, 442-443 
arithmetic series, 453 
associativity, 6-7, 16, 35, 85-86, 497, 507, 
514 
asymptote, 192, 194 
Axler, Sheldon, v 


bacteria growth, 239, 271-272 
base 

e, 254-256, 262-263 

of logarithm, 207 

of parallelogram, 529 

of trapezoid, 530 

of triangle, 529 

ten, 208-209 

two, 206 
bees, 285 
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bell-shaped curve, 272 

Bengal, 216 

binary notation (base 2), 220 
binomial coefficient, 462-465, 482 
Binomial Theorem, 462-466, 482 
black box, 40 


calculator use, xvi-xvii, 13-14 
carbon-14 dating, 216 
Cartesian plane, 50-51, 56, 58 
Cauchy-Schwarz Inequality, 504 
Celsius temperature scale, 93-94, 124 
Celsius, Anders, 124 
chess, invention of, 235 
Chicago temperature, 429 
Christina, Queen of Sweden, 37 
circle 
area inside, 531-533 
circumference of, 527-528 
equation of, 140-141 
polar equation, 488-489 
unit, see unit circle 
circular arc, 287, 300, 303 
circular slice, 301 
circumference, 527-528 
clockwise, 284 
closed interval, 24, 30 
coefficient of polynomial, 174 
comet, 144 
common logarithm, 208 
number of digits, 208-209 
commutativity, 6, 35, 497, 501, 507, 514 
completing the square, 135 
complex conjugate, 508-509, 519 
complex number 
absolute value, 518-519 
addition, 507, 514 
definition, 506 
division, 508-510, 522 
imaginary part, 506-507 
multiplication, 507-508, 514, 
521-522 
multiplicative inverse, 514, 521 
polar form, 519-522 
power, 522-523 
real part, 506-507 
root, 523 
subtraction, 507 
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complex plane, 518-522 
composition, 82-88 
decomposing functions, 85 
not commutative, 85 
of a function and its inverse, 98-99 
of a polynomial and a rational 
function, 196 
of a trigonometric function and an 
inverse trigonometric function, 
365-368 
of increasing functions, 112 
of linear functions, 129 
of more than two functions, 85-86 
of one-to-one functions, 102 
of polynomials, 184 
of rational functions, 196 
compound interest, 241-244, 246 
continuous compounding, 270-274 
doubling money, 272-274 
conic section 
ellipse, 142-144, 533 
hyperbola, 144-146 
parabola, 63, 106, 139, 157, 175 
Conjugate Roots Theorem, see 
Conjugate Zeros Theorem 
Conjugate Zeros Theorem, 512 
constant function, 124 
continuous function, 181 
continuous growth rate, 271-272 
continuously compounded interest, 
270-271 
coordinate axes, 50-51 
coordinate plane, 50-51, 56, 58 
coordinates 
polar, 484-487 
rectangular, 50-51 
Copernicus, Nicolaus, 320 
cos, see cosine 
cos~!, see arccosine 
cosecant, 321-323, 326, 344 
cosh, see hyperbolic cosine 


cosine 
0s 75, 418 

cos(—8), 338-339 
cos 15°, 405, 416, 419 
cos 18°, 409 
cos(20), 402-403 
cos(30), 419 
cos(50), 419 
cos(4 — @), 339-340 
cos(@ + 27r), 342-343 
cos(0 + 70), 341 
cos(@ + +), 419, 422 
cos(@ + 4), 419, 422 
cos($), 404-408 
cos(u + v), 414-415 


cos(u — v), 415-416 
cos u cosv, 418 
cosu sinv, 419 

cos x + cos y, 419 
cos x — cos y, 419 


definition using unit circle, 307 
domain, 311 
graph, 312, 338, 340, 342, 352, 353, 
423, 424, 427 
range, 311 
right triangle characterization, 
327-329 
sign, 309-310 
special angles, 308 
cot, see cotangent 
cotangent, 321-323, 326, 344 
counterclockwise, 283 
csc, see cosecant 
cube, 161 
cube root, 161, 162, 167 
cubic formula, 177, 506 
Curie, Marie, 215 


De Moivre’s Theorem, 522-523 
de Moivre, Abraham, 522-523 
decibel, 226-227, 229, 230, 233, 279 
decimal 

as infinite series, 476-477 

repeating, 476-477 

terminating, 476 
decomposing functions, 85 
decreasing function, 108-112, 116, 129, 

158, 161, 363 

degree 

Celsius, 93-94, 124 

Fahrenheit, 93-94, 124 

of a polynomial, 174-177 
Descartes, René, 37, 50 
difference 

of functions, 81-82 

of polynomials, 175-176 
difference quotient, 16, 19, 45, 47, 182, 

186, 195, 196, 198, 267, 269 

digit, 476 
Dilbert, 241, 246, 249, 279 
direction of a vector, 494-496 
distance 

between points, 140 
distributive property, 8-9 
division of polynomials, 188-190 
dodecagon, 383, 384, 386 
domain 

definition, 38 

from a graph, 54 

from a table, 44 

importance in function equality, 40 

not specified, 41-42 

of a composition, 82-83 

of a polynomial, 174 

of a rational function, 187 

of an inverse function, 97 

of cos, 311 

of cos—!, 354 

of e*, 255 

of In, 256 

of log,, 207 


of sin, 311 

of sin~!, 356 

of tan, 320 

of tan~!, 358 
dot product, 500-502 
double-angle formula 

for cos(20), 402-403 

for sin(2@), 403 

for tan(20), 404 
doubling money, 272-274 


e 
approximation of, 264 
as base for natural logarithm, 254 
definition, 253 
exponential function, 255-256, 275 
first 40 digits, 253 
series for, 477 
earthquake, 225, 229, 230, 233, 279 
Einstein, Albert, 193, 337 
ellipse 
area inside, 533 
equation of, 142 
focus, 142-144 
epsilon, 29, 471 
Euclid, 343 
Euler, Leonard, 478, 506 
even function, 71, 73, 74, 80, 89, 90, 112, 
129, 148, 210, 257, 338, 371 
exponent 
0, 159-160 
complex number, 522-523 
negative integer, 160-161 
positive integer, 157-159 
rational number, 161-164 
real number, 163, 204 
exponential function, 204-205, 255-256, 
275 
approximation of, 263-264 
graph, 255 
in continuous compounding, 
270-271 
in continuous growth rate, 271-272 
series for, 477 
exponential growth, 235-244, 246, 275 
compound interest, 241-244, 246 
continuous compounding, 270-271 
continuous growth rate, 271-272 
Moore’s Law, 237 
population growth, 239-240 


factorial, 446, 462 

Fahrenheit temperature scale, 93-94, 
124 

Fahrenheit, Daniel Gabriel, 94 

Fermat’s Last Theorem, 168 

Fibonacci sequence, 445-446 

Fibonacci, Leonardo, 445 

finite sequence, 440, 442-444, 453, 473, 
482 

Flatiron Building, 396 


flipping graph, see function 
transformation 
focus 
of ellipse, 142-144 
of hyperbola, 145-146 
Frankenstein, 176 
function 
constant, 124 
decreasing, 108-112, 116, 129, 158, 
161, 363 
defined by table, 44 
definition, 38 
equality of, 40 
even, 71, 73, 74, 80, 89, 90, 112, 129, 
148, 210, 257, 371 
increasing, 108-112, 116, 129, 147, 
155, 158, 164, 255, 256, 316, 326, 
433 
inverse, 93-100 
odd, 72-74, 80, 89, 90, 116, 129, 167, 
210, 257, 371 
one-to-one, 94-95 
periodic, 425 
piecewise-defined, 39, 45, 47, 101, 
105 
polynomial, 174 
function transformation 
as composition, 86-88 
flipping graph across horizontal 
axis, 65-66 
flipping graph across vertical axis, 
68 
horizontal combinations of, 71 
of trigonometric functions, 423-428 
shifting graph down, 64 
shifting graph left, 66-67 
shifting graph right, 66-67 
shifting graph up, 63-64 
stretching graph horizontally, 67 
stretching graph vertically, 64-65 
vertical combinations of, 68-71 
Fundamental Theorem of Algebra, 513 


Galileo, 143 
Gauss, Carl Friedrich, 418, 513 
geometric sequence, 443-445 
limit of, 472-473 
sum of, 455-459, 474-475 
geometric series, 455-459, 474-475 
Gilbert and Sullivan, 138 
golden ratio, 149, 410 
Google, 253 
grad, 290, 303 
graph 
determining domain from, 54 
determining range from, 54-55 
flipping, see function 
transformation 
horizontal line test, 107-108 
of 1/x, 161, 254, 262-263, 265-266 
of 1/x*, 161 


of 9*, 236 

of \/x, 106 

of (1+1/x)*, 264 

of |x|, 52 

of a constant function, 124 

of a function, 52 

of cos, 312, 338, 340, 342, 352, 353, 
423, 424, 427 

of cos, 354 

of decreasing function, 108-109 

of even function, 71 

of e*, 255, 256, 263 

of function, 52 

of increasing function, 108-109 

of inverse function, 106 

of linear function, 121 

of In, 255, 256, 262 

of log, 218 

of log,, 206, 218 

of odd function, 72-73 

of one-to-one function, 107-108 

of polar equation, 488-491 

of polynomial, 181 

of quadratic function, 138-139 

of rational function, 194 

of sin, 312, 339, 340, 342, 354, 355, 
424 

of tan, 320-321, 339, 342, 357 

of tan—!, 358 

of transformed function, 63-71 

of x2, 106, 205 

of x3, x4, x°, and x®, 158 

reflecting, see function 
transformation 

shifting, see function transformation 

stretching, see function 
transformation 

vertical line test, 56 


half-angle formula 

for cos §, 404-405 

for sin §, 405-406 

for tan $, 406-407 
half-life, 215-216 
half-open interval, 24 
height 

of parallelogram, 529 

of rectangle, 529 

of trapezoid, 530 

of triangle, 529-530 
hendecagon, area of, 378 
heptagon, area of, 384 
hexagon, 383, 386 
Hipparchus, 312 
Holmes, Sherlock, 4 
Hubble telescope, 228 
hyperbola, 144-146 

focus, 145-146 
hyperbolic cosine, 257-258 
hyperbolic sine, 257-258, 268 
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1, 506-513 
identity 
inverse trigonometric, 365-368 
trigonometric, 336-343 
identity function (I), 84-85, 98, 365 
imaginary axis, 518 
imaginary part, 506-507, 524 
income tax function, 39, 101, 105, 112 
increasing function, 108-112, 116, 129, 
147, 155, 158, 164, 255, 256, 316, 
326, 433 
inequalities, 21-23 
infinite sequence, 440-447 
arithmetic sequence, 442-443 
geometric sequence, 443-445 
limit of, 470-473 
recursively defined, 445-447 
sum of, see infinite series 
infinite series, 473 
geometric series, 474-475 
special, 477-479 
infinity (00), 24-25, 176, 179-181, 
191-193, 440, 472 
integer, 2 
integrated circuit, 237 
Intel, 237 
interest 
compound, 241-244 
continuously compounded, 270-274 
simple, 241-242 
intersection, 29, 33 
interval, 24-27 
closed, 24, 30 
half-open, 24 
open, 24, 30 
inverse function, 93-100 
composition with, 98-99 
domain of, 97 
from table, 110-111 
graph of, 106-107 
notation, 99-100 
of 2*, 206 
of a linear function, 102, 129 
of b*, 207-208 
of cos, 352-354 
of cosh, 258 
of decreasing function, 109-110 
of e*, 256 
of increasing function, 109-110 
of sin, 354-356 
of sinh, 258 
of tan, 357-358 
of x”, 163-164 
range of, 97 
inverse trigonometric functions 
cos~!, see arccosine 
sin~!, see arcsine 
tan—!, see arctangent 
inverse trigonometric identities 
cos! t+ sin7! t, 370-371 
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compositions of trigonometric and 
inverse trigonometric functions, 
365-368 
with —t, 369-370 
iPhone, 321 
irrational number, 4-5, 35, 46, 168, 204, 
210, 239, 252, 253, 323, 409, 512, 
527, 528 
irrationality of /2, 3-4 
irrationality of e, 253 
irrationality of 7t, 323, 527 
isosceles triangle, 3, 332, 335, 356, 
360-362, 384, 396 


Kepler, Johannes, 142, 533 
Khayyam, Omar, 119 
Knuth, Donald, xxi, 551 
Kovalevskaya, Sofia, 414 


Lambert, Johann, 323 
Lamport, Leslie, xxi 
law of cosines, 390-394, 402, 414-415, 
492, 502 
law of sines, 388-390, 393-394, 403 
length 
of a circular arc, 287, 300, 303 
of a path or curve, 528 
Libby, Willard, 216 
limit, 470-479 
linear function, 86, 123-124 
lines 
equation of, 121-122 
parallel, 125 
perpendicular, 126-127, 130 
slope, 120-121 
logarithm 
any base, 207-208 
base e, 254-256, 262-263 
base ten, 208-209 
base two, 206 
change of base, 217-218 
common, 208 
number of digits, 208-209 
natural, 254-256, 262-263 
of 1, 207 
of 1/y, 224 
of a power, 214-215 
of a product, 223 
of a quotient, 224 
of the base, 207 
London Eye, 287 
loonie, 351, 378 
loudness, 226-227, 229, 230, 233, 279 
Lovelace, Ada, 14 


Madhava, 478 
magnitude 

of a star, 227-228 

of a vector, 494-496 
Manhattan 

alleged sale of, 243 


real estate, 245, 249 
Moore’s Law, 237 
Moore, Gordon, 237 
multiplicative inverse 
of a complex number, 514, 521 
of a real number, 10-13 


Napier, John, 208 
natural logarithm 
algebraic properties, 256 
approximation of, 262-263 
area interpretation, 254, 265-266 
as inverse of exponential function, 
256 
definition, 254 
graph, 255-256 
inequalities with, 263, 466 
series for In 2, 477-478 
negative angle, 284-285, 298 
negative horizontal axis, 283 
negative number, 20 
negative reciprocal, 126 
negative vertical axis, 283 
Newton’s method, 446 
Newton, Isaac, 143, 146, 439, 475 
Nobel Prize, 215, 216 
North Star, 227-228, 230, 234 


obtuse angle, 303, 377, 383, 385, 389 
octagon, area of, 378 
odd function, 72-74, 80, 89, 90, 116, 129, 
167, 210, 257, 339, 371 
one-to-one, 95 
horizontal line test, 107-108 
open interval, 24, 30 
origin, 50 
Oughtred, William, 358 


page number jokes, 4, 8, 16, 22, 32, 64, 
128, 141, 256, 272, 314, 512 

Palladio, 551 
parabola, 63, 106, 139, 157, 175 
parallel lines, 125 
parallelogram, 377, 529 
Parallelogram Equality, 503 
Parthenon, 1 
partial sum, 474 
Pascal's triangle, 459-461, 464-466 
Pascal, Blaise, 460 
Pentagon 

area of, 379 
perimeter, 383, 384, 386, 437, 536 
period, 425-426 
periodic function, 425 
perpendicular lines, 126-127, 130 
perpendicular vectors, 502 
PH scale, 230 
phase shift, 426-428 
Philippides, 100 
photo credits, 543-544 
pi (7) 


area inside circle, 531-533, 536 
area inside ellipse, 533, 536 
definition, 527 
first 504 digits, 527 
irrational, 323, 527 
rational approximation, 527-528 
series for, 478 
piecewise-defined function, 39, 45, 47, 
101, 105 
Pitiscus, Bartholomeo, 336 
polar coordinates 
converting from rectangular 
coordinates, 485-487 
converting to rectangular 
coordinates, 485 
definition, 484 
graph of polar equation, 488-491 
polar equation, 488-491 
circle, 488-489 
ray, 489 
polar form of complex number, 519-522 
division, 522 
multiplication, 521-522 
multiplicative inverse, 521 
Polaris, 227-228, 230 
polygon, area of, 378-379 
polynomial 
behavior near +00, 179-181 
complex conjugate of a zero, 512 
definition, 174 
degree, 174-177 
division of, 188-190 
factorization, 179, 513 
Fundamental Theorem of Algebra, 
513 
graph, 181 
number of zeros, 179 
root of, 177 
zero of, 177-179, 511-513 
population growth, 239-240 
positive horizontal axis, 283 
positive number, 20 
positive vertical axis, 283 
power, see exponent 
preface 
to the instructor, xv—xix 
to the student, xxiii 
prime number, 219-221, 253, 278 
principal, 241 
product 
of functions, 81-82 
of polynomials, 175-177 
Pythagoras, 3 
Pythagorean Theorem, 3, 130, 140, 155, 
288, 327-328, 332-334, 368, 374, 
390, 391, 537 


quadrant, 309 
quadratic formula, 136-137, 179, 511 
quadratic function 

definition, 138 


graph of, 138 

maximum or minimum value, 139 
quotient 

of functions, 81-82 

of polynomials, 187-190 


radians 
converting from degrees, 297 
converting to degrees, 297 
definition, 295 
length of circular arc, 300 
radioactive decay, 215-216 
radius corresponding to an angle, 
283-284, 298 
range 
definition, 42 
from a graph, 54-55 
from a table, 44 
of an inverse function, 97 
of cos, 311 
of cos, 354 
of cosh, 258 
of e*, 255 
of In, 256 
of log, 207 
of sin, 311 
of sin~!, 356 
of sinh, 258 
of tan, 320 
of tan—!, 358 
Raphael, 3, 343 
rational exponent, 164 
rational function 
behavior near oo, 191-194 
definition, 187 
domain, 187 
graph of, 194 
rational number, 2-5, 476 
Rational Roots Theorem, 184 
Rational Zeros Theorem, 184 
ray, polar equation of, 489 
real axis, 518 
real exponent, 163, 204 
real line, 2-3, 35 
real number, 3 
real part, 506-507 
reciprocal, 10 
rectangular coordinates 
converting from polar coordinates, 
485 
converting to polar coordinates, 
485-487 
definition, 50-51 
recursively defined sequence, 445-447, 
449, 452, 482 
reflecting graph, see function 
transformation 
regular polygon, 378, 384 
repeating decimal, 476-477 
reviewers, xxii 
Rhind Mathematical Papyrus, 536 


Richter magnitude, 225, 229, 230, 233, 
279 
Richter, Charles, 225 
right triangle 
30°- 60°- 90°, 287-288 
area, 530 
characterization of trigonometric 
functions, 327-329 
root 
of a function, 177 
of a number, 161 
as inverse function, 163 
notation, 162 
Russell, Bertrand, 120 
Ryff, Peter, 393 


scalar, 500 
scalar multiplication, 500 
School of Athens, 3, 343 
sec, see secant 
secant, 321-323, 326, 337, 344 
sequence 
arithmetic, 442-443 
Fibonacci, 445-446 
finite, 440, 442-444, 453, 473, 482 
geometric, 443-445 
infinite, 440-447 
limit of, 470-473 
recursively defined, 445-447, 449, 
452, 482 
series 
arithmetic, 453 
definition, 453 
geometric, 455-457, 475 
infinite, 473-475 
special, 477-479 
summation notation, 457-459 
set, 23-24 
Shelley, Mary, 176 
shifting graph, see function 
transformation 
Sigma (X), 457-459 
simple interest, 241-242 
sin, see sine 
sin—!, see arcsine 
sine 
approximation of, 380 
cosu sinv, 419 
definition using unit circle, 307 
domain, 311 
graph, 312, 339, 340, 342, 354, 355, 
424 
range, 311 
right triangle characterization, 
327-329 
sign, 309-310 
sin By 406 
sin(—0@), 338-339 
sin 15°, 323, 325, 408, 412 
sin 18°, 409 
sin(20), 403 
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sin(30), 419 
sin(50), 419 
sin( 5 — 0), 339-340 
sin(@ + 271), 342-343 
sin(@ + 7c), 341 
sin(@ + 5), 419 
sin(@ — 7), 419 
sin($), 405-406 
sin(u + v), 416 
sin(u — v), 416-417 
sin u sin v, 419 
sinx + sin y, 420 
sin x — sin y, 420 
special angles, 308 
sinh, see hyperbolic sine 
slope 
definition, 120-121 
equation of a line, 121-124 
parallel lines, 125 
perpendicular lines, 126-127, 130 
sound intensity, 226-227, 229, 230, 233, 
279 
square root 
definition, 162-163 
graph of, 106 
of 2 is irrational, 3-5 
St. Louis Gateway Arch, 258 
star brightness, 227-228 
Starry Night, 203 
stretching and area, see Area Stretch 
Theorem 
stretching graph, see function 
transformation 
sum 
of functions, 81-82 
of polynomials, 175-176 
summation notation, 457-459 


table 
determines domain, 44 
determines range, 44 
for a function, 44 
for an inverse function, 110-111 
tan, see tangent 
tan“!, see arctangent 
tangent 
approximation of, 380 
definition using unit circle, 317-319 
domain, 320 
graph, 320-321, 339, 342, 357 
range, 320 
right triangle characterization, 
327-329 
sign, 318 
special angles, 318 
tan %, 343 


Z _ 9), 339-340 
6 + 271), 342-343 
6 + 7), 341-342 
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tan(0 + 4), 419, 422 
tan(@ + 7), 419, 422 
tan(@ — 5), 419 
tan(@ — 4), 419 
tan($), 406-407 
tan(u + v), 417 


Tartaglia, Niccolo , 178 
terminating decimal, 476 
Transamerica Pyramid, 281 
transit level, 330 
transitivity, 21 
trapezoid 

area of, 384, 530 

bases of, 530 

height of, 530 
triangle 

30°- 60°- 90°, 287-288 

area of, 375-376, 529-530 
Triangle Inequality, 504 
trigonometric approximations, 380-382 
trigonometric functions 

cos, see cosine 

cot, see cotangent 

csc, see cosecant 

sec, see secant 

sin, see sine 

tan, see tangent 

transformations, 423-428 
trigonometric identities 

relationship between cos, sin, and 

tan, 336-337 


with —8@, 338-339 

with 4 — @, 339-340 

with 7 — 0, 344 

with 6 + 271, 342 

with 6+ 5, 344 

with 6 + 7, 341-342 

with 6 + nz, 343-344 
Turing, Alan, 404 


union, 25, 29-31, 33, 35, 115, 195, 196, 
202 
unit circle 
definition, 282 
special points on, 287-288, 301-302 


Van Gogh, Vincent, 203 

vector 
addition, 496-497 
additive inverse, 498 
definition, 494 
direction of, 494-496 
dot product, 500-502 
magnitude of, 494-496 
notation, 495 
scalar multiplication, 500 
subtraction, 498-499 
zero, 497-498 

vertex of parabola 
definition, 138 
finding by completing the square, 

138 
vertical line test, 56 


WebAssign, xvi 
Weierstrass, Karl, 28 
WileyPLUS, xvi 
WolframAlpha, 14 
distance, 149 
expand, 14 
graph, 52, 175 
polar plot, 490 
simplify, 15, 189 
solve, 177 
sum, 459, 467 


x-axis, 51 
x-coordinate, 51 


y-axis, 51 
y-coordinate, 51 


Zeno’s paradox, 480 
zero 
of a function, 177 
of a polynomial, 177-179, 511-513 
of a quadratic function, 136-137, 
511 


€(6), 478 
Zu Chongzhi, 527 
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The I4TEX package color, written by David Carlisle, was used to add appro- 
priate color to subsection titles, the lines before and after each example, and 
other design elements. 


The I4Tgx package microtype, written by Robert Schlicht, was used to reduce 
hyphenation and produce more pleasing right justification. 


The Palatino font was named in 
honor of Giambattista Palatino, a 
sixteenth-century Italian 
calligrapher. 
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